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ASTRONOMY 


PREFACE. 


THIS  book  may  be  regarded  as  a  second  edition  of  a  "  Treatise 
on    the    Mathematical    Theory   of  the    Motion    of  Fluids," 
published  in  1879,  but  the  additions  and  alterations  are  so  ex- 
tensive that  it  has  been  thought  proper  to  make  a  change  in  the 
title. 

I  have  attempted  to  frame  a  connected  account  of  the  principal 
theorems  and  methods  of  the  science,  and  of  such  of  the  more 
important  applications  as  admit  of  being  presented  within  a 
moderate  compass.  It  is  hoped  that  all  investigations  of  funda- 
mental importance  will  be  found  to  have  been  given  with  sufficient 
detail,  but  in  matters  of  secondary  or  illustrative  interest  I  have 
often  condensed  the  argument,  or  merely  stated  results,  leaving 
the  full  working  out  to  the  reader. 

In  making  a  selection  of  the  subjects  to  be  treated  I  have 
been  guided  by  considerations  of  physical  interest.  Long  analytical 
investigations,  leading  to  results  which  cannot  be  interpreted, 
have  as  far  as  possible  been  avoided.  Considerable  but,  it 
is  hoped,  not  excessive  space  has  been  devoted  to  the  theory  of 
waves  of  various  kinds,  and  to  the  subject  of  viscosity.  On  the 
other  hand,  some  readers  may  be  disappointed  to  find  that  the 
theory  of  isolated  vortices  is  still  given  much  in  the  form  in  which 
it  was  left  by  the  earlier  researches  of  von  Helmholtz  and  Lord 
Kelvin,  and  that  little  reference  is  made  to  the  subsequent 
investigations  of  J.  J.  Thomson,  W.  M.  Hicks,  and  others,  in  this 
field.  The  omission  has  been  made  with  reluctance,  and  can  be 
justified  only  on  the  ground  that  the  investigations  in  question 
L.  b 
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derive  most  of  their  interest  from  their  bearing  on  kinetic  theories 
of  matter,  which  seem  to  lie  outside  the  province  of  a  treatise  like 
the  present. 

I  have  ventured,  in  one  important  particular,  to  make  a  serious 
innovation  in  the  established  notation  of  the  subject,  by  reversing 
the  sign  of  the  velocity -potential.  This  step  has  been  taken  not 
without  hesitation,  and  was  only  finally  decided  upon  when  I  found 
that  it  had  the  countenance  of  friends  whose  judgment  I  could 
trust;  but  the  physical  interpretation  of  the  function,  and  the 
far-reaching  analogy  with  the  magnetic  potential,  are  both  so  much 
improved  by  the  change  that  its  adoption  appeared  to  be,  sooner 
or  later,  inevitable. 

I  have  endeavoured,  throughout  the  book,  to  attribute  to  their 
proper  authors  the  more  important  steps  in  the  development  of 
the  subject.  That  this  is  not  always  an  easy  matter  is  shewn  by 
the  fact  that  it  has  occasionally  been  found  necessary  to  modify 
references  given  in  the  former  treatise,  and  generally  accepted  as 
correct.  I  trust,  therefore,  that  any  errors  of  ascription  which 
remain  will  be  viewed  with  indulgence.  It  may  be  well, 
moreover,  to  warn  the  reader,  once  for  all,  that  I  have  allowed 
myself  a  free  hand  in  dealing  with  the  materials  at  my  disposal, 
and  that  the  reference  in  the  footnote  must  not  always  be  taken 
to  imply  that  the  method  of  the  original  author  has  been 
closely  followed  in  the  text.  I  will  confess,  indeed,  that  my 
ambition  has  been  not  merely  to  produce  a  text-book  giving  a 
faithful  record  of  the  present  state  of  the  science,  with  its 
achievements  and  its  imperfections,  but,  if  possible,  to  carry  it  a 
step  further  here  and  there,  and  at  all  events  by  the  due  coordina- 
tion of  results  already  obtained  to  lighten  in  some  degree  the 
labours  of  future  investigators.  I  shall  be  glad  if  I  have  at  least 
succeeded  in  conveying  to  my  readers  some  of  the  fascination 
which  the  subject  has  exerted  on  so  long  a  line  of  distinguished 
writers. 

In  the  present  subject,  perhaps  more  than  in  any  other  depart- 
ment of  mathematical  physics,  there  is  room  for  Poinsot's  warning 
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"  Gardens  nous  de  croire  qu'une  science  soit  faite  quand  on  1'a 
reduite  a  des  formules  analytiques."  I  have  endeavoured  to  make 
the  analytical  results  as  intelligible  as  possible,  by  numerical 
illustrations,  which  it  is  hoped  will  be  found  correct,  and  by  the 
insertion  of  a  number  of  diagrams  of  stream-lines  and  other 
curves,  drawn  to  scale,  and  reduced  by  photography.  Some  of 
these  cases  have,  of  course,  been  figured  by  previous  writers,  but 
many  are  new,  and  in  every  instance  the  curves  have  been 
calculated  and  drawn  independently  for  the  purposes  of  this  work. 

I  am  much  indebted  to  various  friends  who  have  kindly  taken 
an  interest  in  the  book,  and  have  helped  in  various  ways,  but  who 
would  not  care  to  be  specially  named.  I  cannot  refrain,  however, 
from  expressing  my  obligations  to  those  who  have  shared  in  the 
tedious  labour  of  reading  the  proof  sheets.  Mr  H.  M.  Taylor  has 
increased  the  debt  I  was  under  in  respect  of  the  former  treatise  by 
giving  me  the  benefit,  so  long  as  he  was  able,  of  his  vigilant 
criticism.  On  his  enforced  retirement  his  place  was  kindly  taken 
by  Mr  R.  F.  Gwyther,  whose  care  has  enabled  me  to  correct  many 
errors.  Mr  J.  Larmor  has  read  the  book  throughout,  and  has 
freely  placed  his  great  knowledge  of  the  subject  at  my 
disposal ;  I  owe  to  him  many  valuable  suggestions.  Finally,  I 
have  had  the  advantage,  in  the  revision  of  the  last  chapter,  of 
Mr  A.  E.  H.  Love's  special  acquaintance  with  the  problems  there 
treated. 

Notwithstanding  so  much  friendly  help  I  cannot  hope  to  have 
escaped  numerous  errors,  in  addition  to  the  few  which  have  been 
detected.  I  shall  esteem  myself  fortunate  if  those  which  remain 
should  prove  to  relate  merely  to  points  of  detail  and  not  of 
principle.  In  any  case  I  shall  be  glad  to  have  my  attention  called 
to  them. 

HORACE  LAMB. 

May,  1895. 
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ADDITIONS  AND  CORRECTIONS. 

Page  109,  equation  (10).  Lord  Kelvin  maintains  that  the  type  of  motion  here 
contemplated,  with  a  surface  of  discontinuity,  and  a  mass  of '  dead  water '  in  the  rear 
of  the  lamina,  has  no  resemblance  to  anything  which  occurs  in  actual  fluids ;  and 
that  the  only  legitimate  application  of  the  methods  of  von  Helmholtz  and  Kirchhoff 
is  to  the  case  of  free  surfaces,  as  of  a  jet.  Nature,  1. 1. ,  pp.  524,  549,  573,  597  (1894). 

Page  111,  line  20,  for  a  =  0  read  a  =  90°. 
„      132,  equation  (4),  dele  u2. 

,,  156,  equation  (3),  footnote.  The  author  is  informed  that  this  solution 
was  current  in  Cambridge  at  a  somewhat  earlier  date,  and  is  due  to  Dr  Ferrers. 

Page  305,  footnote.  To  the  list  of  works  here  cited  must  now  be  added :  Gray 
and  Mathews,  A  Treatise  on  Bessel  Functions  and  their  Applications  to  Physics, 
London,  1895. 

Page  376,  line  22,  for  (g\fiir)*  read  (27T0/X)*. 

„  381,  line  10.  Eeference  should  be  made  to  Scott  Russell,  Brit.  Ass. 
Rep.,  1844,  p.  369. 

Page  386,  equation  (2).  Attention  has  recently  been  called  to  some  obser- 
vations of  Benjamin  Franklin  (in  a  letter  dated  1762)  on  the  behaviour  of  surfaces 
of  separation  of  oil  and  water  (Complete  Works,  2nd  ed.,  London,  n.  d.,  t.  ii., 
p.  142).  The  phenomena  depend  for  their  explanation  on  the  fact  that  the  natural 
periods  of  oscillation  of  the  surface  of  separation  of  two  liquids  of  nearly  equal 
density  are  very  long  compared  with  those  of  a  free  surface  of  similar  extent. 

Page  423,  line  16,  for  the  minimum  condition above  given  read  the  con- 
dition that  5(F-T0)  =  0,  ord(V+K)  =  0. 

Page  449,  footnote,  for  Art.  302  read  Art.  303. 

„     482,  line  16,  for  <f>  read  0. 

„  487,  footnote.  The  solution  of  the  equation  (1)  of  Art.  266  in  spherical 
harmonics  dates  from  Laplace,  "  Sur  la  diminution  de  la  duree  du  jour,  par  le 
refroidissement  de  la  Terre,"  Conn,  des  Terns  pour  VAn  1823,  p.  245  (1820). 

Page  491.     Dele  lines  9—18  and  footnote. 
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CHAPTER  I. 

THE   EQUATIONS   OF   MOTION. 

1.  THE  following  investigations  proceed  on  the  assumption 
that  the  matter  with  which  we  deal  may  be  treated  as  practically 
continuous  and  homogeneous  in  structure ;  i.  e.  we  assume  that 
the  properties  of  the  smallest  portions  into  which  we  can  conceive 
it  to  be  divided  are  the  same  as  those  of  the  substance  in  bulk. 

The  fundamental  property  of  a  fluid  is  that  it  cannot  be  in 
equilibrium  in  a  state  of  stress  such  that  the  mutual  action 
between  two  adjacent  parts  is  oblique  to  the  common  surface. 
This  property  is  the  basis  of  Hydrostatics,  and  is  verified  by  the 
complete  agreement  of  the  deductions  of  that  science  with  ex- 
periment. Very  slight  observation  is  enough,  however,  to  convince 
us  that  oblique  stresses  may  exist  in  fluids  in  motion.  Let  us 
suppose  for  instance  that  a  vessel  in  the  form  of  a  circular 
cylinder,  containing  water  (or  other  liquid),  is  made  to  rotate 
about  its  axis,  which  is  vertical.  If  the  motion  of  the  vessel  be 
uniform,  the  fluid  is  soon  found  to  be  rotating  with  the  vessel  as 
one  solid  body.  If  the  vessel  be  now  brought  to  rest,  the  motion 
of  the  fluid  continues  for  some  time,  but  gradually  subsides,  and 
at  length  ceases  altogether ;  and  it  is  found  that  during  this 
process  the  portions  of  fluid  which  are  further  from  the  axis  lag 
behind  those  which  are  nearer,  and  have  their  motion  more 
rapidly  checked.  These  phenomena  point  to  the  existence  of 
mutual  actions  between  contiguous  elements  which  are  partly 
tangential  to  the  common  surface.  For  if  the  mutual  action  were 
everywhere  wholly  normal,  it  is  obvious  that  the  moment  of 
momentum,  about  the  axis  of  the  vessel,  of  any  portion  of  fluid 
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bounded  by  a  surface  of  revolution  about  this  axis,  would  be 
constant.  We  infer,  moreover,  that  these  tangential  stresses  are 
not  called  into  play  so  long  as  the  fluid  moves  as  a  solid  body,  but 
only  whilst  a  change  of  shape  of  some  portion  of  the  mass  is  going 
on,  and  that  their  tendency  is  to  oppose  this  change  of  shape. 

2.  It  is  usual,  however,  in  the  first  instance  to  neglect  the 
tangential  stresses  altogether.  Their  effect  is  in  many  practical 
cases  small,  and  independently  of  this,  it  is  convenient  to  divide 
the  not  inconsiderable  difficulties  of  our  subject  by  investigating 
first  the  effects  of  purely  normal  stress.  The  further  consideration 
of  the  laws  of  tangential  stress  is  accordingly  deferred  till 
Chapter  xi. 

If  the  stress  exerted  across  any  small  plane  area  situate  at  a 
point  P  of  the  fluid  be  wholly 
normal,  its  intensity  (per  unit 
area)  is  the  same  for  all  aspects 
of  the  plane.  The  following  proof 
of  this  theorem  is  given  here  for 
purposes  of  reference.  Through 
P  draw  three  straight  lines  PA, 
PB,  PC  mutually  at  right  angles, 
and  let  a  plane  whose  direction- 
cosines  relatively  to  these  lines 
are  I,  m,  n,  passing  infinitely  close  to  P,  meet  them  in  A,  B,  C. 
Let  p,  plf  p2)  ps  denote  the  intensities  of  the  stresses*  across  the 
faces  ABC,  PBC,  PC  A,  PAB,  respectively,  of  the  tetrahedron 
PABC.  If  A  be  the  area  of  the  first-mentioned  face,  the  areas 
of  the  others  are  in  order  ZA,  raA,  nA.  Hence  if  we  form  the 
equation  of  motion  of  the  tetrahedron  parallel  to  PA  we  have 
p!.l&=pl.  A,  where  we  have  omitted  the  terms  which  express 
the  rate  of  change  of  momentum,  and  the  component  of  the 
extraneous  forces,  because  they  are  ultimately  proportional  to  the 
mass  of  the  tetrahedron,  and  therefore  of  the  third  order  of 
small  linear  quantities,  whilst  the  terms  retained  are  of  the  second. 
We  have  then,  ultimately,  p=pi,  and  similarly  p=p2  =  p3,  which 
proves  the  theorem. 

*  Beckoned  positive  when  pressures,  negative  when  tensions.  Most  fluids  are, 
however,  incapable  under  ordinary  conditions  of  supporting  more  than  an  ex- 
ceedingly slight  degree  of  tension,  so  that  p  is  nearly  always  positive. 
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3.  The  equations  of  motion  of  a  fluid  have  been  obtained  in 
two  different  forms,  corresponding  to  the  two  ways  in  which  the 
problem  of  determining  the  motion  of  a  fluid  mass,  acted  on  by 
given  forces   and  subject  to   given  conditions,  may  be   viewed. 
We   may  either  regard   as   the   object   of  our  investigations  a 
knowledge  of  the  velocity,  the  pressure,  and  the  density,  at  all 
points  of  space  occupied   by  the  fluid,  for  all  instants;   or  we 
may  seek  to  determine  the  history  of  any  particle.     The  equations 
obtained  on  these  two  plans  are  conveniently  designated,  as  by 
German   mathematicians,  the  'Eulerian'  and    the  'Lagrangian' 
forms  of  the  hydrokinetic  equations,  although  both  forms  are  in 
reality  due  to  Euler*. 

The  Eulerian  Equations. 

4.  Let  u,  v,  w  be  the  components,  parallel  to  the  co-ordinate 
axes,  of  the  velocity  at  the  point  (x,  y,  z)  at  the  time  t.     These 
quantities  are  then  functions  of  the  independent  variables  x,  y,  z,  t. 
For  any  particular  value  of  t  they  express  the  motion  at  that 
instant  at  all  points  of  space  occupied  by  the  fluid;   whilst  for 
particular  values  of  x,  y,  z  they  give  the  history  of  what  goes  on 
at  a  particular  place. 

We  shall  suppose,  for  the  most  part,  not  only  that  u,  v,  w  are 
finite  and  continuous  functions  of  x,  y,  z,  but  that  their  space- 
derivatives  of  the  first  order  (du/dx,  dv/dx,  dw/dx,  &c.)  are 
everywhere  finite  t ;  we  shall  understand  by  the  term  'continuous 
motion/  a  motion  subject  to  these  restrictions.  Cases  of  excep- 
tion, if  they  present  themselves,  will  require  separate  examination. 
In  continuous  motion,  as  thus  defined,  the  relative  velocity  of 

*  "  Principes  ge"neraux  du  mouvement  des  fluides."  Hist,  de  VAcad.  de  Berlin, 
1755. 

"  De  principiis  motus  fluidorum."    Novi  Comm.  Acad.  Petrop.  t.  xiv.  p.  1  (1759). 

Lagrange  gave  three  investigations  of  the  equations  of  motion ;  first,  incidentally, 
in  connection  with  the  principle  of  Least  Action,  in  the  Miscellanea  Taurinensia, 
t.  ii.,  (1760),  Oeuvres,  Paris,  1867-92,  t.  i.;  secondly  in  his  " Memoire  sur la  ThSorie 
du  Mouvement  des  Fluides  ",  Notiv.  mem.  de  VAcad.  de  Berlin,  1781,  Oeuvres,  t.  iv.; 
and  thirdly  in  the  Mecanique  Analytique.  In  this  last  exposition  he  starts  with  the 
second  form  of  the  equations  (Art.  13,  below),  but  translates  them  at  once  into  the 
'  Eulerian  '  notation. 

t  It  is  important  to  bear  in  mind,  with  a  view  to  some  later  developments 
under  the  head  of  Vortex  Motion,  that  these  derivatives  need  not  be  assumed  to  be 
continuous. 
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any  two  neighbouring  particles  P,  P  will  always  be  infinitely 
small,  so  that  the  line  PP'  will  always  remain  of  the  same  order 
of  magnitude.  It  follows  that  if  we  imagine  a  small  closed  surface 
to  be  drawn,  surrounding  P,  and  suppose  it  to  move  with  the 
fluid,  it  will  always  enclose  the  same  matter.  And  any  surface 
whatever,  which  moves  with  the  fluid,  completely  and  permanently 
separates  the  matter  on  the  two  sides  of  it. 

5.  The  values  of  u,  v,  w  for  successive  values  of  t  give  as  it 
were  a  series  of  pictures  of  consecutive  stages  of  the  motion,  in 
which  however  there  is  no  immediate  means  of  tracing  the 
identity  of  any  one  particle. 

To  calculate  the  rate  at  which  any  function  F  (x,  y,  z,  t)  varies 
for  a  moving  particle,  we  remark  that  at  the  time  t  +  Bt  the 
particle  which  was  originally  in  the  position  (x,  y,  z)  is  in  the 
position  (x  +  uBt,  y  +  vBt,  z  -f  wBt),  so  that  the  corresponding  value 
of  ^is 

F  (x  +  u$t,  y  +  vBt,  z  +  wBt,  t  -f  Bt) 


St      St+wSt      t 

dx  ay  dz          at 

If,   after   Stokes,  we   introduce  the   symbol  D/Dt  to   denote   a 
differentiation  following  the  motion  of  the  fluid,  the  new  value 
of  F  is  also  expressed  by  F  +  DF/Dt  .  Bt,  whence 
DF     dF       dF       dF        dF 

-j=rr  =  -jI  +  u^-  +V-J-+W-T-  ...............  W- 

Dt       dt        dx        dy         dz 

6.  To  form  the  dynamical  equations,  let  p  be  the  pressure,  p 
the  density,  X,  Y,  Z  the  components  of  the  extraneous  forces 
per  unit  mass,  at  the  point  (x,  y,  z)  at  the  time  t.  Let  us 
take  an  element  having  its  centre  at  (x,  y,  z),  and  its  edges  Bx, 
by,  Bz  parallel  to  the  rectangular  co-ordinate  axes.  The  rate  at 
which  the  ^-component  of  the  momentum  of  this  element  is 
increasing  is  pBxByBz  Du/Dt;  and  this  must  be  equal  to  the 
^-component  of  the  forces  acting  on  the  element.  Of  these  the 
extraneous  forces  give  pBxByBzX.  The  pressure  on  the  ^-face 
which  is  nearest  the  origin  will  be  ultimately 

(p  —  ^dp/dx  .  Bx)  ByBz*, 

*  It  is  easily  seen,  by  Taylor's  theorem,  that  the  mean  pressure  over  any  face 
of  the  element  5x5y8z  may  be  taken  to  be  equal  to  the  pressure  at  the  centre  of 
that  face. 
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that  on  the  opposite  face 

(p  +  \dp\dnc  .  Sx)  SySz. 

The  difference  of  these  gives  a  resultant  —  dpfdx.  &x  SySz  in  the 
direction  of  ^-positive.  The  pressures  on  the  remaining  faces  are 
perpendicular  to  as.  We  have  then 

p&x&ySz  ^  =  pSxSySz  X  -  &  SxSySz. 
jJv  djX 

Substituting  the  value  of  Du/Dt  from  (1),  and  writing  down 
the  symmetrical  equations,  we  have 


(2). 


7.  To  these  dynamical  equations  we  must  join,  in  the  first 
place,  a  certain  kinematical  relation  between  u,  v,  w,  p,  obtained 
as  follows. 

If  v  be  the  volume  of  a  moving  element,  we  have,  on  account 
of  the  constancy  of  mass, 


du 

du        du 

du 

x_ldp     } 

dt^ 

dx        dy 

Wdz~ 

pdx' 

dv 

dv         dv 

U  i  f-  V  i  —  h 

dv 

Y_±dP 

( 

dt 

dx        dy 

°  dz~ 

pdy' 

dw 

dw        dw 

dw 

z     I  dp 

~dt 

dx        dy 

W~dz~ 

pdz'    f 

Dt 
1  Dv 


To  calculate  the  value  of  l/v.Dv/D£,  let  the  element  in  question 
be  that  which  at  time  t  fills  the  rectangular  space  SxSySz  having 
one  corner  P  at  (x,  y,  z),  and  the  edges  PL,  PM,  PN  (say)  parallel 
to  the  co-ordinate  axes.  At  time  t  +  Bt  the  same  element  will 
form  an  oblique  parallelepiped,  and  since  the  velocities  of  the 
particle  L  relative  to  the  particle  P  are  du/dx.fa,  dvfdx.Sx, 
dw/dx.Sx,  the  projections  of  the  edge  PL  become,  after  the 
time  $t, 

du     \  dv  dw 

dx     )     '      dx  dx 

respectively.  To  the  first  order  in  &t,  the  length  of  this  edge  is 
now 

-fi    .  ^ 
Tda> 
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and  similarly  for  the  remaining  edges.  Since  the  angles  of  the 
parallelepiped  differ  infinitely  little  from  right  angles,  the  volume 
is  still  given,  to  the  first  order  in  Bt,  by  the  product  of  the  three 
edges,  i.e.  we  have 

fdu     dv     dw\  ~  | 
?     dy      dz)     j 

1  Dv  _  du     dv     dw 

Hence  (1)  becomes 

^ 
This  is  called  the  '  equation  of  continuity.' 

m1  .  du     dv      dw 

1  he  expression  -^ — h  -7 — I-  —r-  , 

which,  as  we  have  seen,  measures  the  rate  of  increase  of  volume 
of  the  fluid  at  the  point  (#,  y,  z),  is  conveniently  called  the 
'expansion'  at  that  point. 

8.  Another,  and  now  more  usual,  method  of  obtaining  the 
above  equation  is,  instead  of  following  the  motion  of  a  fluid 
element,  to  fix  the  attention  on  an  element  SxSySz  of  space,  and 
to  calculate  the  change  produced  in  the  included  mass  by  the 
flow  across  the  boundary.  If  the  centre  of  the  element  be  at 
(x,  y,  z),  the  amount  of  matter  which  per  unit  time  enters 
it  across  the  i/^-face  nearest  the  origin  is 


~^  ~ 


and  the  amount  which  leaves  it  by  the  opposite  face  is 


The  two  faces  together  give  a  gain 


per  unit  time.     Calculating  in  the  same  way  the  effect  of  the  flow 
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across  the  remaining  faces,  we  have  for  the  total  gain  of  mass, 
per  unit  time,  in  the  space  SxSySz,  the  formula 


id.  pu     d.pv     d.  pw\ 
-   —f—  H — 7  -  H — f— 
\  dx         dy         a*  J 


dy 

Since  the  quantity  of  matter  in  any  region  can  vary  only  in 
consequence  of  the  flow  across  the  boundary,  this  must  be 
equal  to 


whence  we  get  the  equation  of  continuity  in  the  form 
dp  ^d.pu  [  d.pv  [ 


dt        dx         dy          dz 

9.  It  remains  to  put  in  evidence  the  physical  properties  of 
the  fluid,  so  far  as  these  affect  the  quantities  which  occur  in  our 
equations. 

In  an  *  incompressible  '  fluid,  or  liquid,  we  have  Dp/Dt  —  0,  in 
which  case  the  equation  of  continuity  takes  the  simple  form 

£  +  *+*2=0  ........................  (1). 

dx     dy     dz 

It  is  not  assumed   here  that   the  fluid  is   of  uniform   density, 
though  this  is  of  course  by  far  the  most  important  case. 

If  we  wished  to  take  account  of  the  slight  compressibility  of 
actual  liquids,  we  should  have  a  relation  of  the  form 

P  =  K(P-PO)/PO  ........................  (2), 

or  p/p0  =  l+p/H;  ...........................  (3), 

where  K  denotes  what  is  called  the  f  elasticity  of  volume.' 

In  the  case  of  a  gas  whose  temperature  is  uniform  and  constant 
we  have  the  '  isothermal  '  relation 

PlP»=P/Po  ...........................  (4), 

where  p0,  p0  are  any  pair  of  corresponding  values  for  the  tempera- 
ture in  question. 

In  most  cases  of  motion  of  gases,  however,  the  temperature  is 
not  constant,  but  rises  and  falls,  for  each  element,  as  the  gas  is 
compressed  or  rarefied.  When  the  changes  are  so  rapid  that  we  can 
ignore  the  gain  or  loss  of  heat  by  an  element  due  to  conduction 
and  radiation,  we  have  the  'adiabatic'  relation 
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where  p0  and  p0  are  any  pair  of  corresponding  values  for  the 
element  considered.  The  constant  7  is  the  ratio  of  the  two 
specific  heats  of  the  gas;  for  atmospheric  air,  and  some  other 
gases,  its  value  is  T408. 

10.  At  the  boundaries  (if  any)  of  the  fluid,  the  equation  of 
continuity  is  replaced  by  a  special  surface-condition.  Thus  at  a 
fixed  boundary,  the  velocity  of  the  fluid  perpendicular  to  the 
surface  must  be  zero,  i.e.  if  I,  m,  n  be  the  direction-cosines  of  the 
normal, 

lu  +  mv  +  nw  =  0 (1). 

Again  at  a  surface  of  discontinuity,  i.e.  a  surface  at  which  the 
values  of  u,  v,  w  change  abruptly  as  we  pass  from  one  side  to  the 
other,  we  must  have 

I  (U-L  —  u2)  +  m  (V-L  —  v2)  +  n  (wl  —  w.2)  =  0 (2), 

where  the  suffixes  are  used  to  distinguish  the  values  on  the  two 
sides.  The  same  relation  must  hold  at  the  common  surface  of  a 
fluid  and  a  moving  solid. 

The  general  surface-condition,  of  which  these  are  particular 
cases,  is  that  if  F(x,  y,  z,  i)  =  Q  be  the  equation  of  a  bounding 
surface,  we  must  have  at  every  point  of  it 

The  velocity  relative  to  the  surface  of  a  particle  lying  in  it  must 
be  wholly  tangential  (or  zero),  for  otherwise  we  should  have  a 
finite  flow  of  fluid  across  it.  It  follows  that  the  instantaneous 
rate  of  variation  of  F  for  a  surface-particle  must  be  zero. 

A  fuller  proof,  given  by  Lord  Kelvin*,  is  as  follows.  To  find  the 
rate  of  motion  (v)  of  the  surface  F(x,  y,  z,  t)  =  0,  normal  to  itself, 

we  write 

F(x  +  lv$t,  y  +  mv&t,  2  +  nvSt,  t  +  St)  =  Q, 

where  I,  m,  n  are  the  direction-cosines  of  the  normal  at  (#,  y,  z\ 
whence 

./,dF         dF        dF\     dF 

*  I  *  -1-  + 1»  — '+  *  '-3-  I  +  —  «  0. 

V  dx 


Since 


-j-  - 

dy         dz  J      dt 
dF    dF     dF 


*  (W.  Thomson)  "Notes  on  Hydrodynamics,"  Gamb.  and  Dub.  Math.  Journ. 
Feb.  1848.     Mathematical  and  Physical  Papers,  Cambridge,  1882...,  t.  i.,  p.  83. 
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D      (fdF\*     (dF\2 
where  R  =  \  (  -r -     -t-  ( -=-     + 

\\dxj       \dyj 


At  every  point  of  the  surface  we  must  have 

i>  =  hi  -f  mv  +  nw, 

which  leads,  on  substitution  of  the  above  values  of  I,  m,  n,  to  the 
equation  (3). 

The  partial  differential  equation  (3)  is  also  satisfied  by  any  surface 
moving  with  the  fluid.  This  follows  at  once  from  the  meaning  of  the  operator 
DjDt.  A  question  arises  as  to  whether  the  converse  necessarily  holds  ;  i.  e. 
whether  a  moving  surface  whose  equation  ^=0  satisfies  (3)  will  always 
consist  of  the  same  particles.  Considering  any  such  surface,  let  us  fix  our 
attention  on  a  particle  P  situate  on  it  at  time  t.  The  equation  (3)  expresses 
that  the  rate  at  which  P  is  separating  from  the  surface  is  at  this  instant  zero  ; 
and  it  is  easily  seen  that  if  the  motion  be  continuous  (according  to  the  definition 
of  Art.  4),  the  normal  velocity,  relative  to  the  moving  surface  F,  of  a  particle 
at  an  infinitesimal  distance  £  from  it  is  of  the  order  £,  viz.  it  is  equal  to  G£ 
where  G  is  finite.  Hence  the  equation  of  motion  of  the  particle  P  relative  to 
the  surface  may  be  written 


This  shews  that  log  £  increases  at  a  finite  rate,  and  since  it  is  negative  infinite 
to  begin  with  (when  £=0),  it  remains  so  throughout,  i.e.  £  remains  zero  for 
the  particle  P. 

The  same  result  follows  from  the  nature  of  the  solution  of 
dF       dF       dF       dF 


considered  as  a  partial  differential  equation  in  F*.     The  subsidiary  system 
of  ordinary  differential  equations  is 


W 


in  which  x,  y,  z  are  regarded  as  functions  of  the  independent  variable  t. 
These  are  evidently  the  equations  to  find  the  paths  of  the  particles,  and  their 
integrals  may  be  supposed  put  in  the  forms 


where  the  arbitrary  constants  a,  b,  c  are  any  three  quantities  serving  to 
identify  a  particle;  for  instance  they  may  be  the  initial  co-ordinates.     The 
general  solution  of  (i)  is  then  found  by  elimination  of  a,  6,  c  between  (iii)  and 

F=+(a,b9c)  .................................  (iv), 

where  ^  is  an  arbitrary  function.     This  shews  that  a  particle  once  in  the 
surface  ^=0  remains  in  it  throughout  the  motion. 

*  Lagrange,  Oeuvres,  t.  iv.,  p.  706. 
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Equation  of  Energy. 

11.     In  most  cases  which  we  shall  have  occasion  to  consider 
the  extraneous  forces  have  a  potential  ;  viz.  we  have 

<m  <m  <m 

A  =  --  =—  ,     i  =  --  5—.     Z/  =  --  ^—  ............  (1). 

dx  dy  dz 

The  physical  meaning  of  fl  is  that  it  denotes  the  potential  energy, 
per  unit  mass,  at  the  point  (x,  y,  z),  in  respect  of  forces  acting  at 
a  distance.  It  will  be  sufficient  for  the  present  to  consider  the 
case  where  the  field  of  extraneous  force  is  constant  with  respect  to 
the  time,  i.e.  d£ljdt  =  0.  If  we  now  multiply  the  equations  (2)  of 
Art.  6  by  u,  v,  w,  in  order,  and  add,  we  obtain  a  result  which 
may  be  written 

DH         /    dp        dp        dp 

-=-u+v+w 


If  we  multiply  this  by  SxSy&z,  and  integrate  over  any  region,  we 
find,  since  DjDt  .  (pSxSySz)  =  0, 


where 

T=  I////?  <y  +  tf  +  O  dxdydz,     V  =  fffttpdxdydx  .  .  .(3), 

i.e.  T  and  V  denote  the  kinetic  energy,  and  the  potential  energy 
in  relation  to  the  field  of  extraneous  force,  of  the  fluid  which  at  the 
moment  occupies  the  region  in  question.  The  triple  integral  on 
the  right-hand  side  of  (2)  may  be  transformed  by  a  process  which 
will  often  recur  in  our  subject.  Thus,  by  a  partial  integration, 

I  /  1  u  d   dxdydz  =  1  1  [pu]  dydz  —  Illp-r-  dxdydz, 

where  [pu]  is  used  to  indicate  that  the  values  of  pu  at  the  points 
where  the  boundary  of  the  region  is  met  by  a  line  parallel  to  x  are 
to  be  taken,  with  proper  signs.  If  I,  m,  n  be  the  direction-cosines 
of  the  inwardly  directed  normal  to  any  element  SS  of  this 
boundary,  we  have  8ySz=±lSS,  the  signs  alternating  at  the 
successive  intersections  referred  to.  We  thus  find  that 

ff[pu]dydz=-fJpuldS, 
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where  the  integration  extends  over  the  whole  bounding  surface. 
Transforming  the  remaining  terms  in  a  similar  manner,  we  obtain 

^  (T  +  V)  =  JJp  (lu  +  >inv  +  nw)dS 

du     dv     dw 


In   the  case   of  an  incompressible  fluid  this  reduces  to  the 
form 


Since  lu  +  mv  +  nw  denotes  the  velocity  of  a  fluid  particle  in  the 
direction  of  the  normal,  the  latter  integral  expresses  the  rate  at 
which  the  pressures  pSS  exerted  from  without  on  the  various 
elements  $S  of  the  boundary  are  doing  work.  Hence  the  total 
increase  of  energy,  kinetic  and  potential,  of  any  portion  of 
the  liquid,  is  equal  to  the  work  done  by  the  pressures  on  its 
surface. 

In  particular,  if  the  fluid  be  bounded  on  all  sides  by  fixed 
walls,  we  have 

lu  4-  mv  +  nw  —  0 

over  the  boundary,  and  therefore 

T+  F=  const (6). 

A  similar  interpretation  can  be  given   to  the   more  general 
equation  (4),  provided  p  be  a  function  of  p  only.     If  we  write 

E  =  - 


then  E  measures  the  work  done  by  unit  mass  of  the  fluid  against 
external  pressure,  as  it  passes,  under  the  supposed  relation  between 
p  and  p,  from  its  actual  volume  to  some  standard  volume.  For 
example*,  if  the  unit  mass  were  enclosed  in  a  cylinder  with  a 
sliding  piston  of  area  A,  then  when  the  piston  is  pushed  outwards 
through  a  space  S%,  the  work  done  is  pA  .  &%,  of  which  the  factor 
denotes  the  increment  of  volume,  i.e.  of  p~l.  We  may  there- 


*  See  any  treatise  on  Thermodynamics.    In  the  case  of  the  adiabatie  relation 
we  find 


==    1      (P     Po\ 

y~l\p    pJ 


Hence  ^-T+V+  W )  =  j  (p  (lu  +  mv  +  nw)  dS (9). 
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fore  call  E  the  intrinsic  energy  of  the  fluid,  per  unit  mass.  Now 
recalling  the  interpretation  of  the  expression 

du     dv     dw 
dx     dy      dz 

given  in  Art.  7  we  see  that  the  volume-integral  in  (4)  measures  the 
rate  at  which  the  various  elements  of  the  fluid  are  losing  intrinsic 
energy  by  expansion  * ;  it  is  therefore  equal  to  —  D  W/Dt, 

where  W  =  StfEpdxdydz, (8). 

JL(T± 

Dt{ 

The  total  energy,  which  is  now  partly  kinetic,  partly  potential  in 
relation  to  a  constant  field  of  force,  and  partly  intrinsic,  is  therefore 
increasing  at  a  rate  equal  to  that  at  which  work  is  being  done  on 
the  boundary  by  pressure  from  without. 


Impidsive  Generation  of  Motion. 

12.  If  at  any  instant  impulsive  forces  act  bodily  on  the 
fluid,  or  if  the  boundary  conditions  suddenly  change,  a  sudden 
alteration  in  the  motion  may  take  place.  The  latter  case  may 
arise,  for  instance,  when  a  solid  immersed  in  the  fluid  is  suddenly 
set  in  motion. 

Let  p  be  the  density,  u,  v,  w  the  component  velocities  immedi- 
ately before,  u't  v',  w'  those  immediately  after  the  impulse,  X',  Y,  Z' 
the  components  of  the  extraneous  impulsive  forces  per  unit  mass, 
&  the  impulsive  pressure,  at  the  point  (x,  y,  z).  The  change  of 
momentum  parallel  to  x  of  the  element  defined  in  Art.  6  is  then 
p§x§y%z(u'—u)\  the  ^-component  of  the  extraneous  impulsive 
forces  is  p&zSySzX',  and  the  resultant  impulsive  pressure  in  the 
same  direction  is  —dvr/dx.SxSySz.  Since  an  impulse  is  to  be 
regarded  as  an  infinitely  great  force  acting  for  an  infinitely  short 
time  (T,  say),  the  effects  of  all  finite  forces  during  this  interval  are 
neglected. 

*  Otherwise, 

dv 
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Hence, 


or 


Similarly, 
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uf  —  u)  = 


,  v,     1  dvr 

u  —  u  =  X -y- 

p  dx 

.  TT/     1  d^r 

v'  -  v  =  Y'  -  -  -r- 
p  dy 

,  „,     1  d™ 

w  —  w=  Z —  3- 

p  dz 


13 


dtp 


These  equations  might  also  have  been  deduced  from  (2)  of  Art.  6,  by 
multiplying  the  latter  by  dt,  integrating  between  the  limits  0  and  r,  putting 

X'=  [rXdt,   Y'  =  (TYdt,    Z'=  (TZdt,  vr=  [  pdt, 

Jo  Jo  yo  jo 

and  then  making  r  vanish. 

In  a  liquid  an  instantaneous  change  of  motion  can  be  produced 
by  the  action  of  impulsive  pressures  only,  even  when  no  impulsive 
forces  act  bodily  on  the  mass.  In  this  case  we  have  X',  Y',  Z'  =  0, 
so  that 


u  '  —  u  —  --  -j- 
p  dx 


—  v  —  ---  =- 

p  dy 

1   d'ST 

=  --  -j- 
p  dz 


(2). 


If  we  differentiate  these  equations  with  respect  to  x,  y,  z, 
respectively,  and  add,  and  if  we  further  suppose  the  density  to 
be  uniform,  we  find  by  Art.  9  (1)  that 


dx* 


_ 

dz*  ~ 


The  problem  then,  in  any  given  case,  is  to  determine  a  value  of  OT 
satisfying  this  equation  and  the  proper  boundary  conditions*  ;  the 
instantaneous  change  of  motion  is  then  given  by  (2). 


*  It  will  appear  in  Chapter  in.  that  the  value  of  w  is  thus  determinate,  save  as 
to  an  additive  constant. 
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The  Lagrangian  Equations. 

13.  Let  a,  b,  c  be  the  initial  co-ordinates  of  any  particle  of 
fluid,  x,  y,  z  its  co-ordinates  at  time  t.  We  here  consider  x,  y,  z  as 
functions  of  the  independent  variables  a,  b,  c,  t',  their  values  in 
terms  of  these  quantities  give  the  whole  history  of  every  particle 
of  the  fluid.  The  velocities  parallel  to  the  axes  of  co-ordinates  of 
the  particle  (a,  b,  c)  at  time  t  are  dx/dt,  dy/dt,  dz/dt,  and  the 
component  accelerations  in  the  same  directions  are  d-x/dt2,  d2y/dt~, 
d^zjatf.  Let  p  be  the  pressure  and  p  the  density  in  the  neigh- 
bourhood of  this  particle  at  time  t',  X,  Y,  Z  the  components 
of  the  extraneous  forces  per  unit  mass  acting  there.  Consider- 
ing the  motion  of  the  mass  of  fluid  which  at  time  t  occupies 
the  differential  element  of  volume  SxSySz,  we  find  by  the  same 
reasoning  as  in  Art.  6, 

d?x  _  „     I  dp 
d?  =      ~~~pdx' 

^y  =  Y--^> 

dt2  p  dy 

d*z  _  „      1  dp 
dt2"      ~pdzm 

These  equations  contain  differential  coefficients  with  respect  to 
x,  y,  z,  whereas  our  independent  variables  are  a,  b,  c,  t.  To 
eliminate  these  differential  coefficients,  we  multiply  the  above 
equations  by  dx/da,  dy/da,  dz/da,  respectively,  and  add  ;  a  second 
time  by  dx/db,  dy/db,  dzjdb,  and  add  ;  and  again  a  third  time  by 
dx/dc,  dy/dc,  dz/dc,  and  add.  We  thus  get  the  three  equations 

\dy      (d*z        \  dz      1  dp  _ 
~  ^^~Z'         +          ~ 


d?  db        dtf  db        dt*  db      p  db  ~ 

dx     /d*y        \dy      (d?z        \  dz      I  dp 

-+~       = 


These  are  the  '  Lagrangian  '  forms  of  the  dynamical  equations. 

14.  To  find  the  form  which  the  equation  of  continuity 
assumes  in  terms  of  our  present  variables,  we  consider  the 
element  of  fluid  which  originally  occupied  a  rectangular  parallel- 
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15 


epiped  having  its  centre  at  the  point  (a,  b,  c),  and  its  edges 
Sa,  8b,  &c  parallel  to  the  axes.  At  the  time  t  the  same  element 
forms  an  oblique  parallelepiped.  The  centre  now  has  for  its 
co-ordinates  x,  y,  z\  and  the  projections  of  the  edges  on  the 
co-ordinate  axes  are  respectively 

dx  ~ 
da 


f&a, 
da 


dz_ 
da 

dz 


db 

dx 
dc 


db 


T 
dc 


The  volume  of  the  parallelepiped  is  therefore 


dx 

dy 

dz 

da} 

da' 

da 

dx 

dy 

dz 

db' 

db' 

db 

dx 

dy 

dz 

dc' 

To' 

dc 

Sa&bSc, 


or,  as  it  is  often  written, 


a,  b, 


Hence,  since  the  mass  of  the  element  is  unchanged,  we  have 

d  (x,  y,  z)  _ 

P    J  („      A      ~\    ~  PQ ' 


where  pQ  is  the  initial  density  at  (a,  6,  c). 

In   the   case   of  an  incompressible  fluid   p=po,  so   that   (1) 


becomes 


d  (x,  y,  z) 
d  (a,  b,  c) 


.(2). 


Weber's  Transformation. 

15.     If  as  in  Art.  11  the  forces  X,  Y,  Z  have  a  potential  H, 
the  dynamical  equations  of  Art.  13  may  be  written 


d?xdx     d-^dy  ___ 

~dtf  da      dt2da     d^da~~^da~da' 
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Let  us  integrate  these  equations  with  respect  to  t  between  the 
limits  0  and  t.     We  remark  that 

)0~di2da   l      idi da\0  ~  j 0~dt  dadi 


At 

dadt 

dx  dx  ,  d  , 

c 


_  ax  ax  i  °M  (ax\  jf 

where  u0  is  the  initial  value  of  the  ^-component  of  velocity  of  the 
particle  (a,  6,  c).     Hence  if  we  write 


we  find 

dx  dx     dy  dy     dz  dz  d%  } 

dt  da      dt  da     dt  da  da ' 

dx  dx     dy  dy     dz  dz  d% 

dx  dx     dy  dy     dz  dz  _      dx 
These  three  equations,  together  with 


•(2)*. 


and  the  equation  of  continuity,  are  the  partial  differential  equa- 
tions to  be  satisfied  by  the  five  unknown  quantities  x,  y,  z,  p,  %  ; 
p  being  supposed  already  eliminated  by  means  of  one  of  the  rela- 
tions of  Art.  9. 

The  initial  conditions  to  be  satisfied  are 


16.  It  is  to  be  remarked  that  the  quantities  a}  b,  c  need  not 
be  restricted  to  mean  the  initial  co-ordinates  of  a  particle  ;  they 
may  be  any  three  quantities  which  serve  to  identify  a  particle, 
and  which  vary  continuously  from  one  particle  to  another.  If 
we  thus  generalize  the  meanings  of  a,  b,  c,  the  form  of  the 
dynamical  equations  of  Art.  13  is  not  altered  ;  to  find  the  form 
which  the  equation  of  continuity  assumes,  let  x0)  y0,  ZQ  now  denote 
the  initial  co-ordinates  of  the  particle  to  which  a,  6,  c  refer. 
The  initial  volume  of  the  parallelepiped,  whose  centre  is  at 

*  H.  Weber,  "  Ueber  eine  Transformation  der  hydrodynamischen  Gleichungen  ", 
Crelle,  t.  Ixviii.  (1868). 
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(#0,  y0,  #0)  and  whose  edges  correspond  to  variations  8a,  Sb,  Sc  of 
the  parameters,  a,  b,  c,  is 


d(a,b,c) 
so  that  we  have 


d  (oc,  y,  z)  _      d  Qo,  y0,  z0) 
pd(a,b,c)~p<)   d(a,b,c) 


or,  for  an  incompressible  fluid, 

d(x,  y,  z)     d(a!0y  y0,  z0 
d(a,b,c)       d(a,b,c) 


17.  If  we  compare  the  two  forms  of  the  fundamental  equations  to  which 
we  have  been  led,  we  notice  that  the  Eulerian  equations  of  motion  are  linear 
and  of  the  first  order,  whilst  the  Lagrangian  equations  are  of  the  second  order, 
and  also  contain  products  of  differential  coefficients.  In  Weber's  transfor- 
mation the  latter  are  replaced  by  a  system  of  equations  of  the  first  order,  and 
of  the  second  degree.  The  Eulerian  equation  of  continuity  is  also  much 
simpler  than  the  Lagrangian,  especially  in  the  case  of  liquids.  In  these 
respects,  therefore,  the  Eulerian  forms  of  the  equations  possess  great  ad- 
vantages. Again,  the  form  in  which  the  solution  of  the  Eulerian  equations 
appears  corresponds,  in  many  cases,  more  nearly  to  what  we  wish  to  know 
as  to  the  motion  of  a  fluid,  our  object  being,  in  general,  to  gain  a  knowledge 
of  the  state  of  motion  of  the  fluid  mass  at  any  instant,  rather  than  to  trace 
the  career  of  individual  particles. 

On  the  other  hand,  whenever  the  fluid  is  bounded  by  a  moving  surface, 
the  Lagrangian  method  possesses  certain  theoretical  advantages.  In  the 
Eulerian  method  the  functions  %,  v,  w  have  no  existence  beyond  this  surface, 
and  hence  the  range  of  values  of  x,  y,  z  for  which  these  functions  exist  varies 
in  consequence  of  the  motion  which  is  itself  the  subject  of  investigation.  In 
the  other  method,  on  the  contrary,  the  range  of  the  independent  variables 
a,  5,  c  is  given  once  for  all  by  the  initial  conditions*. 

The  difficulty,  however,  of  integrating  the  Lagrangian  equations  has 
hitherto  prevented  their  application  except  in  certain  very  special  cases. 
Accordingly  in  this  treatise  we  deal  almost  exclusively  with  the  Eulerian 
forms.  The  simplification  and  integration  of  these  in  certain  cases  form  the 
subject  of  the  following  chapter. 

*  H.  Weber,  I.e. 


CHAPTER    II. 

INTEGRATION   OF   THE   EQUATIONS   IN   SPECIAL   CASES. 

18.  IN  a  large  and  important  class  of  cases  the  component 
velocities  u,  v,  w  can  be  expressed  in  terms  of  a  single  function 
</>,  as  follows : 

dd>  d<b  d<t>  /<1X 

u  =  --r,     v  —  -~-,    w  =  - ^r (1). 

dx  dy  dz 

Such  a  function  is  called  a  '  velocity-potential,'  from  its  analogy 
with  the  potential  function  which  occurs  in  the  theories  of 
Attractions,  Electrostatics,  &c.  The  general  theory  of  the 
velocity-potential  is  reserved  for  the  next  chapter;  but  we  give 
at  once  a  proof  of  the  following  important  theorem : 

If  a  velocity-potential  exist,  at  any  one  instant,  for  any 
finite  portion  of  a  perfect  fluid  in  motion  under  the  action  of 
forces  which  have  a  potential,  then,  provided  the  density  of  the 
fluid  be  either  constant  or  a  function  of  the  pressure  only,  a 
velocity-potential  exists  for  the  same  portion  of  the  fluid  at  all 
instants  before  or  after*. 

In  the  equations  of  Art.   15,  let  the  instant  at  which  the 

*  Lagrange,  "  Me'moire  sur  la  Theorie  du  Mouvement  des  Fluides,"  Nouv. 
mdm.  de  VAcad.  de  Berlin,  1781  ;  Oeuvres,  t.  iv.  p.  714.  The  argument  is  repro- 
duced in  the  Mecanique  Analytique. 

Lagrange's  statement  and  proof  were  alike  imperfect;  the  first  rigorous  demon- 
stration is  due  to  Cauchy,  "  Memoire  sur  la  Theorie  des  Ondes,"  M£m.  de  VAcad. 
roy.  des  Sciences,  t.  i.  (1827) ;  Oeuvres  Completes,  Paris,  1882...,  lre  S6rie,  t.  i.  p.  38  ; 
the  date  of  the  memoir  is  1815.  Another  proof  is  given  by  Stokes,  Camb.  Trans,  t. 
viii.  (1845)  (see  also  Math,  and  Phys.  Papers,  Cambridge,  1880...,  t.  i.  pp.  106,  158, 
and  t.  ii.  p.  36),  together  with  an  excellent  historical  and  critical  account  of  the 
whole  matter. 
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velocity-potential  <£0  exists  be  taken  as  the  origin  of  time  ;   we 
have  then 


throughout  the  portion  of  the  mass  in  question.     Multiplying  the 
equations   (2)  of  Art.   15  in  order  by  da,  db,  dc,  and  adding, 

we  get 

dx  ^       dy  -.       dz  7       ,     ,  „          7  . 

j2  dx  +  -?  dy  +  -j,  dz  -  (u^da  +  v0db  +  w0dc)  =  -  dx, 

or,  in  the  '  Eulerian  '  notation, 

udx  +  vdy  +  wdz  —  —  d  (fa  +  %)  =  —  d<f>,  say. 

Since  the  upper  limit  of  t  in  Art.  15  (1)  may  be  positive  or  negative, 
this  proves  the  theorem. 

It  is  to  be  particularly  noticed  that  this  continued  existence 
of  a  velocity-potential  is  predicated,  not  of  regions  of  space, 
but  of  portions  of  matter.  A  portion  of  matter  for  which  a 
velocity-potential  exists  moves  about  and  carries  this  property 
with  it,  but  the  part  of  space  which  it  originally  occupied  may, 
in  the  course  of  time,  come  to  be  occupied  by  matter  which 
did  not  originally  possess  the  property,  and  which  therefore 
cannot  have  acquired  it. 

The  class  of  cases  in  which  a  velocity-potential  exists  in- 
cludes all  those  where  the  motion  has  originated  from  rest  under 
the  action  of  forces  of  the  kind  here  supposed;  for  then  we  have, 
initially, 

Uoda  +  v0db  +  w0dc  =  0, 

or  <f)0  —  const. 

The  restrictions  under  which  the  above  theorem  has  been  proved  must 
be  carefully  remembered.  It  is  assumed  not  only  that  the  external  forces 
X,  F,  Z,  estimated  at  per  unit  mass,  have  a  potential,  but  that  the  density 
p  is  either  uniform  or  a  function  of  p  only.  The  latter  condition  is  violated 
for  example,  in  the  case  of  the  convection  currents  generated  by  the  unequal 
application  of  heat  to  a  fluid  ;  and  again,  in  the  wave-motion  of  a  hetero- 
geneous but  incompressible  fluid  arranged  originally  in  horizontal  layers  of 
equal  density.  Another  important  case  of  exception  is  that  of  '  electro-magnetic 
rotations.' 

19.  A  comparison  of  the  formulae  (1)  with  the  equations 
(2)  of  Art.  12  leads  to  a  simple  physical  interpretation  of  <£. 

Any  actual  state  of  motion  of  a  liquid,  for  which  a  (single-valued) 
velocity-potential  exists,  could  be  produced  instantaneously  from  rest 

2—2 
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by  the  application  of  a  properly  chosen  system  of  impulsive  pressures. 
This  is  evident  from  the  equations  cited,  which  shew,  moreover, 
that  </>  =  w/p  +  const. ;  so  that  CT  =  p<f>  4-  C  gives  the  requisite  sys- 
tem. In  the  same  way  ^  =  —  p<j>  +  G  gives  the  system  of  impulsive 
pressures  which  would  completely  stop  the  motion.  The  occur- 
rence of  an  arbitrary  constant  in  these  expressions  shews,  what  is 
otherwise  evident,  that  a  pressure  uniform  throughout  a  liquid 
mass  produces  no  effect  on  its  motion. 

In  the  case  of  a  gas,  <f>  may  be  interpreted  as  the  potential 
of  the  external  impulsive  forces  by  which  the  actual  motion  at 
any  instant  could  be  produced  instantaneously  from  rest. 

A  state  of  motion  for  which  a  velocity-potential  does  not  exist 
cannot  be  generated  or  destroyed  by  the  action  of  impulsive 
pressures,  or  of  extraneous  impulsive  forces  having  a  potential. 

20.  The  existence  of  a  velocity-potential  indicates,  besides, 
certain  Jdnematical  properties  of  the  motion. 

A  'line  of  motion'  or  'stream-line'*  is  defined  to  be  a  line 
drawn  from  point  to  point,  so  that  its  direction  is  everywhere  that 
of  the  motion  of  the  fluid.  The  differential  equations  of  the 
system  of  such  lines  are 

dv==dy  =  dz 

U          V          W  "  "  \    /' 

The  relations  (1)  shew  that  when  a  velocity-potential  exists  the 
lines  of  motion  are  everywhere  perpendicular  to  a  system  of  sur- 
faces, viz.  the  '  equipotential '  surfaces  <f>  =  const. 

Again,  if  from  the  point  (x,  y,  z)  we  draw  a  linear  element  $s 
in  the  direction  (I,  m,  n),  the  velocity  resolved  in  this  direction  is 
lu  4-  mv  +  nw,  or 

_  d(j>  dx     d(j)  dy  _  d<f>  dz      ,  .  ,  _  _  d<f> 
dx  ds      dy  ds      dz  ds'  ds  ' 

The  velocity  in  any  direction  is  therefore  equal  to  the  rate  of 
decrease  of  </>  in  that  direction. 

Taking  8s  in  the  direction  of  the  normal  to  the  surface  </>  =  const, 
we  see  that  if  a  series  of  such  surfaces  be  drawn  corresponding  to 

*  Some  writers  prefer  to  restrict  the  use  of  the  term  '  stream-line '  to  the  case  of 
steady  motion,  as  defined  in  Art.  22. 
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equidistant  values  of  <f>,  the  common  difference  being  infinitely 
small,  the  velocity  at  any  point  will  be  inversely  proportional  to  the 
distance  between  two  consecutive  surfaces  in  the  neighbourhood 
of  the  point. 

Hence,  if  any  equipotential  surface  intersect  itself,  the  velocity  is  zero  at 
the  intersection.  The  intersection  of  two  distinct  equipotential  surfaces  would 
imply  an  infinite  velocity. 

21.  Under  the  circumstances  stated  in  Art.  18,  the  equations 
of  motion  are  at  once  integrable  throughout  that  portion  of  the 
fluid  mass  for  which  a  velocity-potential  exists.  For  in  virtue 
of  the  relations 

dv  _dw      dw  _  du      du  _  dv 

dz  ~  dy  '     dx      dz  '     dy  ~~  dx  ' 

which  are  implied  in  (1),  the  equations  of  Art.  6  may  be  written 

d2(f>         du       dv         dw  _     cZfl  __  1  dp     „        „ 
dxdt        dx       dx         dx         dx      p  dx' 

These  have  the  integral 


where  q  denotes  the  resultant  velocity  (u?  +  v'2  +  w2)*,  and  F  (t)  is 
an  arbitrary  function  of  t.  It  is  often  convenient  to  suppose  this 
arbitrary  function  to  be  incorporated  in  the  value  of  d<p/dt  ;  this 
is  permissible  since,  by  (1),  the  values  of  u,  v,  w  are  not  thereby 
affected. 

Our  equations  take  a  specially  simple  form  in  the  case  of  an 
incompressible  fluid  ;  viz.  we  then  have 


with  the  equation  of  continuity 

,d*4>_ 
~ 


which  is  the  equivalent  of  Art.  9  (1).  When,  as  in  many  cases 
which  we  shall  have  to  consider,  the  boundary  conditions  are 
purely  kinematical,  the  process  of  solution  consists  in  finding  a 
function  which  shall  satisfy  (5)  and  the  prescribed  surface-con- 
ditions. The  pressure  p  is  then  given  by  (4),  and  is  thus  far 
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indeterminate  to  the  extent  of  an  additive  function  of  t.  It 
becomes  determinate  when  the  value  of  p  at  some  point  of  the 
fluid  is  given  for  all  values  of  t. 

Suppose,  for  example,  that  we  have  a  solid  or  solids  moving  through  a 
liquid  completely  enclosed  by  fixed  boundaries,  and  that  it  is  possible  (e.g.  by 
means  of  a  piston)  to  apply  an  arbitrary  pressure  at  some  point  of  the 
boundary.  Whatever  variations  are  made  in  the  magnitude  of  the  force  ap- 
plied to  the  piston,  the  motion  of  the  fluid  and  of  the  solids  will  be  absolutely 
unaffected,  the  pressure  at  all  points  instantaneously  rising  or  falling  by 
equal  amounts.  Physically,  the  origin  of  the  paradox  (such  as  it  is)  is  that 
the  fluid  is  treated  as  absolutely  incompressible.  In  actual  liquids  changes 
of  pressure  are  propagated  with  very  great,  but  not  infinite,  velocity. 


Steady  Motion. 

22.     When  at  every  point  the  velocity  is  constant  in  magnitude 
and  direction,  i.e.  when 

du  dv  dw 


everywhere,  the  motion  is  said  to  be  '  steady/ 

In  steady  motion  the  lines  of  motion  coincide  with  the  paths 
of  the  particles.  For  if  P,  Q  be  two  consecutive  points  on  a  line 
of  motion,  a  particle  which  is  at  any  instant  at  P  is  moving  in  the 
direction  of  the  tangent  at  P,  and  will,  therefore,  after  an  infinitely 
short  time  arrive  at  Q.  The  motion  being  steady,  the  lines  of 
motion  remain  the  same.  Hence  the  direction  of  motion  at  Q 
is  along  the  tangent  to  the  same  line  of  motion,  i.e.  the  particle 
continues  to  describe  the  line. 

In  steady  motion  the  equation  (3)  of  the  last  Art.  becomes 


f 


-     =  -n-ig2  +  constant  ...............  (2). 


The  equations  may  however  in  this  case  be  integrated  to  a 
certain  extent  without  assuming  the  existence  of  a  velocity- 
potential.  For  if  8s  denote  an  element  of  a  stream-line,  we  have 
u  =  q  dxjds,  &c.  Substituting  in  the  equations  of  motion  and 
remembering  (1),  we  have 

du  _     d£l      1  dp 

ds         dx      p  dx  ' 
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with   two   similar   equations.      Multiplying   these    in    order    by 
dx/ds,  dy/ds,  dz/ds,  and  adding,  we  have 

du       dv        dw        d£l     1  dp 

u^r+v^r+w^r^  —  ~j  ---  ^  » 
ds       as         ds          ds      p  ds 

or,  integrating  along  the  stream-line, 

S  =  -n-Jg.  +  C  ........................  (3). 


This  is  similar  in  form  to  (2),  but  is  more  general  in  that  it 
does  not  assume  the  existence  of  a  velocity-potential.  It  must 
however  be  carefully  noticed  that  the  'constant  '  of  equation  (2)  and 
the  '  C  '  of  equation  (3)  have  very  different  meanings,  the  former 
being  an  absolute  constant,  while  the  latter  is  constant  along  any 
particular  stream-line,  but  may  vary  as  we  pass  from  one  stream- 
line to  another. 

23.  The  theorem  (3)  stands  in  close  relation  to  the  principle 
of  energy.  If  this  be  assumed  independently,  the  formula  may  be 
deduced  as  follows*.  Taking  first  the  particular  case  of  a  liquid, 
let  us  consider  the  portion  of  an  infinitely  narrow  tube,  whose 
boundary  follows  the  stream-lines,  included  between  two  cross 
sections  A  and  B,  the  direction  of  motion  being  from  A  to  B.  Let 
p  be  the  pressure,  q  the  velocity,  H  the  potential  of  the  external 
forces,  a  the  area  of  the  cross  section,  at  A,  and  let  the  values 
of  the  same  quantities  at  B  be  distinguished  by  accents.  In  each 
unit  of  time  a  mass  pqa  at  A  enters  the  portion  of  the  tube 
considered,  whilst  an  equal  mass  pq'  a'  leaves  it  at  B.  Hence 
qo-  =  q'o-'.  Again,  the  work  done  on  the  mass  entering  at  A  is 
pqa  per  unit  time,  whilst  the  loss  of  work  at  B  is  p'qa'.  The 
former  mass  brings  with  it  the  energy  pq<r(&f  +  &)t  whilst  the 
latter  carries  off  energy  to  the  amount  pgV  (i^*  +  £&')•  The 
motion  being  steady,  the  portion  of  the  tube  considered  neither 
gains  nor  loses  energy  on  the  whole,  so  that 

pqa  +  pqa  (\q>  +  fl)  =p'q'af  +  pq'a'  (%q">  +  Q'). 
Dividing  by  pqa  (=  pqa),  we  have 

£+tfl«4n-12L  +  ij*+fl/> 

*  This  is  really  a  reversion  to  the  methods  of  Daniel  Bernoulli,  Hydrodynamica, 
Argentorati,  1738. 
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or,  using  C  in  the  same  sense  as  before, 

£  =  -n-Jg»  +  C  ........................  (4), 

which  is  what  the  equation  (3)  becomes  when  p  is  constant. 

To  prove  the  corresponding  formula  for  compressible  fluids,  we 
remark  that  the  fluid  entering  at  A  now  brings  with  it,  in  addition 
to  its  energies  of  motion  and  position,  the  intrinsic  energy 


per   unit   mass.    The   addition  of  these   terms  to  (4)  gives  the 
equation  (3). 

The  motion  of  a  gas  is  as  a  rule  subject  to  the  adiabatic  law 

P/Po  =  (p/Po)y  ...........................  (5), 

and  the  equation  (3)  then  takes  the  form 


(6). 


24.  The  preceding  equations  shew  that,  in  steady  motion, 
and  for  points  along  any  one  stream-line*,  the  pressure  is, 
cceteris  paribus,  greatest  where  the  velocity  is  least,  and  vice  versa. 
This  statement,  though  opposed  to  popular  notions,  becomes 
evident  when  we  reflect  that  a  particle  passing  from  a  place  of 
higher  to  one  of  lower  pressure  must  have  its  motion  accelerated, 
and  vice 


It  follows  that  in  any  case  to  which  the  equations  of  the  last 
Art.  apply  there  is  a  limit  which  the  velocity  cannot  exceed  J.  For 
instance,  let  us  suppose  that  we  have  a  liquid  flowing  from  a 
reservoir  where  the  motion  may  be  neglected,  and  the  pressure  is 
p0,  and  that  we  may  neglect  extraneous  forces.  We  have  then,  in 
(4),  C  =  p0/p,  and  therefore 


Now  although  it  is  found   that  a  liquid  from  which  all  traces 

*  This  restriction  is  unnecessary  when  a  velocity-potential  exists. 

t  Some  interesting  practical  illustrations  of  this  principle  are  given  by  Froude, 
Nature,  t.  xiii.,  1875. 

J  Cf.  von  Helmholtz,  "  Ueber  discontinuirliche  Fliissigkeitsbewegungen,"  Berl. 
Monatsber.,  April,  1868;  Phil.  Mag.,  Nov.  1868;  Gesammelte  Abhandlungen,  Leipzig, 
1882-3,  t.  i.,  p.  146. 
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of  air  or  other  dissolved  gas  have  been  eliminated  can  sustain  a 
negative  pressure,  or  tension,  of  considerable  magnitude,  this  is  not 
the  case  with  fluids  such  as  we  find  them  under  ordinary  conditions. 
Practically,  then,  the  equation  (7)  shews  that  q  cannot  exceed 

' 


If  in  any  case  of  fluid  motion  of  which  we  have  succeeded 
in  obtaining  the  analytical  expression,  we  suppose  the  motion 
to  be  gradually  accelerated  until  the  velocity  at  some  point  reaches 
the  limit  here  indicated,  a  cavity  will  be  formed  there,  and  the 
conditions  of  the  problem  are  more  or  less  changed. 

It  will  be  shewn,  in  the  next  chapter,  that  in  irrotational 
motion  of  a  liquid,  whether  'steady'  or  not,  the  place  of  least 
pressure  is  always  at  some  point  of  the  boundary,  provided  the 
extraneous  forces  have  a  potential  fl  satisfying  the  equation 

da?       dy*       dz* 
This  includes,  of  course,  the  case  of  gravity. 

The  limiting  velocity,  when  no  extraneous  forces  act,  is  of  course  that  with 
which  the  fluid  would  escape  from  the  reservoir  into  a  vacuum.  In  the  case 
of  water  at  atmospheric  pressure  it  is  the  velocity  '  due  to '  the  height  of  the 
water-barometer,  or  about  45  feet  per  second. 

In  the  general  case  of  a  fluid  in  which  p  is  a  given  function 
of  p  we  have,  putting  II  =  0  in  (3), 


For  a  gas  subject  to  the  adiabatic  law,  this  gives 


7  ~     P« 
2 


(10), 


if  C)  =  (<yp/p)$,  =  (dp/dp)*,  denote  the  velocity  of  sound  in  the  gas 
when  at  pressure  p  and  density  p,  and  c0  the  corresponding  velocity 
for  gas  under  the  conditions  which  obtain  in  the  reservoir.  (See 
Chap,  x.)  Hence  the  limiting  velocity  is 

/    2 

or,  2-214  c0,  if  7  =1-408. 
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25.  We  conclude  this  chapter  with  a  few  simple  applications 
of  the  equations. 

Efflux  of  Liquids. 

Let  us  take  in  the  first  instance  the  problem  of  the  efflux 
of  a  liquid  from  a  small  orifice  in  the  walls  of  a  vessel  which 
is  kept  filled  up  to  a  constant  level,  so  that  the  motion  may  be 
regarded  as  steady. 

The  origin  being  taken  in  the  upper  surface,  let  the  axis  of  z 
be  vertical,  and  its  positive  direction  downwards,  so  that  £l  =  —gz. 
If  we  suppose  the  area  of  the  upper  surface  large  compared  with 
that  of  the  orifice,  the  velocity  at  the  former  may  be  neglected. 
Hence,  determining  the  value  of  C  in  Art.  23  (4)  so  that  p  =  P  (the 
atmospheric  pressure),  when  z  =  0,  we  have 


(I)*- 


At  the  surface  of  the  issuing  jet  we  have  p  =•  P,  and  therefore 

q*  =  2gz  ..............................  (2), 

i.e.  the  velocity  is  that  due  to  the  depth  below  the  upper  surface. 
This  is  known  as  Torricelli's  Theorem. 

We  cannot  however  at  once  apply  this  result  to  calculate  the 
rate  of  efflux  of  the  fluid,  for  two  reasons.  In  the  first  place,  the 
issuing  fluid  must  be  regarded  as  made  up  of  a  great  number  of 
elementary  streams  converging  from  all  sides  towards  the  orifice. 
Its  motion  is  not,  therefore,  throughout  the  area  of  the  orifice, 
everywhere  perpendicular  to  this  area,  but  becomes  more  and 
more  oblique  as  we  pass  from  the  centre  to  the  sides.  Again, 
the  converging  motion  of  the  elementary  streams  must  make  the 
pressure  at  the  orifice  somewhat  greater  in  the  interior  of  the 
jet  than  at  the  surface,  where  it  is  equal  to  the  atmospheric 
pressure.  The  velocity,  therefore,  in  the  interior  of  the  jet  will 
be  somewhat  less  than  that  given  by  (2). 

Experiment  shews  however  that  the  converging  motion  above 
spoken  of  ceases  at  a  short  distance  beyond  the  orifice,  and  that  (in 
the  case  of  a  circular  orifice)  the  jet  then  becomes  approximately 
cylindrical.  The  ratio  of  the  area  of  the  section  $'  of  the  jet  at  this 
point  (called  the  'vena  contracta')  to  the  area  8  of  the  orifice  is  called 

*  This  result  is  due  to  D.  Bernoulli,  /.  c.  ante  p.  23. 
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the  '  coefficient  of  contraction/     If  the  orifice  be  simply  a  hole  in 
a  thin  wall,  this  coefficient  is  found  experimentally  to  be  about  *62. 

The  paths  of  the  particles  at  the  vena  contracta  being  nearly 
straight,  there  is  little  or  no  variation  of  pressure  as  we  pass  from 
the  axis  to  the  outer  surface  of  the  jet.  We  may  therefore  assume 
the  velocity  there  to  be  uniform  throughout  the  section,  and  to  have 
the  value  given  by  (2),  where  z  now  denotes  the  depth  of  the  vena 
contracta  below  the  surface  of  the  liquid  in  the  vessel.  The  rate 
of  efflux  is  therefore 


The  calculation  of  the  form  of  the  issuing  jet  presents  difficulties  which 
have  only  been  overcome  in  a  few  ideal  cases  of  motion  in  two  dimensions.  (See 
Chapter  iv.)  It  may  however  be  shewn  that  the  coefficient  of  contraction  must, 
in  general,  lie  between  £  and  1.  To  put  the  argument  in  its  simplest  form, 
let  us  first  take  the  case  of  liquid  issuing  from  a  vessel  the  pressure  in  which, 
at  a  distance  from  the  orifice,  exceeds  that  of  the  external  space  by  the 
amount  P,  gravity  being  neglected.  When  the  orifice  is  closed  by  a  plate,  the 
resultant  pressure  of  the  fluid  on  the  containing  vessel  is  of  course  nil.  If 
when  the  plate  is  removed,  we  assume  (for  the  moment)  that  the  pressure  on 
the  walls  remains  sensibly  equal  to  P,  there  will  be  an  unbalanced  pressure 
PS  acting  on  the  vessel  in  the  direction  opposite  to  that  of  the  jet,  and 
tending  to  make  it  recoil.  The  equal  and  contrary  reaction  on  the  fluid 
produces  in  unit  time  the  velocity  q  in  the  mass  pqS'  flowing  through  the 
'  vena  contracta,'  whence 

PS=PfS'  .......................................  (i). 

The  principle  of  energy  gives,  as  in  Art.  23, 

P=W  .......................................  (ii), 

so  that,  comparing,  we  have  S'  =  $S.  The  formula  (1)  shews  that  the 
pressure  on  the  walls,  especially  in  the  neighbourhood  of  the  orifice,  will  in 
reality  fall  somewhat  below  the  static  pressure  P,  so  that  the  left-hand  side 
of  (i)  is  too  small.  The  ratio  S'/S  will  therefore  in  general  be  >^. 

In  one  particular  case,  viz.  where  a  short  cylindrical  tube,  projecting 
inwards,  is  attached  to  the  orifice,  the  assumption  above  made  is  sufficiently 
exact,  and  the  consequent  value  £  for  the  coefficient  then  agrees  with 
experiment. 

The  reasoning  is  easily  modified  so  as  to  take  account  of  gravity  (or  other 
conservative  forces).  We  have  only  to  substitute  for  P  the  excess  of  the  static 
pressure  at  the  level  of  the  orifice  over  the  pressure  outside.  The  difference 
of  level  between  the  orifice  and  the  '  vena  contracta  '  is  here  neglected  *. 

*  The  above  theory  is  due  to  Borda  (Mem.  de  VAcad.  des  Sciences,  1766),  who 
also  made  experiments  with  the  special  form  of  mouth-piece  referred  to,  and  found 
8/8'  =  1-942.  It  was  re-discovered  by  Hanlon,  Proc.  Lond.  Math.  Soc.  t.  iii.  p.  4, 
{1869)  ;  the  question  is  further  elucidated  in  a  note  appended  to  this  paper  by 
Maxwell.  See  also  Froude  and  J.  Thomson,  Proc.  Glasgoio  Phil.  Soc.  t.  x.,  (1876). 
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Efflux  of  Gases. 

26.  We  consider  next  the  efflux  of  a  gas,  supposed  to  flow 
through  a  small  orifice  from  a  vessel  in  which  the  pressure  is 
/>o  and  density  p0  into  a  space  where  the  pressure  is  plt  We  assume 
that  the  motion  has  become  steady,  and  that  the  expansion  takes 
place  according  to  the  adiabatic  law. 


If  the  ratio  PQ/PI  of  the  pressures  inside  and  outside  the  vessel  do  not 
exceed  a  certain  limit,  to  be  indicated  presently,  the  flow  will  take  place  in 
much  the  same  manner  as  in  the  case  of  a  liquid,  and  the  rate  of  discharge 
may  be  found  by  putting  p=p±  in  Art.  24  (9),  and  multiplying  the  resulting 
value  of  q  by  the  area  S'  of  the  vena  contracta.  This  gives  for  the  rate  of 
discharge  of  mass 

2  y+I 


It  is  plain,  however,  that  there  must  be  a  limit  to  the  applicability  of  this 
result;  for  otherwise  we  should  be  led  to  the  paradoxical  conclusion  that 
when  Pi  =  0,  i.e.  the  discharge  is  into  a  vacuum,  the  flow  of  matter  is  nil. 
The  elucidation  of  this  point  is  due  to  Prof.  Osborne  Reynolds  f.  It  is  easily 
found  by  means  of  Art.  24  (8),  that  qp  is  a  maximum,  i.e.  the  section  of  an 
elementary  stream  is  a  minimum,  when  q2  —  dp/dp,  that  is,  the  velocity  of  the 
stream  is  equal  to  the  velocity  of  sound  in  gas  of  the  pressure  and  density 
which  prevail  there.  On  the  adiabatic  hypothesis  this  gives,  by  Art.  24  (10), 

c  2   \i 


and  therefore,  since  c2  oc  p7"1, 

1  _y_ 

P_(   2    Ny-1         P_f   2   VR 


or,  if  y=l'408, 

p  =  '634p0,         jt?  =  '527j00 (iv). 

If  jox  be  less  than  this  value,  the  stream  after  passing  the  point  in  question, 
widens  out  again,  until  it  is  lost  at  a  distance  in  the  eddies  due  to  viscosity. 
The  minimum  sections  of  the  elementary  streams  will  be  situate  in  the 
neighbourhood  of  the  orifice,  and  their  sum  S  may  be  called  the  virtual 
area  of  the  latter.  The  velocity  of  efflux,  as  found  from  (ii),  is 


The  rate  of  discharge  is  then  =qpS,  where  q  and  p  have  the  values  just 

*  A  result  equivalent  to  this  was  given  by  de  Saint  Venant  and  Wantzel, 
Journ.  de  VEcole  Polyt.,  t.  xvi.,  p.  92  (1839). 

t  "  On  the  Flow  of  Gases,"  Proc.  Nanch.  Lit.  and  Phil.  Soc.,  Nov.  17,  1885 ; 
Phil.  Mag.,  March,  1876.  A  similar  explanation  was  given  by  Hugoniot,  Comptes 
Rendus,  June  28,  July  26,  and  Dec.  13,  1886.  I  have  attempted,  above,  to  condense 
the  reasoning  of  these  writers. 
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found,  and  is  therefore  approximately  independent*  of  the  external  pressure 
pl  so  long  as  this  falls  below  '527/>0.  The  physical  reason  of  this  is  (as  pointed 
out  by  Reynolds)  that,  so  long  as  the  velocity  at  any  point  exceeds  the  velocity 
of  sound  under  the  conditions  which  obtain  there,  no  change  of  pressure  can 
be  propagated  backwards  beyond  this  point  so  as  to  affect  the  motion  further 
up  the  stream. 

These  conclusions  appear  to  be  in  good  agreement  with  experimental  results. 

Under  similar  circumstances  as  to  pressure,  the  velocities  of  efflux  of 
different  gases  are  (so  far  as  y  can  be  assumed  to  have  the  same  value  for 
each)  proportional  to  the  corresponding  velocities  of  sound.  Hence  (as  we 
shall  see  in  Chap,  x.)  the  velocity  of  efflux  will  vary  inversely,  and  the  rate 
of  discharge  of  mass  will  vary  directly,  as  the  square  root  of  the  density  f. 

Rotating  Liquid. 

27.  Let  us  next  take  the  case  of  a  mass  of  liquid  rotating, 
under  the  action  of  gravity  only,  with  constant  and  uniform  angular 
velocity  co  about  the  axis  of  z,  supposed  drawn  vertically  upwards. 

By  hypothesis, 

u  =  —  or?/,         v  =  cox,         w  =  0, 

x  =  o,         r=o,       z=-g. 

The  equation  of  continuity  is  satisfied  identically,  and  the  dynamical 
equations  of  Art.  6  become 

1  dp  I  dp  I  dp 

-o>2#  =  --  -f.       -o)2i/  =  ---  f-t      0  =  ---  £-  —  q....(\\ 

pdx'  pdy  pdz 

These  have  the  common  integral 

f  +  y'>)-gz  +  const  .............  (2). 


The  free  surface,  p  =  const.,  is  therefore  a  paraboloid  of  revolution 
about  the  axis  of  z,  having  its  concavity  upwards,  and  its  latus 
rectum  = 


0.  dv     du     0 

Since  -^  ---  =-  =  2o), 

dx     dy 

a  velocity-potential  does  not  exist.  A  motion  of  this  kind  could 
not  therefore  be  generated  in  a  '  perfect  '  fluid,  i.e.  in  one  unable 
to  sustain  tangential  stress. 

28.     Instead  of  supposing  the  angular  velocity  o>  to  be  uni- 
form, let  us  suppose  it  to  be  a  function  of  the  distance  r  from  the 

*  The  magnitude  of  the  ratio  p^p^  will  of  course  have  some  influence  on  the 
arrangement  of  the  streams,  and  consequently  on  the  value  of  S. 
t  Cf.  Graham,  Phil.  Trans.,  1846. 
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axis,  and  let  us  inquire  what  form  must  be  assigned  to  this 
function  in  order  that  a  velocity-potential  may  exist  for  the 
motion.  We  find 

dv     du     _  dco 

-j  --  T-=2&)  +  r^j-> 
dx     dy  dr 

and  in  order  that  this  may  vanish  we  must  have  wr^/*,  a 
constant.  The  velocity  at  any  point  is  then  =  /tt/r,  so  that  the 
equation  (2)  of  Art.  22  becomes 


i        ......................    (1), 

if  no  extraneous  forces  act.     To  find  the  value  of  <f>  we  have 


dr~ 
whence  </>  =  -  pO  +  const.  =  —  p  tan"1  -  +  const  ..........  (2). 


oc 

We  have  here  an  instance  of  a  '  cyclic  '  function.  A  function 
is  said  to  be  '  single-  valued  '  throughout  any  region  of  space  when 
we  can  assign  to  every  point  of  that  region  a  definite  value  of  the 
function  in  such  a  way  that  these  values  shall  form  a  continuous 
system.  This  is  not  possible  with  the  function  (2)  ;  for  the  value 
of  <£,  if  it  vary  continuously,  changes  by  —ZTT/J,  as  the  point  to 
which  it  refers  describes  a  complete  circuit  round  the  origin.  The 
general  theory  of  cyclic  velocity-potentials  will  be  given  in  the 
next  chapter. 

If  gravity  act,  and  if  the  axis  of  z  be  vertical,  we  must  add  to 
(1)  the  term  —gz.  The  form  of  the  free  surface  is  therefore  that 
generated  by  the  revolution  of  the  hyperbolic  curve  a?z  =  const. 
about  the  axis  of  z, 

By  properly  fitting  together  the  two  preceding  solutions  we 
obtain  the  case  of  Rankine's  'combined  vortex.'  Thus  the 
motion  being  everywhere  in  coaxial  circles,  let  us  suppose  the 
velocity  to  be  equal  to  o>r  from  r  =  0  to  r  =  a,  and  to  wa?/r  for 
r  >  a.  The  corresponding  forms  of  the  free  surface  are  then 
given  by 
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these   being   continuous  when  r  =  a.     The  depth  of  the  central 
depression  below  the  general  level   of  the   surface   is  therefore 


29.  To  illustrate,  by  way  of  contrast,  the  case  of  external 
forces  not  having  a  potential,  let  us  suppose  that  a  mass  of  liquid 
filling  a  right  circular  cylinder  moves  from  rest  under  the  action 
of  the  forces 


the  axis  of  z  being  that  of  the  cylinder. 

If  we  assume  u=  -  o>y,  v  =  <ox,  w=0,  where  o>  is  a  function  of  t  only,  these 
values  satisfy  the  equation  of  continuity  and  the  boundary  conditions.  The 
dynamical  equations  become 


-y      -A= 


dt 


Differentiating  the  first  of  these  with   respect  to  y,  and  the  second  with 
respect  to  x  and  subtracting,  we  eliminate  p,  and  find 


The  fluid  therefore  rotates  as  a  whole  about  the  axis  of  z  with  constantly 
accelerated  angular  velocity,  except  in  the  particular  case  when  B=B.  To 
find  p,  we  substitute  the  value  of  datjdt  in  (i)  and  integrate  ;  we  thus  get 


where  2   = 
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30.  As  a  final  example,  we  will  take  one  suggested  by  the 
theory  of  'electro-magnetic  rotations.' 

If  an  electric  current  be  made  to  pass  radially  from  an  axial  wire,  through 
a  conducting  liquid  (e.g.  a  solution  of  CuS04),  to  the  walls  of  a  metallic 
containing  cylinder,  in  a  uniform  magnetic  field,  the  external  forces  will  be 
of  the  type 


Assuming  u=  -coy,  v  =  co.r,  w=Q,  where  CD  is  a  function  of  r  and  t  only,  we 

find 

d<*_ 

dt.  i-      u  vua    i  /-\ 

o?o> 


Eliminating  jt?,  we  obtain 

2*?+,^ 
dt        drat 


The  solution  of  this  is 

where  F  and  /  denote  arbitrary  functions.     Since  o>  =  0  when  2  =  0,  we  have 

and  therefore 


where  X  is  a  function  of  t  which  vanishes  for  £=0.     Substituting  in  (i),  and 
integrating,  we  find 


Since  p  is  essentially  a  single-valued  function,  we  must  have  d\fdt=^  or 
\=p.t.  Hence  the  fluid  rotates  with  an  angular  velocity  which  varies 
inversely  as  the  square  of  the  distance  from  the  axis,  and  increases  con- 
stantly with  the  time. 

*  If  C  denote  the  total  flux  of  electricity  outwards,  per  unit  length  of  the  axis, 
and  7  the  component  of  the  magnetic  force  parallel  to  the  axis,  we  have  fjt,=yC/2Trp. 
For  the  history  of  such  experiments  see  Wiedemann,  Lehre  v.  d.  Elektricitat,  t.  iii. 
p.  163.  The  above  case  is  specially  simple,  in  that  the  forces  X,  Y,  Z,  have  a 
potential  (12  =  -  /t  tan"1  yjx),  though  a  '  cyclic '  one.  As  a  rule,  in  electro-magnetic 
rotations,  the  mechanical  forces  X,  Y,  Z  have  not  a  potential  at  all. 


CHAPTER  III. 

IKROTATIONAL   MOTION. 

31.  THE  present  chapter  is  devoted  mainly  to  an  exposition 
of  some  general  theorems  relating  to  the  kinds  of  motion  already 
considered  in  Arts.  18 — 21;  viz.  those  in  which  udx  +  vdy  +  wdz 
is  an  exact  differential  throughout  a  finite  mass  of  fluid.  It  is 
convenient  to  begin  with  the  following  analysis,  due  to  Stokes*, 
of  the  motion  of  a  fluid  element  in  the  most  general  case. 

The  component  velocities  at  the  point  (#,  y,  z)  being  u,  v}  w,  the 
relative  velocities  at  an  infinitely  near  point  (x  +  x,  y  +  y,  z  +  z)  are 


(1). 


du 
dv 

du 
dy 

dv 

duz  ^ 
dv 

^   . 

dx 

dw 

*dy7 
dw 
dy  Y 

dz    ' 

dw 
f!zZ'  t 

1 

If  we  write 

_  du         ,  _  dv  _dw 

~ dx'          ~  dy'  ~  dz' 

dw     dv\        __  l  fdu     dw\  ,  _  ^  fdv     du 

dw     dv\            ,  fdu     dw\  ,  fdv     du 


equations  (1)  may  be  written 

u  =  ax  +  hy  +  gz  +  ??z  -  jy,  ] 

v  =  /ix  +  &y+/z  +  rx-?z,  I (2). 

w  =  #x  +/y  +  cz  +  ^y  -  ^x.  J 

*  "  On  the  Theories  of  the  Internal  Friction  of  Fluids  in  Motion,  &c."     Camb. 
Phil.  Trans.,  t.  viii.  (1845) ;  Math,  and  Phys.  Papers,  t.  i.,  p.  80. 
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Hence  the  motion  of  a  small  element  having  the  point  (#,  y,  z) 
for  its  centre  may  be  conceived  as  made  up  of  three  parts. 

The  first  part,  whose  components  are  ut  v,  w,  is  a  motion  of 
translation  of  the  element  as  a  whole. 

The  second  part,  expressed  by  the  first  three  terms  on  the 
right-hand  sides  of  the  equations  (2),  is  a  motion  such  that  every 
point  is  moving  in  the  direction  of  the  normal  to  that  quadric 
of  the  system 

ax2  +  by2  +  cz2  +  2/yz  +  2#zx  +  2/txy  =  const (3), 

on  which  it  lies.  If  we  refer  these  quadrics  to  their  principal  axes, 
the  corresponding  parts  of  the  velocities  parallel  to  these  axes  will  be 

u'  =  aV,    v'  =  6'y',     w'  =  cY (4), 

if  a'x'2  +  6'y'2  +  c'z'2  =  const. 

is  what  (3)  becomes  by  the  transformation.  The  formulae  (4)  express 
that  the  length  of  every  line  in  the  element  parallel  to  x'  is  being 
elongated  at  the  (positive  or  negative)  rate  a,  whilst  lines  parallel 
to  y'  and  z'  are  being  similarly  elongated  at  the  rates  b'  and  c' 
respectively.  Such  a  motion  is  called  one  of  pure  strain  and  the 
principal  axes  of  the  quadrics  (3)  are  called  the  axes  of  the  strain. 

The  last  two  terms  on  the  right-hand  sides  of  the  equations  (2) 
express  a  rotation  of  the  element  as  a  whole  about  an  instan- 
taneous axis;  the  component  angular  velocities  of  the  rotation 
being  f,  77,  £ 

This  analysis  may  be  illustrated  by  the  so-called  'laminar'  motion  of  a 
liquid  in  which 

u  =  Zp.y,        v=0,        w=0, 

so  that  a,  b,  c,  /,  g,  £,  ^  =  0,         h  =  ^         £=-/*. 

If  A  represent  a  rectangular  fluid  element  bounded  by  planes  parallel  to 
the  co-ordinate  planes,  then  B  represents  the"  change  produced  in  this  in  a 
short  time  by  the  strain,  and  C  that  due  to  the  strain  plus  the  rotation. 
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It  is  easily  seen  that  the  above  resolution  of  the  motion  is 
unique.  If  we  assume  that  the  motion  relative  to  the  point 
(x,  y,  z)  can  be  made  up  of  a  strain  and  a  rotation  in  which  the 
axes  and  coefficients  of  the  strain  and  the  axis  and  angular 
velocity  of  the  rotation  are  arbitrary,  then  calculating  the  relative 
velocities  u,  v,  w,  we  get  expressions  similar  to  those  on  the  right- 
hand  sides  of  (2),  but  with  arbitrary  values  of  a,  6,  c,  f,  g,  h,  f ,  ??,  f. 
Equating  coefficients  of  x,  y,  z,  however,  we  find  that  a,  b,  c,  &c. 
must  have  respectively  the  same  values  as  before.  Hence  the  direc- 
tions of  the  axes  of  the  strain,  the  rates  of  extension  or  contraction 
along  them,  and  the  axis  and  the  angular  velocity  of  rotation,  at 
any  point  of  the  fluid,  depend  only  on  the  state  of  relative  motion 
at  that  point,  and  not  on  the  position  of  the  axes  of  reference. 

When  throughout  a  finite  portion  of  a  fluid  mass  we  have 
f ,  7],  %  all  zero,  the  relative  motion  of  any  element  of  that  portion 
consists  of  a  pure  strain  only,  and  is  called  '  irrotational/ 

32.     The  value  of  the  integral 

f(udx  +  vdy  +  wdz), 


or 


ff    dx        dy         dz 

l\u  -j-  +  v  j    +  w -j- 
J\    ds        ds         ds 


taken  along  any  line  ABCD,  is  called*  the  'flow'  of  the  fluid 
from  A  to  D  along  that  line.  We  shall  denote  it  for  shortness  by 
I  (ABCD). 

If  A  and  D  coincide,  so  that  the  line  forms  a  closed  curve,  or 
circuit,  the  value  of  the  integral  is  called  the  'circulation'  in  that 
circuit.  We  denote  it  by  I  (ABC A).  If  in  either  case  the  inte- 
gration be  taken  in  the  opposite  direction,  the  signs  of  dxjds, 
dy/ds,  dzjds  will  be  reversed,  so  that  we  have 

I(AD)  =  -I(DA),  and  I  (ABC A)  =  -  I  (ACBA). 
It  is  also  plain  that 

/  (ABCD)  =  /  (AB)  +  /  (BC)  +  /  (CD). 

Let  us  calculate  the  circulation  in  an  infinitely  small  circuit 
surrounding  the  point   (x,  y,  z).     If  (x  +  x,  y  +  y,  z  +  z)   be   a 
point  on  the  circuit,  we  have,  by  Art.  31  (2), 
udx  +  vdy  +  wc?z  =  %d  (ax2  +  6y2  +  cz2  +  2/yz  +  2#zx  +  2Axy) 
+  f  (y^z  -  zdy)  +  T;  (zdx  -  xdz)  +  £  (xdy  -  ydx). .  .(1). 

*  Sir  W.  Thomson,  "On  Vortex  Motion."    Edin.  Trans.,  t.  xxv.  (1869). 

3—2 
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Hence,  integrating  round  a  small  closed  circuit, 
+  vrdz) 


The  coefficients  of  f  ,  rj,  £  in  this  expression  are  double  the  pro- 
jections of  the  area  of  the  circuit  on  the  co-ordinate  planes,  these 
projections  being  reckoned  positive  or  negative  according  to  the 
direction  of  the  integrations.  In  order  to  have  a  clear  under- 
standing on  this  point,  we  shall  in  this  book  suppose  that  the 
axes  of  co-ordinates  form  a  right-handed  system  ;  thus  if  the  axes 
of  x  and  y  point  E.  and  N.  respectively,  that  of  z  will  point  ver- 
tically upwards*.  Now  let  $S  be  the  area  of  the  circuit,  and  let 
I,  m,  n  be  the  direction-cosines  of  the  normal  to  &S  drawn  in  the 
direction  which  is  related  to  that  in  which  the  circulation  round 
the  circuit  is  estimated,  in  the  manner  typified  by  a  right-handed 
screwf\  The  formula  (2)  then  shews  that  the  circulation  in  the 
circuit  is  given  by 

2(lZ  +  mr)  +  n&SS  ................  ....(3), 

or,  twice  the  product  of  the  area  of  the  circuit  into  the  component 
angular  velocity  of  the  fluid  about  the  normal. 

33.  Any  finite  surface  may  be  divided,  by  a  double  series 
of  lines  crossing  ft,  into  infinitely  small  elements.  The  sum 
of  the  circulations  round  the  boundaries  of  these  elements,  taken 
all  in  the  same  sense,  is  equal  to  the  circulation  round  the  origi- 
nal boundary  of  the  surface  (supposed  for  the  moment  to  consist 
of  a  single  closed  curve).  For,  in  the  sum  in  question,  the  flow 


along  each  side  common  to  two  elements  comes  in  twice,  once 
for  each  element,  but  with  opposite  signs,  and  therefore  disap- 

*  Maxwell,  Proc.  Lond.  Math.  Soc.,  t.  iii.,  pp.  279,  280. 

t  See  Maxwell,  Electricity  and  Magnetism,  Oxford,  1873,  Art.  23. 
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pears  from  the  result.  There  remain  then  only  the  flows  along 
those  sides  which  are  parts  of  the  original  boundary  ;  whence  the 
truth  of  the  above  statement. 

Expressing  this  analytically  we  have,  by  (3), 

S(udx  +  vdy  +  wdz)  =  2//(Jf  +  mrj  +  n{  )  dS  .........  (4), 

or,  substituting  the  values  of  f,  ?;,  f  from  Art.  31, 

j('iidx  +  vdy  +  wdz) 

dw     dv\  du     dw\          dv     du 


where  the  single-integral  is  taken  along  the  bounding  curve, 
and  the  double-integral  over  the  surface.  In  these  formulas 
the  quantities  I,  m,  n  are  the  direction-cosines  of  the  normal 
drawn  always  on  one  side  of  the  surface,  which  we  may  term  the 
positive  side  ;  the  direction  of  integration  in  the  seeead-fnember 
is  then  that  in  which  a  man  walking  on  the  surface,  on  the 
positive  side  of  it,  and  close  to  the  edge,  must  proceed  so  as  to 
have  the  surface  always  on  his  left  hand. 

The  theorem  (4)  or  (5)  may  evidently  be  extended  to  a  surface 
whose  boundary  consists  of  two  or  more  closed  curves,  provided 
the  integration  in  the  first  member  be  taken  round  each  of 
these  in  the  proper  direction,  according  to  the  rule  iust  given. 


Thus,  if  the  surface-integral  in  (5)  extend  over  the  shaded  portion 
of  the  annexed  figure,  the  directions  in  which  the  circulations 
in  the  several  parts  of  the  boundary  are  to  be  taken  are  shewn  by 

*  This  theorem  is  attributed  by  Maxwell  to  Stokes,  Smith's  Prize  Examination 
Papers  for  1854.  The  first  published  proof  appears  to  have  been  given  by  Hankel, 
Zur  allgem.  Theorie  der  Bewegung  der  Fliissigkeiten,  Gottingen,  1861,  p.  35.  That 
given  above  is  due  to  Lord  Kelvin,  I.e.  ante  p.  35.  See  also  Thomson  and  Tait,  Natu- 
ral Philosophy,  Art.  190  (j),  and  Maxwell,  Electricity  and  Magnetism,  Art.  24. 
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the  arrows,  the  positive  side  of  the  surface  being  that  which  faces 
the  reader. 

The  value  of  the  surface-integral  taken  over  a  dosed  surface  is 
zero. 

It  should  be  noticed  that  (5)  is  a  theorem  of  pure  mathe- 
matics, and  is  true  whatever  functions  u,  v,  w  may  be  of  x,  y,  2, 
provided  only  they  be  continuous  over  the  surface*. 

34.  The  rest  of  this  chapter  is  devoted  to  a  study  of  the 
kinematical  properties  of  irrotational  motion  in  general,  as  defined 
by  the  equations 

£  =  0,     77  =  0,     f  =  0. 

The  existence  and  properties  of  the  velocity-potential  in  the 
various  cases  that  may  arise  will  appear  as  consequences  of  this 
definition. 

The  physical  importance  of  the  subject  rests  on  the  fact  that 
if  the  motion  of  any  portion  of  a  fluid  mass  be  irrotational  at  any 
one  instant  it  will  under  certain  very  general  conditions  continue 
to  be  irrotational.  Practically,  as  will  be  seen,  this  has  already 
been  established  by  Lagrange's  theorem,  proved  in  Art.  18,  but 
the  importance  of  the  matter  warrants  a  repetition  of  the  investi- 
gation, in  the  Eulerian  notation,  in  the  form  originally  given  by 
Lord  Kelvin  f. 

Consider  first  any  terminated  line  AB  drawn  in  the  fluid,  and 
suppose  every  point  of  this  line  to  move  always  with  the  velocity 
of  the  fluid  at  that  point.  Let  us  calculate  the  rate  at  which  the 
flow  along  this  line,  from  A  to  B,  is  increasing.  If  Sx,  $y,  §z  be 
the  projections  on  the  co-ordinate  axes  of  an  element  of  the  line, 

D  Dux          DBx 

we  have  Dt(u^  =  Dt  S*  +  U ~W 

Now  DSx/Dt,  the  rate  at  which  Sx  is  increasing  in  consequence  of 
the  motion  of  the  fluid,  is  equal  to  the  difference  of  the  velocities 
parallel  to  x  at  its  two  ends,  i.e.  to  Bu ;  and  the  value  of  D-u/Dt  is 
given  in  Art.  6.  Hence,  and  by  similar  considerations,  we  find,  if 
p  be  a  function  of  p  only,  and  if  the  extraneous  forces  X,  Y,  Z 
have  a  potential  ft, 

y-  (u§x  +  vSy  +  w&z)  —  — -  —  Sfl  +  uSu  +  vBv  +  wSw. 
JJt  p 

*  It  is  not  necessary  that  their  differential  coefficients  should  be  continuous, 
t  I.e.  ante  p.  35. 


33-35]  CIRCULATION.  39 

Integrating  along  the  line,  from  A  to  J9,  we  get 

*  .........  (i), 


or,  the  rate  at  which  the  flow  from  A  to  B  is  increasing  is  equal 
to  the  excess  of  the  value  which  —  fdp/p  —  fl  +  -|-g2  has  at  B  over 
that  which  it  has  at  A.  This  theorem  comprehends  the  whole 
of  the  dynamics  of  a  perfect  fluid.  For  instance,  equations  (2)  of 
Art.  15  may  be  derived  from  it  by  taking  as  the  line  AB  the  in- 
finitely short  line  whose  projections  were  originally  Sa,  86,  Sc, 
and  equating  separately  to  zero  the  coefficients  of  these  in- 
finitesimals. 

If  II  be  single-valued,  the  expression  within  brackets  on  the 
right-hand  side  of  (1)  is  a  single-valued  function  of  x,  y,  z. 
Hence  if  the  integration  on  the  left-hand  be  taken  round  a  closed 
curve,  so  that  B  coincides  with  A,  we  have 


(2), 


or,  the  circulation  in  any  circuit  moving  with  the  fluid  does  not 
alter  with  the  time. 

It  follows  that  if  the  motion  of  any  portion  of  a  fluid  mass  be 
initially  irrotational  it  will  always  retain  this  property ;  for  other- 
wise the  circulation  in  every  infinitely  small  circuit  would  not 
continue  to  be  zero,  as  it  is  initially,  by  virtue  of  Art.  33  (4). 

35.  Considering  now  any  region  occupied  by  irrotationally- 
moving  fluid,  we  see  from  Art.  33  (4)  that  the  circulation  is  zero 
in  every  circuit  which  can  be  filled  up  by  a  continuous  surface 
lying  wholly  in  the  region,  or  which  is  in  other  words  capable  of 
being  contracted  to  a  point  without  passing  out  of  the  region. 
Such  a  circuit  is  said  to  be  '  reducible.' 

Again,  let  us  consider  two  paths  AGB,  ADB,  connecting  two 
points  A,  B  of  the  region,  and  such  that  either  may  by  con- 
tinuous variation  be  made  to  coincide  with  the  other,  without  ever 
passing  out  of  the  region.  Such  paths  are  called  'mutually 
reconcileable.'  Since  the  circuit  AGED  A  is  reducible,  we  have 
I  (AGED  A)  =  0,  or  since  I  (EDA)  =  -I  (ADB), 

I  (AGB}  =  I  (ADB); 
i.e.  the  flow  is  the  same  along  any  two  reconcileable  paths. 
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A  region  such  that  all  paths  joining  any  two  points  of  it  are 
mutually  reconcileable  is  said  to  be  'simply-connected.'  Such  a 
region  is  that  enclosed  within  a  sphere,  or  that  included  between 
two  concentric  spheres.  In  what  follows,  as  far  as  Art.  46,  we  con- 
template only  simply-connected  regions. 

36.  The  irrotational  motion  of  a  fluid  within  a  simply-con- 
nected region  is  characterized  by  the  existence  of  a  single-valued 
velocity-potential.  Let  us  denote  by  —  <£  the  flow  to  a  variable 
point  P  from  some  fixed  point  A,  viz. 


rP 

d>  =  —      (udx  +  vdy  +  wdz) (1). 

J  A 


The  value  of  <£  has  been  shewn  to  be  independent  of  the  path 
along  which  the  integration  is  effected,  provided  it  lie  wholly 
within  the  region.  Hence  <£  is  a  single- valued  function  of  the 
position  of  P;  let  us  suppose  it  expressed  in  terms  of  the  co- 
ordinates (x,  y}  z)  of  that  point.  By  displacing  P  through  an 
infinitely  short  space  parallel  to  each  of  the  axes  of  co-ordinates 
in  succession,  we  find 

u=-d£,v  =  -f,w  =  -d£  .  ..(2), 

dx  dy  dz 

i.e.  </>  is  a  velocity-potential,  according  to  the  definition  of  Art.  18. 

The  substitution  of  any  other  point  B  for  A,  as  the  lower  limit 
in  (1),  simply  adds  an  arbitrary  constant  to  the  value  of  <f>,  viz.  the 
flow  from  A  to  B.  The  original  definition  of  <f>  in  Art.  18,  and  the 
physical  interpretation  in  Art.  19,  alike  leave  the  function  indeter- 
minate to  the  extent  of  an  additive  constant. 

As  we  follow  the  course  of  any  line  of  motion  the  value  of  </> 
continually  decreases ;  hence  in  a  simply-connected  region  the 
lines  of  motion  cannot  form  closed  curves. 

37.  The  function  <£  with  which  we  have  here  to  do  is,  together 
with  its  first  differential  coefficients,  by  the  nature  of  the  case, 
finite,  continuous,  and  single-valued  at  all  points  of  the  region 
considered.  In  the  case  of  incompressible  fluids,  which  we  now 
proceed  to  consider  more  particularly,  <j>  must  also  satisfy  the 
equation  of  continuity,  (5)  of  Art.  21,  or  as  we  shall  in  future 
write  it,  for  shortness, 

0 (1), 
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at  every  point  of  the  region.  Hence  </>  is  now  subject  to  mathe- 
matical conditions  identical  with  those  satisfied  by  the  potential  of 
masses  attracting  or  repelling  according  to  the  law  of  the  inverse 
square  of  the  distance,  at  all  points  external  to  such  masses;  so 
that  many  of  the  results  proved  in  the  theories  of  Attractions, 
Electrostatics,  Magnetism,  and  the  Steady  Flow  of  Heat,  have  also 
a  hydrodynamical  application.  We  proceed  to  develope  those 
which  are  most  important  from  this  point  of  view. 

In  any  case  of  motion  of  an  incompressible  fluid  the  surface- 
integral  of  the  normal  velocity  taken  over  any  surface,  open  or 
closed,  is  conveniently  called  the  'flux'  across  that  surface.  It  is 
of  course  equal  to  the  volume  of  fluid  crossing  the  surface  per  unit 
time. 

When  the  motion  is  irrotational,  the  flux  is  given  by 

'd<t> 


-si 


,     dS, 
dn 

where  SS  is  an  element  of  the  surface,  and  &n  an  element  of  the 
normal  to  it,  drawn  in  the  proper  direction.  In  any  region 
occupied  wholly  by  liquid,  the  total  flux  across  the  boundary  •& 

A 


zero,  i.e. 


the  element  &n  of  the  normal  being  drawn  always  on  one  side  (say 
inwards),  and  the  integration  extending  over  the  whole  boundary. 
This  may  be  regarded  as  a  generalized  form  of  the  equation  of 
continuity  (1). 

The  lines  of  motion  drawn  through  the  various  points  of  an 
infinitesimal  circuit  define  a  tube,  which  may  be  called  a  tube  of 
flow.  The  product  of  the  velocity  (q)  into  the  cross-section  (&,  say) 
is  the  same  at  all  points  of  such  a  tube. 

We  may,  if  we  choose,  regard  the  whole  space  occupied  by  the 
fluid  as  made  up  of  tubes  of  flow,  and  suppose  the  size  of  the  tubes 
so  adjusted  that  the  product  qcr  is  the  same  for  each.  The  flux 
across  any  surface  is  then  proportional  to  the  number  of  tubes 
which  cross  it.  If  the  surface  be  closed,  the  equation  (2)  ex- 
presses the  fact  that  as  many  tubes  cross  the  surface  inwards  as 
outwards.  Hence  a  line  of  motion  cannot  begin  or  end  at  a  point 
of  the  fluid. 
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38.  The  function  </>  cannot  be  a  maximum  or  minimum  at  a 
point  in  the  interior  of  the  fluid ;  for,  if  it  were,  we  should  have 
d^/dn  everywhere  positive,  or  everywhere  negative,  over  a  small 
closed  surface  surrounding  the  point  in  question.  Either  of  these 
suppositions  is  inconsistent  with  (2). 

Further,  the  absolute  value  of  the  velocity  cannot  be  a  maximum 
at  a  point  in  the  interior  of  the  fluid.  For  let  the  axis  of  x  be  taken 
parallel  to  the  direction  of  the  velocity  at  any  point  P.  The  equa- 
tion (1),  and  therefore  also  the  equation  (2),  is  satisfied  if  we  write 
d<f>/dx  for  </>.  The  above  argument  then  shews  that  d$/dx  cannot 
be  a  maximum  or  a  minimum  at  P.  Hence  there  must  be  some 
point  in  the  immediate  neighbourhood  of  P  for  which  dfyjdx  has 
a  numerically  greater  value,  and  therefore  a  fortiori,  for  which 


is  numerically  greater  than  d^jdx,  i.e.  the  velocity  of  the  fluid  at 
some  neighbouring  point  is  greater  than  at  P*. 

On  the  other  hand,  the  velocity  may  be  a  minimum  at  some  point  of  the 
fluid.  The  simplest  case  is  that  of  a  zero  velocity ;  see,  for  example,  the  figure 
of  Art.  69,  below. 

39.  Let  us  apply  (2)  to  the  boundary  of  a  finite  spherical 
portion  of  the  liquid.  If  r  denote  the  distance  of  any  point  from 
the  centre  of  the  sphere,  SOT  the  elementary  solid  angle  subtended 
at  the  centre  by  an  element  SS  of  the  surface,  we  have 

d<f>/dn  =  —  d<j)/dr, 
and  SS  =  r2$m.     Omitting  the  factor  r2,  (2)  becomes 


1       w  w    —   \y  . 

dr 
or  Til  ^d'sr  =  0  (3). 


Since  l/4?r  .  //<£C£OT  or  l/4?rr2  .fftydS  measures  the  mean  value  of 
$  over  the  surface  of  the  sphere,  (3)  shews  that  this  mean  value  is 
independent  of  the  radius.  It  is  therefore  the  same  for  any  sphere, 
concentric  with  the  former  one,  which  can  be  made  to  coincide 

*  This  theorem  was  enunciated,  in  another  connection,  by  Lord  Kelvin,  Phil. 
Mag.,  Oct.  1850;  Eeprint  of  Papers  on  Electrostatics,  &c.,  London,  1872,  Art.  665. 
The  above  demonstration  is  due  to  Kirchhoff,  Vorlesungen  iiber  mathematische 
Phijsik,  Mechanik,  Leipzig,  1876,  p.  186.  For  another  proof  see  Art.  44  below. 
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with  it  by  gradual  variation  of  the  radius,  without  ever  passing 
out  of  the  region  occupied  by  the  irrotationally  moving  liquid. 
We  may  therefore  suppose  the  sphere  contracted  to  a  point,  and  so 
obtain  a  simple  proof  of  the  theorem,  first  given  by  Gauss  in  his 
memoir*  on  the  theory  of  Attractions,  that  the  mean  value  of  <£ 
over  any  spherical  surface  throughout  the  interior  of  which  (1) 
is  satisfied,  is  equal  to  its  value  at  the  centre. 

The  theorem,  proved  in  Art.  38,  that  </>  cannot  be  a  maximum 
or  a  minimum  at  a  point  in  the  interior  of  the  fluid,  is  an  obvious 
consequence  of  the  above. 

The  above  proof  appears  to  be  due,  in  principle,  to  Frost  f.  Another 
demonstration,  somewhat  different  in  form,  has  been  given  by  Lord  Eayleigh|. 
The  equation  (1),  being  linear,  will  be  satisfied  by  the  arithmetic  mean  of  any 
number  of  separate  solutions  <£1}  <£2,  <£3,....  Let  us  suppose  an  infinite  number 
of  systems  of  rectangular  axes  to  be  arranged  uniformly  about  any  point  P  as 
origin,  and  let  <£15  $2,  $3)...  be  the  velocity-potentials  of  motions  which  are 
the  same  with  respect  to  these  systems  as  the  original  motion  <£  is  with 
respect  to  the  system  x,  y,  z.  In  this  case  the  arithmetic  mean  ($,  say)  of  the 
functions  <f>lt  $2,  </>3)...  will  be  a  function  of  r,  the  distance  from  P,  only. 
Expressing  that  in  the  motion  (if  any)  represented  by  $,  the  flux  across  any 
spherical  surface  which  can  be  contracted  to  a  point,  without  passing  out  of 
the  region  occupied  by  the  fluid,  would  be  zero,  we  have 


or  0  =  const. 

Again,  let  us  suppose  that  the  region  occupied  by  the  irrota- 
tionally  moving  fluid  is  'periphractic,'§  i.e.  that  it  is  limited 
internally  by  one  or  more  closed  surfaces,  and  let  us  apply  (2)  to 
the  space  included  between  one  (or  more)  of  these  internal 
boundaries,  and  a  spherical  surface  completely  enclosing  it  and 
lying  wholly  in  the  fluid.  If  4-Trif  denote  the  total  flux  into 
this  region,  across  the  internal  boundary,  we  find,  with  the 
same  notation  as  before, 

JJ  dr 

*  "  Allgemeine  Lehrsiitze,  u.  s.  \v.,"  Eesultate  aus  den  Beobachtungen  des  mag- 
netischen  Vereins,  1839 ;  Werke,  Gottingen,  1870—80,  t.  v.,  p.  199. 

t  Quarterly  Journal  of  Mathematics,  t.  xii.  (1873). 

J  Messenger  of  Mathematics,  t.  vii.,  p.  69  (1878). 

§  See  Maxwell,  Electricity  and  Magnetism,  Arts.  18,  22.  A  region  is  said  to  be 
*  aperiphractic '  when  every  closed  surface  drawn  in  it  can  be  contracted  to  a  point 
without  passing  out  of  the  region. 
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the  surface-integral  extending  over  the  sphere  only.     This  may  be 
written 

1    d  ,  M 


whence  ^dS^^^C  ...............  (4). 


That  is,  the  mean  value  of  <f>  over  any  spherical  surface  drawn 
under  the  above-mentioned  conditions  is  equal  to  M/r  4-  C,  where 
r  is  the  radius,  M  an  absolute  constant,  and  C  a  quantity  which  is 
independent  of  the  radius  but  may  vary  with  the  position  of  the 
centre  *. 

If  however  the  original  region  throughout  which  the  irrotational 
motion  holds  be  unlimited  externally,  and  if  the  first  derivative  (and 
therefore  all  the  higher  derivatives)  of  </>  vanish  at  infinity,  then  C 
is  the  same  for  all  spherical  surfaces  enclosing  the  whole  of  the 
internal  boundaries.  For  if  such  a  sphere  be  displaced  parallel 
to  #•(-,  without  alteration  of  size,  the  rate  at  which  C  varies  in 
consequence  of  this  displacement  is,  by  (4),  equal  to  the  mean 
value  of  d<j)/dx  over  the  surface.  Since  d^jdx  vanishes  at  infinity, 
we  can  by  taking  the  sphere  large  enough  make  the  latter  mean 
value  as  small  as  we  please.  Hence  C  is  not  altered  by  a  displace- 
ment of  the  centre  of  the  sphere  parallel  to  x.  In  the  same  way 
we  see  that  G  is  not  altered  by  a  displacement  parallel  to  y  or  z  ; 
i.e.  it  is  absolutely  constant. 

If  the  internal  boundaries  of  the  region  considered  be  such 
that  the  total  flux  across  them  is  zero,  e.g.  if  they  be  the  surfaces 
of  solids,  or  of  portions  of  incompressible  fluid  whose  motion  is 
rotational,  we  have  M=0,  so  that  the  mean  value  of  <f>  over  any 
spherical  surface  enclosing  them  all  is  the  same. 

40.  (a)  If  <£  be  constant  over  the  boundary  of  any  simply- 
connected  region  occupied  by  liquid  moving  irrotationally,  it  has 
the  same  constant  value  throughout  the  interior  of  that  region. 
For  if  not  constant  it  would  necessarily  have  a  maximum  or  a 
minimum  value  at  some  point  of  the  region. 

*  It  is  understood,  of  course,  that  the  spherical  surfaces  to  which  this  statement 
applies  are  reconcileable  with  one  another,  in  a  sense  analogous  to  that  of  Art.  35. 
f  Kirchhoff,  Mechanik,  p.  191. 


39-40]  CONDITIONS  OF   DETERMINATENESS.  45 

Otherwise  :  we  have  seen  in  Arts.  36,  37  that  the  lines  of 
motion  cannot  begin  or  end  at  any  point  of  the  region,  and  that  they 
cannot  form  closed  curves  lying  wholly  within  it.  They  must 
therefore  traverse  the  region,  beginning  and  ending  on  its  bound- 
ary. In  our  case  however  this  is  impossible,  for  such  a  line  always 
proceeds  from  places  where  </>  is  greater  to  places  where  it  is  less. 
Hence  there  can  be  no  motion,  i.e. 


_  -  - 

7       -   "J       ~7        -  V)       ~~7       -  ^J 

ax          dy  dz 

and  therefore  <£  is  constant  and  equal  to  its  value  at  the  boundary. 

(13)  Again,  if  d<j)/dn  be  zero  at  every  point  of  the  boundary  of 
such  a  region  as  is  above  described,  </>  will  be  constant  throughout 
the  interior.  For  the  condition  d(f)/dn  =  0  expresses  that  no  lines 
of  motion  enter  or  leave  the  region,  but  that  they  are  all  contained 
within  it.  This  is  however,  as  we  have  seen,  inconsistent  with 
the  other  conditions  which  the  lines  must  conform  to.  Hence,  as 
before,  there  can  be  no  motion,  and  </>  is  constant. 

This  theorem  may  be  otherwise  stated  as  follows  :  no  con- 
tinuous irrotational  motion  of  a  liquid  can  take  place  in  a 
simply-connected  region  bounded  entirely  by  fixed  rigid  walls. 

(y)  Again,  let  the  boundary  of  the  region  considered  consist 
partly  of  surfaces  8  over  which  $  has  a  given  constant  value,  and 
partly  of  other  surfaces  5}  over  which  dcf>/dn  =  0.  By  the  previous 
argument,  no  lines  of  motion  can  pass  from  one  point  to  another 
of  S,  and  none  can  cross  2.  Hence  no  such  lines  exist;  </>  is 
therefore  constant  as  before,  and  equal  to  its  value  at  8. 

It  follows  from  these  theorems  that  the  irrotational  motion  of  a 
liquid  in  a  simply-connected  region  is  determinate  when  either  the 
value  of  </>,  or  the  value  of  the  inward  normal  velocity  —  d<j>/dn,  is 
prescribed  at  all  points  of  the  boundary,  or  (again)  when  the  value 
of  $  is  given  over  part  of  the  boundary,  and  the  value  of  —  d(j>/dn 
over  the  remainder.  For  if  fa,  fa  be  the  velocity-potentials  of 
two  motions  each  of  which  satisfies  the  prescribed  boundary- 
conditions,  in  any  one  of  these  cases,  the  function  fa  —  fa 
satisfies  the  condition  (a)  or  (/3)  or  (7)  of  the  present  Article, 
and  must  therefore  be  constant  throughout  the  region. 
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41.  A  class  of  cases  of  great  importance,  but  not  strictly  in- 
cluded in  the  scope  of  the  foregoing  theorems,  occurs  when  the 
region  occupied  by  the  irrotationally  moving  liquid  extends  to 
infinity,  but  is  bounded  internally  by  one  or  more  closed  surfaces. 
We  assume,  for  the  present,  that  this  region  is  simply-connected, 
and  that  <f>  is  therefore  single- valued. 

If  </>  be  constant  over  the  internal  boundary  of  the  region,  and 
tend  everywhere  to  the  same  constant  value  at  an  infinite  distance 
from  the  internal  boundary,  it  is  constant  throughout  the  region. 
For  otherwise  $  would  be  a  maximum  or  a  minimum  at  some 
point. 

We  infer,  exactly  as  in  Art.  40,  that  if  </>  be  given  arbitrarily 
over  the  internal  boundary,  and  have  a  given  constant  value  at 
infinity,  its  value  is  everywhere  determinate. 

Of  more  importance  in  our  present  subject  is  the  theorem 
that,  if  the  normal  velocity  be  zero  at  every  point  of  the  internal 
boundary,  and  if  the  fluid  be  at  rest  at  infinity,  then  <f)  is  every- 
where constant.  We  cannot  however  infer  this  at  once  from  the 
proof  of  the  corresponding  theorem  in  Art.  40.  It  is  true  that  we 
may  suppose  the  region  limited  externally  by  an  infinitely  large 
surface  at  every  point  of  which  d<f>/dn  is  infinitely  small ;  but  it  is 
conceivable  that  the  integral  ffdcfr/dn .  dS,  taken  over  a  portion  of 
this  surface,  might  still  be  finite,  in  which  case  the  investigation 
referred  to  would  fail.  We  proceed  therefore  as  follows. 

Since  the  velocity  tends  to  the  limit  zero  at  an  infinite 
distance  from  the  internal  boundary  (S,  say),  it  must  be  possible 
to  draw  a  closed  surface  2,  completely  enclosing  S,  beyond  which 
the  velocity  is  everywhere  less  than  a  certain  value  e,  which 
value  may,  by  making  2  large  enough,  be  made  as  small  as  we 
please.  Now  in  any  direction  from  S  let  us  take  a  point  P  at  such 
a  distance  beyond  2  that  the  solid  angle  which  2  subtends  at  it  is 
infinitely  small ;  and  with  P  as  centre  let  us  describe  two  spheres, 
one  just  excluding,  the  other  just  including  S.  We  shall  prove 
that  the  mean  value  of  <£  over  each  of  these  spheres  is,  within 
an  infinitely  small  amount,  the  same.  For  if  Q,  Q'  be  points  of 
these  spheres  on  a  common  radius  PQQ\  then  if  Q,  Q'  fall  within 
2  the  corresponding  values  of  <j)  may  differ  by  a  finite  amount ; 
but  since  the  portion  of  either  spherical  surface  which  falls  within 
2  is  an  infinitely  small  fraction  of  the  whole,  no  finite  difference 
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in  the  mean  values  can  arise  from  this  cause.  On  the  other  hand, 
when  Q,  Q'  fall  without  2,  the  corresponding  values  of  <f>  cannot 
differ  by  so  much  as  e  .  QQ',  for  e  is  by  definition  a  superior  limit 
to  the  rate  of  variation  of  </>.  Hence,  the  mean  values  of  $  over 
the  two  spherical  surfaces  must  differ  by  less  than  e .  QQ'.  Since 
QQ'  is  finite,  whilst  e  may  by  taking  2  large  enough  be  made  as 
small  as  we  please,  the  difference  of  the  mean  values  may,  by 
taking  P  sufficiently  distant,  be  made  infinitely  small. 

Now  we  have  seen  in  Art.  39,  that  the  mean  value  of  <£  over 
the  inner  sphere  is  equal  to  its  value  at  P,  and  that  the  mean 
value  over  the  outer  sphere  is  (since  M  =  0)  equal  to  a  constant 
quantity  G.  Hence,  ultimately,  the  value  of  <£  at  infinity  tends 
everywhere  to  the  constant  value  C. 

The  same  result  holds  even  if  the  normal  velocity  be  not 
zero  over  the  internal  boundary ;  for  in  the  theorem  of  Art.  39 
M  is  divided  by  r,  which  is  in  our  case  infinite. 

It  follows  that  if  d(f>/dn  —  0  at  all  points  of  the  internal 
boundary,  and  if  the  fluid  be  at  rest  at  infinity,  it  must  be  every- 
where at  rest.  For  no  lines  of  motion  can  begin  or  end  on  the 
internal  boundary.  Hence  such  lines,  if  they  existed,  must  come 
from  an  infinite  distance,  traverse  the  region  occupied  by  the 
fluid,  and  pass  off  again  to  infinity ;  i.e.  they  must  form  infinitely 
long  courses  between  places  where  <£  has,  within  an  infinitely 
small  amount,  the  same  value  C,  which  is  impossible. 

The  theorem  that,  if  the  fluid  be  at  rest  at  infinity,  the  motion 
is  determinate  when  the  value  of  —dcfr/dn  is  given  over  the  in- 
ternal boundary,  follows  by  the  same  argument  as  in  Art.  40. 

Green's  Theorem. 

42.  In  treatises  on  Electrostatics,  &c.,  many  important  pro- 
perties of  the  potential  are  usually  proved  by  means  of  a  certain 
theorem  due  to  Green.  Of  these  the  most  important  from  our 
present  point  of  view  have  already  been  given ;  but  as  the 
theorem  in  question  leads,  amongst  other  things,  to  a  useful 
expression  for  the  kinetic  energy  in  any  case  of  irrotational 
motion,  some  account  of  it  will  properly  find  a  place  here. 

Let  U,  V,  W  be  any  three  functions  which  are  finite,  con- 
tinuous, and  single-valued  at  all  points  of  a  connected  region 
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completely  bounded  by  one  or  more  closed  surfaces  $;  let  BS  be 
an  element  of  any  one  of  these  surfaces,  and  I,  m,  n  the  direction- 
cosines  of  the  normals  to  it  drawn  inwards.  We  shall  prove  in  the 
first  place  that 


where  the  triple-integral  is  taken  throughout  the  region,  and  the 
double-integral  over  its  boundary. 

If  we  conceive  a  series  of  surfaces  drawn  so  as  to  divide  the 
region  into  any  number  of  separate  parts,  the  integral 

ff(lU+mV+nW)dS  ..................  (2), 

taken  over  the  original  boundary,  is  equal  to  the  sum  of  the 
similar  integrals  each  taken  over  the  whole  boundary  of  one  of 
these  parts.  For,  for  every  element  So-  of  a  dividing  surface, 
we  have,  in  the  integrals  corresponding  to  the  parts  lying  on 
the  two  sides  of  this  surface,  elements  (IU  +  mV+nW)$<r, 
and  (l'U+m'V+riW)Str,  respectively.  But  the  normals  to 
which  I,  m,  n,  and  I',  m',  n'  refer  being  drawn  inwards  in  each 
case,  we  have  I'  =  —  I,  m'  =  —  m,  n'  =  —  n  ;  so  that,  in  forming  the 
sum  of  the  integrals  spoken  of,  the  elements  due  to  the  dividing 
surfaces  disappear,  and  we  have  left  only  those  due  to  the  original 
boundary  of  the  region. 

Now  let  us  suppose  the  dividing  surfaces  to  consist  of  three 
systems  of  planes,  drawn  at  infinitesimal  intervals,  parallel  to 
yz,  zx,  xy,  respectively.  If  x,  y,  z  be  the  co-ordinates  of  the 
centre  of  one  of  the  rectangular  spaces  thus  formed,  and 
&e,  Sy,  $z  the  lengths  of  its  edges,  the  part  of  the  integral 
(2)  due  to  the  yz-facs  nearest  the  origin  is 


and  that  due  to  the  opposite  face  is 


The  sum  of  these  is  —  dU/dx.  SasSyfa.     Calculating  in  the  same 
way  the  parts  of  the  integral  due  to  the  remaining  pairs  of  faces, 
we  get  for  the  final  result 
dU 
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Hence  (1)  simply  expresses  the  fact  that  the  surface-integral  (2), 
taken  over  the  boundary  of  the  region,  is  equal  to  the  sum  of  the 
similar  integrals  taken  over  the  boundaries  of  the  elementary 
spaces  of  which  we  have  supposed  it  built  up. 

The  interpretation  of  this  result  when  U,  V,  W  denote  the 
component  velocities  of  a  continuous  substance  is  obvious.  In  the 
particular  case  of  irrotational  motion  we  obtain 


where  Bn  denotes  an  element  of  the  inwardly-directed  normal  to     ^ 
the  surface  S,  *-5,?5 

Again,   if  we   put    U,   F,   W  =  pu,   pv,  pw,   respectively,   we 
reproduce  in  substance  the  investigation  of  Art.  8. 

Another    useful    result    is    obtained   by   putting    U,    F,    W 
—  U(f>,  V(j>,  W(f),  respectively,  where  u,  v,  w  satisfy  the  relation 

du     dv     dw  _  - 

doc     dy      dz  ~ 
throughout  the  region,  and  make 

lu  +  mv  +  nw  =  0 
over  the  boundary.     We  find 


The  function  <j!>  is  here  merely  restricted  to  be  finite,  single-  valued, 
and  continuous,  and  to  have  its  first  differential  coefficients  finite, 
throughout  the  region. 

43.  Now  let  <f),  <f>'  be  any  two  functions  which,  together  with 
their  first  derivatives,  are  finite,  continuous,  and  single-valued 
throughout  the  region  considered  ;  and  let  us  put 


respectively,  so  that 
Substituting  in  (1)  we  find 

^f*Sf>^ 

(5) 
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By  interchanging  </>  and  <j>'  we  obtain 


.  ...................  (6). 

Equations  (5)  and  (6)  together  constitute  Green's  theorem*. 

44.     If  <f>,  $  be  the  velocity-potentials  of  two  distinct  modes 
of  irrotational  motion  of  a  liquid,  so  that 

v^  =  o,   vy  =  o  ........................  (i), 


weobtain 


If  we  recall  the  physical  interpretation  of  the  velocity-potential, 
given  in  Art.  19,  then,  regarding  the  motion  as  generated  in  each 
case  impulsively  from  rest,  we  recognize  this  equation  as  a 
particular  case  of  the  dynamical  theorem  that 


where  pr,  qr  and  pr',  qr'  are  generalized  components  of  impulse  and 
velocity,  in  any  two  possible  motions  of  a  system-)-. 

Again,  in  Art.  43  (6)  let  </>'  =  <£,  and  let  <f>  be  the  velocity- 
potential  of  a  liquid.     We  obtain 


To  interpret  this  we  multiply  both  sides  by  ^p.  Then 
on  the  right-hand  side  —  d<j)/dn  denotes  the  normal  velocity  of 
the  fluid  inwards,  whilst  p(f>  is,  by  Art.  19,  the  impulsive  pres- 
sure necessary  to  generate  the  motion.  It  is  a  proposition  in 
Dynamics  J  that  the  work  done  by  an  impulse  is  measured  by  the 
product  of  the  impulse  into  half  the  sum  of  the  initial  and  final 
velocities,  resolved  in  the  direction  of  the  impulse,  of  the  point  to 
which  it  is  applied.  Hence  the  right-hand  side  of  (3),  when 
modified  as  described,  expresses  the  work  done  by  the  system  of 
impulsive  pressures  which,  applied  to  the  surface  8,  would 
generate  the  actual  motion;  whilst  the  left-hand  side  gives 
the  kinetic  energy  of  this  motion.  The  formula  asserts  that 

*  G.  Green,  Essay  on  Electricity  and  Magnetism,  Nottingham,  1828,  Art.  3. 
Mathematical  Papers  (ed.  Ferrers),  Cambridge,  1871,  p.  23. 

t  Thomson  and  Tait,  Natural  Philosophy,  Art.  313,  equation  (11). 
£  Thomson  and  Tait,  Natural  Philosophy,  Art.  308. 
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these  two  quantities  are  equal.     Hence  if  T  denote  the   total 
kinetic  energy  of  the  liquid,  we  have  the  very  important  result 


If  in  (3),  in  place  of  $,  we  write  dfyjdx,  which  will  of  course  satisfy 
Q,  and  apply  the  resulting  theorem  to  the  region  included  within  a 
spherical  surface  of  radius  r  having  any  point  (#,  y,  z]  as  centre,  then  with  the 
same  notation  as  in  Art.  39,  we  have 


Hence,  writing  }2=«2+»2+w2, 


. 

zj  \  dz  dx)  \dx  dy 
Since  this  latter  expression  is  essentially  positive,  the  mean  value  of  q2,  taken 
over  a  sphere  having  any  given  point  as  centre,  increases  with  the  radius  of 
the  sphere.  Hence  q  cannot  be  a  maximum  at  any  point  of  the  fluid,  as  was 
proved  otherwise  in  Art.  38. 

Moreover,  recalling  the  formula  for  the  pressure  in  any  case  of  irrotational 
motion  of  a  liquid,  viz. 

(ii), 


we  infer  that,  provided  the  potential  Q,  of  the  external  forces  satisfy  the 
condition 

V2G=0  .......................................  (iii), 

the  mean  value  of  p  over  a  sphere  described  with  any  point  in  the  interior  of 
the  fluid  as  centre  will  diminish  as  the  radius  increases.  The  place  of  least 
pressure  will  therefore  be  somewhere  on  the  boundary  of  the  fluid.  This  has 
a  bearing  on  the  point  discussed  in  Art.  24. 

45.  In  this  connection  we  may  note  a  remarkable  theorem 
discovered  by  Lord  Kelvin*,  and  afterwards  generalized  by  him 
into  an  universal  property  of  dynamical  systems  started  impulsively 
from  rest  under  prescribed  velocity-conditions  •(•. 

The  irrotational  motion  of  a  liquid  occupying  a  simply-con- 
nected region  has  less  kinetic  energy  than  any  other  motion 
consistent  with  the  same  normal  motion  of  the  boundary. 

*  (W.  Thomson)  "On  the  Vis-  Viva  of  a  Liquid  in  Motion,"  Camb.  and  Dub. 
Math.  Journ.,  1849;  Mathematical  and  Physical  Papers,  t.  i.,  p.  107. 
t  Thomson  and  Tait,  Natural  Philosophy,  Art.  312. 

4—2 
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Let  T  be  the  kinetic  energy  of  the  irrotational  motion  to  which 
the  velocity-potential  cf>  refers,  and  2\  that  of  another  motion 

given  by 

dd>  d<b  ,  dd> 

W=-       +  W      V  =  ~       +  V>   W  =  ~ 


where,  in  virtue  of  the  equation  of  continuity,  and  the  prescribed 
boundary-condition,  we  must  have 

duQ     dvQ     dwp  _  - 
dx      dy      dz 

throughout  the  region,  and 

Iu0  +  mv0  +  nw0  =  0 
over  the  boundary.     Further  let  us  write 

T^^ptfKuf  +  vf  +  wfidxdydz  ...........  .(6). 

We  find 


Since  the  last  integral  vanishes,  by  Art.  42  (4),  we  have 

Tl=T+Ta  ..........................  (7), 

which  proves  the  theorem. 

46.  We  shall  require  to  know,  hereafter,  the  form  assumed  by 
the  expression  (4)  for  the  kinetic  energy  when  the  fluid  extends 
to  infinity  and  is  at  rest  there,  being  limited  internally  by  one  or 
more  closed  surfaces  $.  Let  us  suppose  a  large  closed  surface  2 
described  so  as  to  enclose  the  whole  of  8.  The  energy  of  the  fluid 
included  between  8  and  2  is 


where  the  integration  in  the  first  term  extends  over  S,  that  in  the 
second  over  S.     Since  we  have  by  the  equation  of  continuity 


(8)  may  be  written 


where   G  may  be  any  constant,  but  is  here  supposed  to  be  the 
constant  value  to  which  </>  was  shewn  in  Art.  39  to  tend  at  an 
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infinite  distance  from  S.  Now  the  whole  region  occupied  by  the 
fluid  may  be  supposed  made  up  of  tubes  of  flow,  each  of  which 
must  pass  either  from  one  point  of  the  internal  boundary  to 
another,  or  from  that  boundary  to  infinity.  Hence  the  value  of 
the  integral 


ffdy> 
JJ  dn 


taken  over  any  surface,  open  or  closed,  finite  or  infinite,  drawn 
within  the  region,  must  be  finite.  Hence  ultimately,  when  %  is 
taken  infinitely  large  and  infinitely  distant  all  round  from  $,  the 
second  term  of  (9)  vanishes,  and  we  have 


where  the  integration  extends  over  the  internal  boundary  only. 
If  the  total  flux  across  the  internal  boundary  be  zero,  we  have 


dn 
so  that  (10)  becomes 


simply. 

On  Multiply-connected  Regions. 

47.  Before  discussing  the  properties  of  irrotational  motion  in 
multiply-connected  regions  we  must  examine  more  in  detail  the 
nature  and  classification  of  such  regions.  In  the  following  synopsis 
of  this  branch  of  the  geometry  of  position  we  recapitulate  for  the 
sake  of  completeness  one  or  two  definitions  already  given. 

We  consider  any  connected  region  of  space,  enclosed  by  bound- 
aries. A  region  is  'connected'  when  it  is  possible  to  pass  from 
any  one  point  of  it  to  any  other  by  an  infinity  of  paths,  each  of 
which  lies  wholly  in  the  region. 

Any  two  such  paths,  or  any  two  circuits,  which  can  by  continu- 
ous variation  be  made  to  coincide  without  ever  passing  out  of  the 
region,  are  said  to  be  '  mutually  reconcileable.'  Any  circuit  which 
can  be  contracted  to  a  point  without  passing  out  of  the  region  is 
said  to  be  '  reducible.'  Two  reconcileable  paths,  combined,  form  a 
reducible  circuit.  If  two  paths  or  two  circuits  be  reconcileable,  it 
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must  be  possible  to  connect  them  by  a  continuous  surface,  which 
lies  wholly  within  the  region,  and  of  which  they  form  the  complete 
boundary ;  and  conversely. 

It  is  further  convenient  to  distinguish  between  'simple'  and 
'multiple'  irreducible  circuits.  A  'multiple'  circuit  is  one  which 
can  by  continuous  variation  be  made  to  appear,  in  whole  or  in 
part,  as  the  repetition  of  another  circuit  a  certain  number  of  times. 
A  'simple'  circuit  is  one  with  which  this  is  not  possible. 

A  'barrier,'  or  'diaphragm,'  is  a  surface  drawn  across  the 
region,  and  limited  by  the  line  or  lines  in  which  it  meets  the 
boundary.  Hence  a  barrier  is  necessarily  a  connected  surface,  and 
cannot  consist  of  two  or  more  detached  portions. 

A  '  simply-connected'  region  is  one  such  that  all  paths  joining 
any  two  points  of  it  are  reconcileable,  or  such  that  all  circuits 
drawn  within  it  are  reducible. 

A  'doubly-connected'  region  is  one  such  that  two  irreconcileable 
paths,  and  no  more,  can  be  drawn  between  any  two  points  A,  B  of 
it;  viz.  any  other  path  joining  AB  is  reconcileable  with  one  of 
these,  or  with  a  combination  of  the  two  taken  each  a  certain 
number  of  times.  In  other  words,  the  region  is  such  that  one 
(simple)  irreducible  circuit  can  be  drawn  in  it,  whilst  all  other 
circuits  are  either  reconcileable  with  this  (repeated,  if  necessary), 
or  are  reducible.  As  an  example  of  a  doubly-connected  region  we 
may  take  that  enclosed  by  the  surface  of  an  anchor-ring,  or  that 
external  to  such  a  ring  and  extending  to  infinity. 

Generally,  a  region  such  that  n  irreconcileable  paths,  and  no 
more,  can  be  drawn  between  any  two  points  of  it,  or  such  that  n  —  1 
(simple)  irreducible  and  irreconciieable  circuits,  and  no  more,  can 
be  drawn  in  it,  is  said  to  be  '  n-ply-connected.' 

The  shaded  portion  of  the  figure  on  p.  37  is  a  triply-con- 
nected space  of  two  dimensions. 

It  may  be  shewn  that  the  above  definition  of  an  /^-ply-connected 
space  is  self-consistent.  In  such  simple  cases  as  n  =  2,  n  =  3,  this 
is  sufficiently  evident  without  demonstration. 

48.  Let  us  suppose,  now,  that  we  have  an  n-ply-connected 
region,  with  n  —  I  simple  independent  irreducible  circuits  drawn 
in  it.  It  is  possible  to  draw  a  barrier  meeting  any  one  of  these 
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circuits  in  one  point  only,  and  riot  meeting  .any  of  the  n  —  2 
remaining  circuits.  A  barrier  drawn  in  this  manner  does  not 
destroy  the  continuity  of  the  region,  for  the  interrupted  circuit 
remains  as  a  path  leading  round  from  one  side  to  the  other.  The 
order  of  connection  of  the  region  is  however  diminished  by  unity  ; 
for  every  circuit  drawn  in  the  modified  region  must  be  reconcileable 
with  one  or  more  of  the  n  —  2  circuits  not  met  by  the  barrier. 

A  second  barrier,  drawn  in  the  same  manner,  will  reduce  the 
order  of  connection  again  by  one,  and  so  on  ;  so  that  by  drawing 
n  —  1  barriers  we  can  reduce  the  region  to  a  simply-connected  one. 

A  simply-connected  region  is  divided  by  a  barrier  into  two 
separate  parts  ;  for  otherwise  it  would  be  possible  to  pass  from  a 
point  on  one  side  the  barrier  to  an  adjacent  point  on  the  other  side 
by  a  path  lying  wholly  within  the  region,  which  path  would  in  the 
original  region  form  an  irreducible  circuit. 

Hence  in  an  n-ply-  connected  region  it  is  possible  to  draw  n  —  1 
barriers,  and  no  more,  without  destroying  the  continuity  of  the 
region.  This  property  is  sometimes  adopted  as  the  definition  of 
an  /i-ply-connected  space. 

Irrotational  Motion  in  Multiply-connected  Spaces. 

49.  The  circulation  is  the  same  in  any  two  reconcileable 
circuits  ABC  A,  A'B'C'A'  drawn  in  a  region  occupied  by  fluid 
moving  irrotationally.  For  the  two  circuits  may  be  connected  by 
a  continuous  surface  lying  wholly  within  the  region  ;  and  if  we 
apply  the  theorem  of  Art.  33  to  this  surface,  we  have,  remembering 
the  rule  as  to  the  direction  of  integration  round  the  boundary, 

/  (ABC  A)  +  /  (A'C'B'A')  =  0, 


or 

If  a  circuit  ABC  A  be  reconcileable  with  two  or  more  circuits 
A'B'C'A',  A"B"C"A",  &c.,  combined,  we  can  connect  all  these 
circuits  by  a  continuous  surface  which  lies  wholly  within  the 
region,  and  of  which  they  form  the  complete  boundary.  Hence 

/  (ABCA)  +  1  (A'C'B'A')  +  /  (A"C"R'A")  +  &c.  =  0, 
or         /  (ABC  A  )  =  /  (A'B'C'A')  +  1  (A"B"C"A")  +  &c.  ; 
i.e.   the  circulation   in  any   circuit  is   equal   to  the   sum   of  the 
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circulations  in  the  several  members  of  any  set  of  circuits  with 
which  it  is  reconcileable. 

Let  the  order  of  connection  of  the  region  be  n  +  1,  so  that 
n  independent  simple  irreducible  circuits  Oi,  a2)...an  can  be 
drawn  in  it;  and  let  the  circulations  in  these  be  KI}  K2,.../cn, 
respectively.  The  sign  of  any  K  will  of  course  depend  on  the 
direction  of  integration  round  the  corresponding  circuit ;  let  the 
direction  in  which  K  is  estimated  be  called  the  positive  direction 
in  the  circuit.  The  value  of  the  circulation  in  any  other  circuit 
can  now  be  found  at  once.  For  the  given  circuit  is  necessarily 
reconcileable  with  some  combination  of  the  circuits  «1}  a2,...aw; 
say  with  a^  taken  pl  times,  a2  taken  p.2  times  and  so  on,  where  of 
course  any  p  is  negative  when  the  corresponding  circuit  is  taken 
in  the  negative  direction.  The  required  circulation  then  is 

plKl+p2tc2+...  +pnKn (1). 

Since  any  two  paths  joining  two  points  A,  B  of  the  region 
together  form  a  circuit,  it  follows  that  "the  values  of  the  flow  in 
the  two  paths  differ  by  a  quantity  of  the  form  (1),  where,  of 
course,  in  particular  cases  some  or  all  of  the  p's  may  be  zero. 

50.     Let  us  denote  by  —  <f>  the  flow  to  a  variable  point  P  from  a 

fixed  point  A,  viz. 

rp 
</>  =  -  I    (udx+vdy+wdz) (2). 

»    ^i 

So  long  as  the  path  of  integration  from  A  to  P  is  not  specified, 
</>  is  indeterminate  to  the  extent  of  a  quantity  of  the  form  (1). 

If  however  n  barriers  be  drawn  in  the  manner  explained  in 
Art.  48,  so  as  to  reduce  the  region  to  a  simply-connected  one, 
and  if  the  path  of  integration  in  (2)  be  restricted  to  lie  within 
the  region  as  thus  modified  (i.e.  it  is  not  to  cross  any  of  the 
barriers),  then  <j>  becomes  a  single-valued  function,  as  in  Art.  36. 
It  is  continuous  throughout  the  modified  region,  but  its  values 
at  two  adjacent  points  on  opposite  sides  of  a  barrier  differ  by 
±  K.  To  derive  the  value  of  $  when  the  integration  is  taken  along 
any  path  in  the  unmodified  region  we  must  subtract  the  quantity 
(1),  where  any  p  denotes  the  number  of  times  this  path  crosses 
the  corresponding  barrier.  A  crossing  in  the  positive  direction  of 
the  circuits  interrupted  by  the  barrier  is  here  counted  as  positive, 
a  crossing  in  the  opposite  direction  as  negative. 
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By  displacing  P  through  an  infinitely  short  space  parallel  to 
each  of  the  co-ordinate  axes  in  succession,  we  find 

d(b  dd>  dd> 

u  =  ~j>     v—~jy     w~  —  ~f\ 
dx  dy  dz' 

so  that  </>  satisfies  the  definition  of  a  velocity-potential  (Art.  18). 
It  is  now  however  a  many- valued  or  cyclic  function ;  i.  e.  it  is  not 
possible  to  assign  to  every  point  of  the  original  region  a  unique 
and  definite  value  of  <£,  such  values  forming  a  continuous  system. 
On  the  contrary,  whenever  P  describes  an  irreducible  circuit,  <£ 
will  not,  in  general,  return  to  its  original  value,  but  will  differ  from 
it  by  a  quantity  of  the  form  (1).  The  quantities  KI}  K2)...Kn)  which 
specify  the  amounts  by  which  cf>  decreases  as  P  describes  the  several 
independent  circuits  of  the  region,  may  be  called  the  '  cyclic  con- 
stants '  of  (f>. 

It  is  an  immediate  consequence  of  the  '  circulation-theorem'  of 
Art.  34  that  under  the  conditions  there  presupposed  the  cyclic 
constants  do  not  alter  with  the  time.  The  necessity  for  these 
conditions  is  exemplified  in  the  problem  of  Art.  30,  where  the 
potential  of  the  extraneous  forces  is  itself  a  cyclic  function. 

The  foregoing  theory  may  be  illustrated  by  the  case  of  Art.  28  (2),  where 
the  region  (as  limited  by  the  exclusion  of  the  origin,  where  the  formula 
would  give  an  infinite  velocity)  is  doubly-connected ;  since  we  can  connect 
any  two  points  A,  B  of  it  by  two  irre- 
concileable    paths    passing  on   opposite 
sides  of  the  axis  of  2,  e.g.  ACJB,  ADB  in 
the  figure.     The  portion  of  the  plane  zx 
for  which  x  is  positive  may  be  taken  as 
a  barrier,  and  the  region  is  thus  made 
simply-connected.     The    circulation    in 
any  circuit  meeting  this  barrier  once 

only,  e.g.  in  ACBDA,  is  J^  p/r.  rdB,  or  2^.  That  in  any  circuit  not  meeting 
the  barrier  is  zero.  In  the  modified  region  <£  may  be  put  equal  to  a  single- 
valued  function,  viz.  —p6,  but  its  value  on  the  positive  side  of  the  barrier  is 
zero,  that  at  an  adjacent  point  on  the  negative  side  is  ~2?r/Lt. 

More  complex  illustrations  of  irrotational  motion  in  multiply-connected 
spaces  will  present  themselves  in  the  next  chapter. 

51.  Before  proceeding  further  we  may  briefly  indicate  a  some- 
what different  method  of  presenting  the  above  theory. 

Starting  from  the  existence  of  a  velocity-potential  as  the  characteristic  of 
the  class  of  motions  which  we  propose  to  study,  and  adopting  the  second 
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definition  of  an  ?i-f  1  -ply  -connected  region,  indicated  in  Art.  48,  we  remark 
that  in  a  simply-connected  region  every  equipotential  surface  must  either  be  a 
closed  surface,  or  else  form  a  barrier  dividing  the  region  into  two  separate 
parts.  Hence,  supposing  the  whole  system  of  such  surfaces  drawn,  we  see 
that  if  a  closed  curve  cross  any  given  equipotential  surface  once  it  must  cross 
it  again,  and  in  the  opposite  direction.  Hence,  corresponding  to  any  element 
of  the  curve,  included  between  two  consecutive  equipotential  surfaces,  we  have 
a  second  element  such  that  the  flow  along  it,  being  equal  to  the  difference 
between  the  corresponding  values  of  <£,  is  equal  and  opposite  to  that  along 
the  former  ;  so  that  the  circulation  in  the  whole  circuit  is  zero. 

If  however  the  region  be  multiply-connected,  an  equipotential  surface  may 
form  a  barrier  without  dividing  it  into  two  separate  parts.  Let  as  many 
such  surfaces  be  drawn  as  it  is  possible  to  draw  without  destroying  the 
continuity  of  the  region.  The  number  of  these  cannot,  by  definition,  be 
greater  than  n.  Every  other  equipotential  surface  which  is  not  closed  will 
be  reconcileable  (in  an  obvious  sense)  with  one  or  more  of  these  barriers.  A 
curve  drawn  from  one  side  of  a  barrier  round  to  the  other,  without  meeting  any 
of  the  remaining  barriers,  will  cross  every  equipotential  surface  reconcileable 
with  the  first  barrier  an  odd  number  of  times,  and  every  other  equipotential 
surface  an  even  number  of  times.  Hence  the  circulation  in  the  circuit  thus 
formed  will  not  vanish,  and  <£  will  be  a  cyclic  function. 

In  the  method  adopted  above  we  have  based  the  whole  theory  on  the 
equations 


dw     dv  du     dw  dv     du 


and  have  deduced  the  existence  and  properties  of  the  velocity -potential  in  the 
various  cases  as  necessary  consequences  of  these.  In  fact,  Arts.  35,  36,  and 
49,  50  may  be  regarded  as  a  treatise  on  the  integration  of  this  system  of 
differential  equations. 

The  integration  of  (i),  when  we  have,  on  the  right-hand  side,  instead  of 
zero,  known  functions  of  #,  y,  z,  will  be  treated  in  Chapter  vn. 

52.  Proceeding -now,  as  in  Art.  37,  to  the  particular  case  of 
an  incompressible  fluid,  we  remark  that  whether  <£  be  cyclic  or  not, 
its  first  derivatives  dfyjdx,  dfyjdy,  dfyjdz,  and  therefore  all  the 
higher  derivatives,  are  essentially  single-valued  functions,  so  that 
</>  will  still  satisfy  the  equation  of  continuity 

or  the  equivalent  form 


where  the  surface-integration  extends  over  the  whole  boundary  of 
any  portion  of  the  fluid. 
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The  theorem  (a)  of  Art.  40,  viz.  that  </>  must  be  constant 
throughout  the  interior  of  any  region  at  every  point  of  which  (1) 
is  satisfied,  if  it  be  constant  over  the  boundary,  still  holds  when 
the  region  is  multiply-connected.  For  </>,  being  constant  over  the 
boundary,  is  necessarily  single-valued. 

The  remaining  theorems  of  Art.  40,  being  based  on  the  assump- 
tion that  the  stream-lines  cannot  form  closed  curves,  will  require 
modification.  We  must  introduce  the  additional  condition  that 
the  circulation  is  to  be  zero  in  each  circuit  of  the  region. 

Removing  this  restriction,  we  have  the  theorem  that  the 
irrotational  motion  of  a  liquid  occupying  an  ?i-ply-connected  region 
is  determinate  when  the  normal  velocity  at  every  point  of  the 
boundary  is  prescribed,  as  well  as  the  values  of  the  circulations  in 
each  of  the  n  independent  and  irreducible  circuits  which  can  be 
drawn  in  the  region.  For  if  c^,  $2  be  the  (cyclic)  velocity-poten- 
tials of  two  motions  satisfying  the  above  conditions,  then  </>  =  fa  —  <£2 
is  a  single-valued  function  which  satisfies  (1)  at  every  point  of 
the  region,  and  makes  d(f>/dn  —  0  at  every  point  of  the  boundary. 
Hence  by  Art.  40,  <£  is  constant,  and  the  motions  determined  by 
</>!  and  </>2  are  identical. 

The  theory  of  multiple  connectivity  seems  to  have  been  first  developed  by 
Kiemarm*  for  spaces  of  two  dimensions,  d  propos  of  his  researches  on  the 
theory  of  functions  of  a  complex  variable,  in  which  connection  also  cyclic 
functions,  satisfying  the  equation 


through  multiply-connected  regions,  present  themselves. 

The  bearing  of  the  theory  on  Hydrodynamics,  and  the  existence  in  certain 
cases  of  many-valued  velocity-potentials  were  first  pointed  out  by  von  Helm- 
holtzf.  The  subject  of  cyclic  irrotational  motion  in  multiply-connected  regions 
was  afterwards  taken  up  and  fully  investigated  by  Lord  Kelvin  in  the  paper 
on  vortex-motion  already  referred  to  \. 

*  Grundlagen  fiir  eine  allgemeine  Theorie  der  Functionen  einer  veranderlichen 
complexen  Grosse,  Gottingen,  1851 ;  Mathematische  Werke,  Leipzig,  1876,  p.  3 ; 
"Lehrsatze  aus  der  Analysis  Situs,"  Crelle,  t.  liv.  (1857) ;  Werke,  p.  84. 

t  Crelle,  t.  lv.,  1858. 

J  See  also  Kirchhoff,  "Ueber  die  Krafte  welche  zwei  unendlich  diinne  starre 
Binge  in  einer  Fliissigkeit  scheinbar  auf  einander  ausiiben  konnen,"  Crelle,  t.  Ixxi. 
(1869);  Ges.  Abh.,p.  404. 
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Lord  Kelvin's  Extension  of  Greens  Theorem. 

53.  It  was  assumed  in  the  proof  of  Green's  Theorem  that  0 
and  <£'  were  both  single-valued  functions.  If  either  be  a  cyclic 
function,  as  may  be  the  case  when  the  region  to  which  the  inte- 
grations in  Art.  43  refer  is  multiply-connected,  the  statement  of  the 
theorem  must  be  modified.  Let  us  suppose,  for  instance,  that  <f> 
is  cyclic  ;  the  surface-integral  on  the  left-hand  side  of  Art.  43  (5), 
and  the  second  volume-integral  on  the  right-hand  side,  are  then 
indeterminate,  on  account  of  the  indeterminateness  in  the  value  of 
</>  itself.  To  remove  this  indeterminateness,  let  the  barriers  neces- 
sary to  reduce  the  region  to  a  simply-connected  one  be  drawn,  as 
explained  in  Art.  48.  We  may  now  suppose  (f>  to.  be  continuous 
and  single-valued  throughout  the  region  thus  modified;  and  the 
equation  referred  to  will  then  hold,  provided  the  two  sides  of  each 
barrier  be  reckoned  as  part  of  the  boundary  of  the  region,  and 
therefore  included  in  the  surface-integral  on  the  left-hand  side. 
Let  ScTj  be  an  element  of  one  of  the  barriers,  K^  the  cyclic  constant 
corresponding  to  that  barrier,  dfi/dn  the  rate  of  variation  of  </>'  in 
the  positive  direction  of  the  normal  to  So-!.  Since,  in  the  parts 
of  the  surface-integral  due  to  the  two  sides  of  8<rlt  dfi/dn  is  to  be 
taken  with  opposite  signs,  whilst  the  value  of  <£  on  the  positive 
side  exceeds  that  on  the  negative  side  by  KI}  we  get  finally  for  the 
element  of  the  integral  due  to  8^,  the  value  ^dfi/dn.^. 
Hence  Art.  43  (5)  becomes,  in  the  altered  circumstances, 


t  AT,  +  *,  d<r,  +  &c. 

dn  JJ  dn 


+         +          dxd  dz 

dx  dx      dy  dy      dz  dz 


(1); 


where  the  surface-integrations  indicated  on  the  left-hand  side 
extend,  the  first  over  the  original  boundary  of  the  region  only, 
and  the  rest  over  the  several  barriers.  The  coefficient  of  any  K  is 
evidently  minus  the  total  flux  across  the  corresponding  barrier, 
in  a  motion  of  which  </>'  is  the  velocity-potential.  The  values  of  $ 
in  the  first  and  last  terms  of  the  equation  are  to  be  assigned  in 
the  manner  indicated  in  Art.  50. 
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If  p  also  be  a  cyclic  function,  having  the  cyclic  constants 
Kit  K2f,  &c.,  then  Art.  43  (6)  becomes  in  the  same  way 


_  HI  fdp  dp     dp  dp     d$  dp\ 
JjJ  \dcc  dx      dy  dy      dz  dz  ) 


dy  dy 

(2). 


Equations  (1)  and  (2)  together  constitute  Lord  Kelvin's  extension 
of  Green's  theorem. 

54.     Tf  0,  p  are  both  velocity  -potentials  of  a  liquid,  we  have 

V2<£  =  0,     V2<£'  =  0  .....................  (3), 

and  therefore 


To  obtain  a  physical  interpretation  of  this  theorem  it  is 
necessary  to  explain  in  the  first  place  a  method,  imagined  by  Lord 
Kelvin,  of  generating  any  given  cyclic  irrotational  motion  of  a  liquid 
in  a  multiply-connected  space. 

Let  us  suppose  the  fluid  to  be  enclosed  in  a  perfectly  smooth 
and  flexible  membrane  occupying  the  position  of  the  boundary. 
Further,  let  n  barriers  be  drawn,  as  in  Art.  48,  so  as  to  convert  the 
region  into  a  simply-connected  one,  and  let  their  places  be  occupied 
by  similar  membranes,  infinitely  thin,  and  destitute  of  inertia.  The 
fluid  being  initially  at  rest,  let  each  element  of  the  first-mentioned 
membrane  be  suddenly  moved  inwards  with  the  given  (positive  or 
negative)  normal  velocity  -  d<f>/dn,  whilst  uniform  impulsive  pres- 
sures Ktf,  tc2p,...Knp  are  simultaneously  applied  to  the  negative 
sides  of  the  respective  barrier-membranes.  The  motion  generated 
will  be  characterized  by  the  following  properties.  It  will  be 
irrotational,  being  generated  from  rest;  the  normal  velocity  at 
every  point  of  the  original  boundary  will  have  the  prescribed 
value  ;  the  values  of  the  impulsive  pressure  at  two  adjacent  points 
on  opposite  sides  of  a  membrane  will  differ  by  the  corresponding 
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value  of  icp,  and  the  values  of  the  velocity-potential  will  therefore 
differ  by  the  corresponding  value  of  K  ;  finally,  the  motion  on  one 
side  of  a  barrier  will  be  continuous  with  that  on  the  other.  To 
prove  the  last  statement  we  remark,  first,  that  the  velocities 
normal  to  the  barrier  at  two  adjacent  points  on  opposite  sides  of  it 
are  the  same,  being  each  equal  to  the  normal  velocity  of  the 
adjacent  portion  of  the  membrane.  Again,  if  P,  Q  be  two  consecu- 
tive points  on  a  barrier,  and  if  the  corresponding  values  of  (/>  be  on 
the  positive  side  </>P,  </>Q,  and  on  the  negative  side  <f>p,  <f>'Q,  we  have 


and  therefore  <f>q  —  $P  =  <j>'q  —  </>'  ',,, 

i.  e.,  if  PQ  =  &?,  dQ/ds  =  df/ds. 

Hence  the  tangential  velocities  at  two  adjacent  points  on 
opposite  sides  of  the  barrier  also  agree.  If  then  we  suppose  the 
barrier-membranes  to  be  liquefied  immediately  after  the  impulse, 
we  obtain  the  irrotational  motion  in  question. 

The  physical  interpretation  of  (4),  when  multiplied  by  —  p, 
now  follows  as  in  Art.  44.  The  values  of  px  are  additional  com- 
ponents of  momentum,  and  those  of  —  ffd(j>/dn.  do-,  the  fluxes 
through  the  various  apertures  of  the  region,  are  the  corresponding 
generalized  velocities. 

55.  If  in  (2)  we  put  <£'  =  <f>,  and  suppose  <£  to  be  the  velocity- 
potential  of  an  incompressible  fluid,  we  find 


The  last  member  of  this  formula  has  a  simple  interpretation  in  terms 
of  the  artificial  method  of  generating  cyclic  irrotational  motion  just 
explained.  The  first  term  has  already  been  recognized  as  equal 
to  twice  the  work  done  by  the  impulsive  pressure  p(f>  applied  to 
every  part  of  the  original  boundary  of  the  fluid.  Again,  p/ci  is  the 
impulsive  pressure  applied,  in  the  positive  direction,  to  the  in- 
finitely thin  massless  membrane  by  which  the  place  of  the  first 
barrier  was  supposed  to  be  occupied  ;  so  that  the  expression 


54-56]  ENERGY    IN    CYCLIC    REGIONS.  63 

denotes  the  work  done  by  the  impulsive  forces  applied  to  that 
membrane ;  and  so  on.  Hence  (5)  expresses  the  fact  that  the 
energy  of  the  motion  is  equal  to  the  work  done  by  the  whole 
system  of  impulsive  forces  by  which  we  may  suppose  it  generated. 

In  applying  (5)  to  the  case  where  the  fluid  extends  to 
infinity  and  is  at  rest  there,  we  may  replace  the  first  term  of 
the  third  member  by 

-<ft» (6), 


where  the  integration  extends  over  the  internal  boundary  only. 
The  proof  is  the  same  as  in  Art.  46.  When  the  total  flux  across 
this  boundary  is  zero,  this  reduces  to 

^d8 (7). 

an 

The  minimum  theorem  of  Lord  Kelvin,  given  in  Art.  45,  may 
now  be  extended  as  follows : 

The  irrotational  motion  of  a  liquid  in  a  multiply-connected 
region  has  less  kinetic  energy  than  any  other  motion  consistent 
with  the  same  normal  motion  of  the  boundary  and  the  same  value 
of  the  total  flux  through  each  of  the  several  independent  channels 
of  the  region. 

The  proof  is  left  to  the  reader. 


Sources  and  Sinks. 

56.  The  analogy  with  the  theories  of  Electrostatics,  the 
Steady  Flow  of  Heat,  &c.,  may  be  carried  further  by  means  of  the 
conception  of  sources  and  sinks. 

A  *  simple  source '  is  a  point  from  which  fluid  is  imagined  to 
flow  out  uniformly  in  all  directions.  If  the  total  flux  outwards 
across  a  small  closed  surface  surrounding  the  point  be  4-Trra*,  then 
m  is  called  the  '  strength '  of  the  source.  A  negative  source  is 
called  a  'sink.'  The  continued  existence  of  a  source  or  a  sink 
would  postulate  of  course  a  continual  creation  or  annihilation  of 
fluid  at  the  point  in  question. 

*  The  factor  4?r  is  introduced  to  keep  up  the  analogy  referred  to. 


64  IRROTATIONAL  MOTION.  [CHAP.  Ill 

The  velocity-potential  at  any  point  P,  due  to  a  simple  source, 
in  a  liquid  at  rest  at  infinity,  is 

<l>  =  m/r (1), 

where  r  denotes  the  distance  of  P  from  the  source.  For  this  gives 
a  radial  flow  from  the  point,  and  if  SS,  =  r28o7,  be  an  element  of  a 
spherical  surface  having  its  centre  at  the  surface,  we  have 


a  constant,  so  that  the  equation  of  continuity  is  satisfied,  and  the 
flux  outwards  has  the  value  appropriate  to  the  strength  of  the 
source. 

A  combination  of  two  equal  and  opposite  sources  ±  ra',  at  a 
distance  8s  apart,  where,  in  the  limit,  Ss  is  taken  to  be  infinitely 
small,  and  ra'  infinitely  great,  but  so  that  the  product  ra'Ss  is  finite 
and  equal  to  fi  (say),  is  called  a  '  double  source  '  of  strength  //,,  and 
the  line  Ss,  considered  as  drawn  in  the  direction  from  —  ra'  to  +  ra', 
is  called  its  axis. 

To  find  the  velocity-potential  at  any  point  (x,  y,  z)  due  to  a 
double  source  ^  situate  at  (of,  y',  z'\  and  having  its  axis  in  the 
direction  (I,  m,  n),  we  remark  that,  /being  any  continuous  function, 
f(af  +  IBs,  y'  +  mSs,  z'  +  nSs)  -f(x',  y',  z') 


ultimately.     Hence,  putting  /(#',  y',  z')  =  m'/r,  where 

r  =  {(x  -  xj  +  (y  -  yj  +  (z  - 


we  find  0  =  M  +  m       +n/      ...............  (2), 

dx         dy         dz  J  r 

d   ,       d          d\l 

~  +  m-r  +n-j-\-  ...............  (3), 

dx         dy        dz)  r 

cosS- 


where,  in  the  latter  form,  ^  denotes  the  angle  which  the  line  r, 
considered  as  drawn  from  (x,  y',  z'}  to  (x,  y,  z},  makes  with  the 
axis  (I,  ra,  n). 

We'  might  proceed,  in  a  similar  manner  (see  Art.  83),  to  build 
up  sources  of  higher  degrees  of  complexity,  but  the  above  is 
sufficient  for  our  immediate  purpose. 
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Finally,  we  may  imagine  simple  or  double  sources,  instead  of 
existing  at  isolated  points,  to  be  distributed  continuously  over 
lines,  surfaces,  or  volumes. 

57.  We  can  now  prove  that  any  continuous  acyclic  irro- 
tational  motion  of  a  liquid  mass  may  be  regarded  as  due 
to  a  certain  distribution  of  simple  and  double  sources  over 
the  boundary. 

This  depends  on  the  theorem,  proved  in  Art.  44,  that  if  </>,  <jf/  be 
any  two  functions  which  satisfy  V2</>  =  0,  V'ty'  =  0,  and  are  finite, 
continuous,  and  single- valued  throughout  any  region,  then 


where  the  integration  extends  over  the  whole  boundary.  In  the 
present  application,  we  take  </>  to  be  the  velocity-potential  of  the 
motion  in  question,  and  put  </>'  =  1/r,  the  reciprocal  of  the  distance 
of  any  point  of  the  fluid  from  a  fixed  point  P. 

We  will  first  suppose  that  P  is  in  the  space  occupied  by  the 
fluid.  Since  <j/  then  becomes  infinite  at  P,  it  is  necessary  to  ex- 
clude this  point  from  the  region  to  which  the  formula  (5)  applies  ; 
this  may  be  done  by  describing  a  small  spherical  surface  about  P 
as  centre.  If  we  now  suppose  S%  to  refer  to  this  surface,  and  BS 
to  the  original  boundary,  the  formula  gives 


At  the  surface  2  we  have  d/dn  (l/r)  =  —  1/r2;  hence  if  we  put 
S2  =  r2cfar,  and  finally  make  r  =  0,  the  first  integral  on  the  left- 
hand  becomes  =  —  4-7r(/>p,  where  </>p  denotes  the  value  of  <j>  at  P, 
whilst  the  first  integral  on  the  right  vanishes.  Hence 

d     l  rt\ 

(7). 


This  gives  the  value  of  <£  at  any  point  P  of  the  fluid  in  terms 
of  the  values  of  </>  and  d(f>/dn  at  the  boundary.  Comparing  with 
the  formulae  (1)  and  (2)  we  see  that  the  first  term  is  the  velocity- 


L. 
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potential  due  to  a  surface  distribution  of  simple  sources,  with  a 
density  —  I/4nr  .  d<f>/dn  per  unit  area,  whilst  the  second  term  is  the 
velocity-potential  of  a  distribution  of  double  sources,  with  axes 
normal  to  the  surface,  the  density  being  l/4?r  .  </>. 

When  the  fluid  extends  to  infinity  and  is  at  rest  there,  the 
surface-integrals  in  (7)  may,  on  a  certain  understanding,  be  taken 
to  refer  to  the  internal  boundary  alone.  To  see  this,  we  may  take 
as  external  boundary  an  infinite  sphere  having  the  point  P  as 
centre.  The  corresponding  part  of  the  first  integral  in  (7) 
vanishes,  whilst  that  of  the  second  is  equal  to  C,  the  constant 
value  to  which,  as  we  have  seen  in  Art.  41,  <j>  tends  at  infinity. 
It  is  convenient,  for  facility  of  statement,  to  suppose  0=0; 
this  is  legitimate  since  we  may  always  add  an  arbitrary  con- 
stant to  <£. 

When  the  point  P  is  external  to  the  fluid,  <£'  is  finite  through- 
out the  original  region,  and  the  formula  (5)  gives  at  once 


where,  again,  in  the  case  of  a  liquid  extending  to  infinity,  and  at 
rest  there,  the  terms  due  to  the  infinite  part  of  the  boundary  may 
be  omitted. 

58.  The  distribution  expressed  by  (7)  can,  further,  be  re- 
placed by  one  of  simple  sources  only,  or  of  double  sources  only, 
over  the  boundary. 

Let  </>  be  the  velocity-potential  of  the  fluid  occupying  a  certain 
region,  and  let  </>'  now  denote  the  velocity-potential  of  any  possible 
acyclic  irrotational  motion  through  the  rest  of  infinite  space,  with 
the  condition  that  <f>,  or  <£',  as  the  case  may  be,  vanishes  at  infinity. 
Then,  if  the  point  P  be  internal  to  the  first  region,  and  therefore 
external  to  the  second,  we  have 


r  dn  4-TrJJ  r  dn 

......  (9), 


i  nidtf        i  re    d  /i\  ,„ 

0  =  —  j—  [I-  -fj  as  +  -r—  \\  d>  j-t  (  -  -   ao, 

4-7T  JJ  r  dn  4-rrJJ  r  dn  \rj 

where  Sn,  §n'  denote  elements  of  the  normal  to  dS,  drawn  inwards 
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to  the  first  and  second  regions  respectively,  so  that  d/dri  =  -  d/dn. 
By  addition,  we  have 


,  =  _  I  [fl(&  +  W 

4t7rJJr  \dn      dn 


_ 

'  dn 

The  function  <£'  will  be  determined  by  the  surface-values  of  </>' 
or  d<f>'/dn'}  which  are  as  yet  at  our  disposal. 

Let  us  in  the  first  place  make  <£'=  <j>.  The  tangential  velocities 
on  the  two  sides  of  the  boundary  are  then  continuous,  but  the 
normal  velocities  are  discontinuous.  To  assist  the  ideas,  we  may 
imagine  a  fluid  to  fill  infinite  space,  and  to  be  divided  into  two 
portions  by  an  infinitely  thin  vacuous  sheet  within  which  an 
impulsive  pressure  p$  is  applied,  so  as  to  generate  the  given 
motion  from  rest.  The  last  term  of  (10)  disappears,  so  that 


that  is,  the  motion  (on  either  side)  is  that  due  to  a  surface-distri- 
bution of  simple  sources,  of  density 

4i7r  \dn      dn  J 

Secondly,  we  may  suppose  that  d<f>'/dn  =  d$/dn.  This  gives 
continuous  normal  velocity,  but  discontinuous  tangential  velocity, 
over  the  original  boundary.  The  motion  may  in  this  case  be 
imagined  to  be  generated  by  giving  the  prescribed  normal  velocity 
-  d(f>/dn  to  every  point  of  an  infinitely  thin  membrane  coincident  in 
position  with  the  boundary.  The  first  term  of  (10)  now  vanishes, 
and  we  have 


shewing  that  the  motion  on  either  side  may  be  conceived  as  due 
to  a  surface-distribution  of  double  sources,  with  density 


It  is  obvious  that  cyclic  irrotational  motion  of  a  liquid  cannot  be  re- 
produced by  any  arrangement  of  simple  sources.  It  is  easily  seen,  however, 
that  it  may  be  represented  by  a  certain  distribution  of  double  sources  over 

*  This  investigation  was  first  given  by  Green,  from  the  point  of  view  of  Electro- 
statics ;  I.e.  ante  p.  50. 

5—2 
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the  boundary,  together  with  a  uniform  distribution  of  double  sources  over 
each  of  the  barriers  necessary  to  render  the  region  occupied  by  the  fluid 
simply-  j^mnected.  In  fact,  with  the  same  notation  as  in  Art.  53,  we  find 

1     ((IJL        ,N  d  /A  ,7*.  «i    !!d   (l\j         **[[<*• 

4>p=  i-  \  t  \9-4fJ-r  (-}  »»  +  *      I  I  j-     ~    d<r,  +7^  I  I  j- 

4?r  J  J  an  \rj  4rr  J  J  an  \rj  4n  J  J  an 


where  <£  is  the  single-valued  velocity-potential  which  obtains  in  the  modified 
region,  and  <£'  is  the  velocity-potential  of  the  acyclic  motion  which  is  generated 
in  the  external  space  when  the  proper  normal  velocity  -  d$\dn  is  given  to  each 
element  dS  of  a  membrane  coincident  in  position  with  the  original  boundary. 

Another  mode  of  representing  the  irrotational  motion  of  a 
liquid,  whether  cyclic  or  not,  will  present  itself  in  the  chapter  on 
Vortex  Motion. 


CHAPTER  IV. 

MOTION    OF   A   LIQUID    IN    TWO    DIMENSIONS. 

59.  IF  the  velocities  u,  v  be  functions  of  x,  y  only,  whilst  w 
is  zero,  the  motion  takes  place  in  a  series  of  planes  parallel  to  xy, 
and  is  the  same  in  each  of  these  planes.  The  investigation  of  the 
motion  of  a  liquid  under  these  circumstances  is  characterized  by 
certain  analytical  peculiarities;  and  the  solutions  of  several  pro- 
blems of  great  interest  are  readily  obtained. 

Since  the  whole  motion  is  known  when  we  know  that  in  the 
plane  2  =  0,  we  may  confine  our  attention  to  that  plane.  When 
we  speak  of  points  and  lines  drawn  in  it,  we  shall  understand 
them  to  represent  respectively  the  straight  lines  parallel  to  the 
axis  of  z,  and  the  cylindrical  surfaces  having  their  generating 
lines  parallel  to  the  axis  of  z,  of  which  they  are  the  traces. 

By  the  flux  across  any  curve  we  shall  understand  the  volume 
of  fluid  which  in  unit  time  crosses  that  portion  of  the  cylindrical 
surface,  having  the  curve  as  base,  which  is  included  between  the 
planes  z  =  0,  z  —  1. 

Let  A,  P  be  any  two  points  in  the  plane  xy.  The  flux  across 
any  two  lines  joining  AP  is  the  same,  provided  they  can  be 
reconciled  without  passing  out  of  the  region  occupied  by  the 
moving  liquid ;  for  otherwise  the  space  included  between  these 
two  lines  would  be  gaining  or  losing  matter.  Hence  if  A  be 
fixed,  and  P  variable,  the  flux  across  any  line  AP  is  a  function 
of  the  position  of  P.  Let  -x/r  be  this  function ;  more  precisely,  let 
^r  denote  the  flux  across  AP  from  right  to  left,  as  regards  an 
observer  placed  on  the  curve,  and  looking  along  it  from  A  in  the 
direction  of  P.  Analytically,  if  I,  m  be  the  direction-cosines  of  the 
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normal  (drawn  to  the  left)  to  any  element  Bs  of  the  curve,  we 

have 

tp 

mv)  ds  .....................  (1). 


t 
=  I 

J 


If  the  region  occupied  by  the  liquid  be  aperiphractic  (see  p.  43), 
^r  is  necessarily  a  single-valued  function,  but  in  periphractic  regions 
the  value  of  ty  may  depend  on  the  nature  of  the  path  AP. 
For  spaces  of  two  dimensions,  however,  periphraxy  and  multiple- 
connectivity  become  the  same  thing,  so  that  the  properties  of  ty, 
when  it  is  a  many-valued  function,  in  relation  to  the  nature  of 
the  region  occupied  by  the  moving  liquid,  may  be  inferred  from 
Art.  50,  where  we  have  discussed  the  same  question  with  regard 
to  <£.  The  cyclic  constants  of  ty,  when  the  region  is  peri- 
phractic, are  the  values  of  the  flux  across  the  closed  curves 
forming  the  several  parts  of  the  internal  boundary. 

A  change,  say  from  A  to  B,  of  the  point  from  which  \/r  is 
reckoned  has  merely  the  effect  of  adding  a  constant,  viz.  the  flux 
across  a  line  BAt  to  the  value  of  -^  ;  so  that  we  may,  if  we 
please,  regard  ^r  as  indeterminate  to  the  extent  of  an  additive 
constant. 

If  P  move  about  in  such  a  manner  that  the  value  of  ^  does 
not  alter,  it  will  trace  out  a  curve  such  that  no  fluid  anywhere 
crosses  it,  i.e.  a  stream-line.  Hence  the  curves  ty  =  const,  are  the 
stream-lines,  and  -v/r  is  called  the  '  stream-function/ 

If  P  receive  an  infinitesimal  displacement  PQ  (=  By)  parallel 
.to  y,  the  increment  of  ty  is  the  flux  across  PQ  from  right  to  left, 
i.e.  Biff  =  —  u.  PQ,  or 

u=-*f  ...........................  (2). 

dy 

Again,  displacing  P  parallel  to  x,  we  find  in  the  same  way 


The  existence  of  a  function  -^  related  to  u  and  v  in  this  manner 
might  also  have  been  inferred  from  the  form  which  the  equation  of 
continuity  takes  in  this  case,  viz. 

dn     dv 

-T-  +  -j-  =  0  ........................   (4), 

dx     dy 
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which  is  the   analytical   condition   that  udy  —  vdx  should  be  an 
exact  differential*. 

The  foregoing  considerations  apply  whether  the  motion  be 
rotational  or  irrotational.  The  formulae  for  the  component  angular 
velocities,  given  in  Art.  31,  become 


so  that  in  irrotational  motion  we  have 

£  +  £*-<>  .....................  (6). 

d&      dy* 

60.  In  what  follows  we  confine  ourselves  to  the  case  of 
irrotational  motion,  which  is,  as  we  have  already  seen,  character- 
ized by  the  existence,  in  addition,  of  a  velocity-potential  <£, 
connected  with  u,  v  by  the  relations 


and,  since  we  are  considering  the  motion  of  incompressible  fluids 
only,  satisfying  the  equation  of  continuity 


(Z) 


The  theory  of  the  function  <{>,  and  the  relation  between  its 
properties  and  the  nature  of  the  two-dimensional  space  through 
which  the  irrotational  motion  holds,  may  be  readily  inferred 
from  the  corresponding  theorems  in  three  dimensions  proved  in 
the  last  chapter.  The  alterations,  whether  of  enunciation  or  of 
proof,  which  are  requisite  to  adapt  these  to  the  case  of  two 
dimensions  are  for  the  most  part  purely  verbal. 

An  exception,  which  we  will  briefly  examine,  occurs  however  in  the  case 
of  the  theorem  of  Art.  39  and  of  those  which  depend  on  it. 

If  ds  be  an  element  of  the  boundary  of  any  portion  of  the  plane  xy  which 
is  occupied  wholly  by  moving  liquid,  and  if  dn  be  an  element  of  the  normal  to 
ds  drawn  inwards,  we  have,  by  Art.  37, 


dn 


*  The  function  \f/  was  first  introduced  in  this  way  by  Lagrange,  Nouv.  mem.  de 
VAcad.  de  Berlin,  1781  ;  Oeuvres,  t.  iv.,  p.  720.  The  kineraatical  interpretation 
is  due  to  Bankine* 
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the  integration  extending  round  the  whole  boundary.  If  this  boundary  be  a 
circle,  and  if  r,  6  be  polar  co-ordinates  referred  to  the  centre  P  of  this  circle 
as  origin,  the  last  equation  may  be  written 


-      or 


Hence  the  integral  5-  I 

27T./0 


£e.  the  mean-value  of  $  over  a  circle  of  centre  P,  and  radius  r,  is  independent 
of  the  value  of  r,  and  therefore  remains  unaltered  when  r  is  diminished 
without  limit,  in  which  case  it  becomes  the  value  of  <£  at  P. 

If  the  region  occupied  by  the  fluid  be  periphractic,  and  if  we  apply  (i)  to 
the  space  enclosed  between  one  of  the  internal  boundaries  and  a  circle  with 
centre  P  and  radius  r  surrounding  this  boundary,  and  lying  wholly  in  the 
fluid,  we  have 

(ii); 


where  the  integration  in  the  first  member  extends  over  the  circle  only,  and 
2jrM  denotes  the  flux  into  the  region  across  the  internal  boundary.     Hence 

d     1     *'  M 

which  gives  on  integration 

i.e.  the  mean  value  of  $  over  a  circle  with  centre  P  and  radius  r  is  equal  to 

-  M  log  r  +  C,  where  C  is  independent  of  r  but  may  vary  with  the  position  of  P. 
This  formula  holds  of  course  only  so  far  as  the  circle  embraces  the  same 
internal  boundary,  and  lies  itself  wholly  in  the  fluid. 

If  the  region  be  unlimited  externally,  and  if  the  circle  embrace  the  whole 
of  the  internal  boundaries,  and  if  further  the  velocity  be  everywhere  zero  at 
infinity,  then  C  is  an  absolute  constant;  as  is  seen  by  reasoning  similar  to 
•that  of  Art.  41.  It  may  then  be  shewn  that  the  value  of  0  at  a  very  great 
distance  r  from  the  internal  boundary  tends  to  the  value  —  Mlog  r+C.  In  the 
particular  case  of  M=0  the  limit  to  which  $  tends  at  infinity  is  finite;  in 
all  other  cases  it  is  infinite,  and  of  the  opposite  sign  to  M.  We  infer,  as  before, 
that  there  is  only  one  single-  valued  function  cf>  which  1°  satisfies  the  equation 
(2)  at  every  point  of  the  plane  xy  external  to  a  given  system  of  closed  curves, 
2°  makes  the  value  of  d<p/dn  equal  to  an  arbitrarily  given  quantity  at  every 
point  of  these  curves,  and  3°  has  its  first  differential  coefficients  all  zero  at 
infinity. 

If  we  imagine  point-sources,  of  the  type  explained  in  Art.  56,  to  be  distri- 
buted uniformly  along  the  axis  of  z,  it  is  readily  found  that  the  velocity  at  a 
distance  r  from  this  axis  will  be  in  the  direction  of  r,  and  equal  to  m/rt  where 
m  is  a  certain  constant.  This  arrangement  constitutes  what  may  be  called  a 

*  line-source,'  and  its  velocity  -potential  may  be  taken  to  be 

0=  —  wilogr  .................................  (iv). 
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The  reader  who  is  interested  in  the  matter  will  have  no  difficulty  in  working 
out  a  theory  of  two-dimensional  sources  and  sinks,  similar  to  that  of  Arts. 
56—58  *. 

61.  The  kinetic  energy  I7  of  a  portion  of  fluid  bounded  by  a 
cylindrical  surface  whose  generating  lines  are  parallel  to  the  axis 
of  zt  and  by  two  planes  perpendicular  to  the  axis  of  z  at  unit  dis- 
tance apart,  is  given  by  the  formula 

<"• 

where  the  surface-integral  is  taken  over  the  portion  of  the 
plane  xy  cut  off  by  the  cylindrical  surface,  and  the  line-integral 
round  the  boundary  of  this  portion.  Since 

d<f)/dn  =  —  d-fr/ds, 
the  formula  (1)  may  be  written 

tT=pfW (2), 

the  integration  being  carried  in  the  positive  direction  round  the 
boundary. 

If  we  attempt  by  a  process  similar  to  that  of  Art.  46  to  calculate  the 
energy  in  the  case  where  the  region  extends  to  infinity,  we  find  that  its  value 
is  infinite,  except  when  the  total  flux  outwards  (2irJ/")  is  zero.  For  if  we 
introduce  a  circle  of  great  radius  r  as  the  external  boundary  of  the  portion 
of  the  plane  xy  considered,  we  find  that  the  corresponding  part  of  the 
integral  on  the  right-hand  side  of  (I)  tends,  as  r  increases,  to  the  value 
npM(Mlog  r-  C\  and  is  therefore  ultimately  infinite.  The  only  exception  is 
when  Jf=0,  in  which  case  we  may  suppose  the  line-integral  in  (1)  to  extend 
over  the  internal  boundary  only. 

If  the  cylindrical  part  of  the  boundary  consist  of  two  or  more 
separate  portions  one  of  which  embraces  all  the  rest,  the  enclosed 
region  is  multiply-connected,  and  the  equation  (1)  needs  a  correc- 
tion, which  may  be  applied  exactly  as  in  Art.  55. 

62.  The  functions  </>  and  ty  are  connected  by  the  relations 

d$  _dty        d<j)__(ty  ,-. 

doc      dy  '      dy         dx ' ' 

These  are  the  conditions  that  <j)  +  ity,  where  i  stands  for  \f  —  1, 
should  be  a  function  of  the  '  complex  '  variable  x  +  iy.  For  if 

*  This  subject  has  been  treated  very  fully  by  C.  Neumann,  Ueber  das  logaritli- 
mische  und  Neivton'sche  Potential,  Leipzig,  1877. 
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*  +  *>=/(*  +  *?)  .....................  (2), 

we  have  (f  +tf)-V(«+40-<(4+tf)  ......  (3), 


whence,  equating  separately  the  real  and  the  imaginary  parts,  we 
obtain  (1). 

Hence  any  assumption  of  the  form  (2)  gives  a  possible  case  of 
irrotational  motion.  The  curves  </>  =  const,  are  the  curves  of  equal 
velocity-potential,  and  the  curves  ^  =  const,  are  the  stream-lines. 
Since,  by  (1), 

d<f>  d-^r     d<f>  dty  _  . 
dx  dx      dy  dy 

we  see  that  these  two  systems  of  curves  cut  one  another  at  right 
angles,  as  already  proved.  Since  the  relations  (1)  are  unaltered 
when  we  write  —  ty  for  </>,  and  <£  for  i/r,  we  may,  if  we  choose,  look 
upon  the  curves  ty  =  const,  as  the  equipotentiai  curves,  and  the 
curves  </>  =  const,  as  the  stream-lines  ;  so  that  every  assumption  of 
the  kind  indicated  gives  us  two  possible  cases  of  irrotational  motion. 

For  shortness,  we  shall  through  the  rest  of  this  Chapter  follow 
the  usual  notation  of  the  Theory  of  Functions,  and  write 

(4), 
...........................  (5). 

At  the  present  date  the  reader  may  be  assumed  to  be  in  possession  of  at 
all  events  the  elements  of  the  theory  referred  to*.  We  may,  however,  briefly 
recall  a  few  fundamental  points  which  are  of  special  importance  in  the  hydro- 
dynamical  applications  of  the  subject. 

The  complex  variable  x-\-iy  may  be  represented,  after  Argand  and  Gauss, 
by  a  vector  drawn  from  the  origin  to  the  point  (.v,  y).  The  result  of  adding 
two  complex  expressions  is  represented  by  the  geometric  sum  of  the  corre- 
sponding vectors.  Regarded  as  a  multiplying  operator,  a  complex  expression 
a+ib  has  the  effect  of  increasing  the  length  of  a  vector  in  the  ratio  r  :  1,  and 
of  simultaneously  turning  it  through  an  angle  0,  where  r  =  (a*  +  62)*,  and 


The  fundamental  property  of  &  function  of  a  complex  variable  is  that  it 
has  a  definite  differential  coefficient  with  respect  to  that  variable.  If  $,  •v//- 
denote  any  functions  whatever  of  x  and  y,  then  corresponding  to  every  value 
of  x  +  iy  there  must  be  one  or  more  definite  values  of  <t>  +  tyi  hut  the  ratio 
of  the  differential  of  this  function  to  that  of  x  +  iy^  viz. 


«*?+.%' 

*  See,  for  example,  Forsyth,  Theory  of  Functions,  Cambridge,  1893,  cc.  i.,  ii. 
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depends  in  general  on  the  ratio  &x  :  8y.     The  condition  that  it  should  be  the 
same  for  all  values  of  this  ratio  is 


7  1"         T         ~~  VV        7  I       L'        7  I      •••••••••••••••••••••••••••(l)l 

dy        dy       \dx       dx  J 

which  is  equivalent  to  (1)  above.  This  property  may  therefore  be  taken,  after 
Eiemann,  as  the  definition  of  a  function  of  the  complex  variable  x  +  iy ;  viz. 
such  a  function  must  have,  for  every  assigned  value  of  the  variable,  not  only 
a  definite  value  or  system  of  values,  but  also  for  each  of  these  values  a  definite 
differential  coefficient.  The  advantage  of  this  definition  is  that  it  is  quite 
independent  of  the  existence  of  an  analytical  expression  for  the  function. 

Now,  w  being  any  function  of  0,  we  have,  corresponding  to  any  point 
P  of  the  plane  xy  (which  we  may  call  the  plane  of  the  variable  2),  one  or 
more  definite  values  of  w.  Let  us  choose  any  one  of  these,  and  denote  it 
by  a  point  P'  of  which  $,  \^  are  the  rectangular  co-ordinates  in  a  second 
plane  (the  plane  of  the  function  w).  If  P  trace  out  any  curve  in  the  plane 
of  z,  P  will  trace  out  a  corresponding  curve  in  the  plane  of  w.  By  mapping 
out  the  correspondence  between  the  positions  of  P  and  P,  we  may  exhibit 
graphically  all  the  properties  of  the  function  w. 

Let  now  Q  be  a  point  infinitely  near  to  P,  and  let  Q'  be  the  corresponding 
point  infinitely  near  to  P.  We  may  denote  PQ  by  dz,  PQ'  by  dw.  The 
vector  PQ'  may  be  obtained  from  the  vector  PQ  by  multiplying  it  by  the 
differential  coefficient  dw/dz,  whose  value  is  by  definition  dependent  only  on 
the  position  of  P,  and  not  on  the  direction  of  the  element  dz  or  PQ.  The  effect 
of  this  operator  dw/dz  is  to  increase  the  length  of  PQ  in  some  definite  ratio,  and 
to  turn  it  through  some  definite  angle.  Hence,  in  the  transition  from  the  plane 
of  z  to  that  of  w,  all  the  infinitesimal  vectors  drawn  from  the  point  P  have 
their  lengths  altered  in  the  same  ratio,  and  are  turned  through  the  same  angle. 
Any  angle  in  the  plane  of  z  is  therefore  equal  to  the  corresponding  angle  in 
the  plane  of  w,  and  any  infinitely  small  figure  in  the  one  plane  is  similar  to 
the  corresponding  figure  in  the  other.  In  other  words,  corresponding  figures 
in  the  planes  of  z  and  w  are  similar  in  their  infinitely  small  parts. 

For  instance,  in  the  plane  of  w  the  straight  lines  (f>  =  const.,  ^  =  const., 
where  the  constants  have  assigned  to  them  a  series  of  values  in  arithmetical 
progression,  the  common  difference  being  infinitesimal  and  the  same  in  each 
case,  form  two  systems  of  straight  lines  at  right  angles,  dividing  the  plane  into 
infinitely  small  squares.  Hence  in  the  plane  xy  the  corresponding  curves 
0  =  const.,  ^  =  const.,  the  values  of  the  constants  being  assigned  as  before, 
cut  one  another  at  right  angles  (as  has  already  been  proved  otherwise)  and 
divide  the  plane  into  a  series  of  infinitely  small  squares. 

Conversely,  if  <£,  \J/-  be  any  two  functions  of  x,  y  such  that  the  curves 
0=wie,  ^  =  ?ie,  where  e  is  infinitesimal,  and  m,  n  are  any  integers,  divide  the 
plane  xy  into  elementary  squares,  it  is  evident  geometrically  that 

dx dy          dx  _  —  dy 

If  we  take  the  upper  signs,  these  are  the  conditions  that  x+iy  should  be  a 
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function  of  <£  +  ^.  The  case  of  the  lower  signs  is  reduced  to  this  by  re- 
versing the  sign  of  ^.  Hence  the  equation  (2)  contains  the  complete  solution 
of  the  problem  of  orthomorphic  projection  from  one  plane  to  another*. 

The  similarity  of  corresponding  infinitely  small  portions  of  the  planes  w 
and  z  breaks  down  at  points  where  the  differential  coefficient  dwjdz  is  zero  or 
infinite.  Since 

dw     d(b  ,   .d&  .... 

-r  =  -r-  +  i>-jL  ..............................  (")> 

dz      dx        dx 

the  corresponding  value  of  the  velocity,  in  the  hydrodynamical  application,  is 
zero  or  infinite. 

A  'uniform'  or  '  single-  valued  '  function  is  one  which  returns  to  its 
original  value  whenever  the  representative  point  completes  a  closed  circuit 
in  the  plane  xy.  All  other  functions  are  said  to  be  '  multiform,'  or  '  many- 
valued.'  A  simple  case  of  a  multiform  function  is  that  of  z*.  If  we  put 

z=x+iy  =  T  (cos6-\-i  sin  $), 
we  have  a*  =r*  (cos  £0+1*  sin  £0). 

Hence  when  P  describes  a  closed  circuit  surrounding  the  origin,  6  increases 
by  27T,  and  the  function  £  does  not  return  to  its  former  value,  the  sign  being 
reversed.  A  repetition  of  the  circuit  restores  the  original  value. 

A  point  (such  as  the  origin  in  this  example),  at  which  two  or  more  values 
of  the  function  coincide,  is  called  a  '  branch  -point.'  In  the  hydrodynamical 
application  '  branch-points  '  cannot  occur  in  the  interior  of  the  space  occupied 
by  the  fluid.  They  may  however  occur  on  the  boundary,  since  the  function 
will  then  be  uniform  throughout  the  region  considered. 

Many-valued  functions  of  another  kind,  which  may  conveniently  be 
distinguished  as  *  cyclic,'  present  themselves,  in  the  Theory  of  Functions,  as 
integrals  with  a  variable  upper  limit.  It  is  easily  shewn  that  the  value  of 
the  interal 


taken  round  the  boundary  of  any  portion  of  the  plane  xy  throughout  which 
/  (z),  and  its  derivative  f  (2),  are  finite,  is  zero.  This  follows  from  the  two- 
dimeiisional  form  of  Stokes's  Theorem,  proved  in  Art.  33,  viz. 


the  restrictions  as  to  the  values  of  P,  Q  being  as  there  stated.     If  we  put 
P=f  (z\  Q  —  tf(z}i  the  result  follows,  since 


Hence  the  value  of  the  integral  (iii),  taken  from  a  fixed  point  A  to  a  variable 
point  P,  is  the  same  for  all  paths  which  can  be  reconciled  with  one  another 
without  crossing  points  for  which  the  above  conditions  are  violated. 

*  Lagrange,  "  Sur  la  construction  des  cartes  geographiques,"  Nouv.  mem.  de 
VAcad.  de  Berlin,  1779  ;  Oeuvres,  t.  iv.,  p.  636. 
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Points  of  the  plane  xy  at  which  the  conditions  in  question  break  down  may 
be  isolated  by  drawing  a  small  closed  curve  round  each.  The  rest  of  the  plane 
is  a  multiply-connected  region,  and  the  value  of  the  integral  from  A  to  P 
becomes  a  cyclic  function  of  the  position  of  P,  as  in  Art.  50. 

In  the  hydrodynamical  applications,  the  integral  (iii),  considered  as  a 
function  of  the  upper  limit,  is  taken  to  be  equal  to  0+i^>.  If  we  denote 
any  cyclic  constant  of  this  function  by  K  +  ip,  then  K  denotes  the  circulation 
in  the  corresponding  circuit,  and  /z  the  flux  across  it  outwards. 

As  a  simple  example  we  may  take  the  logarithmic  function,  considered  as 
defined  by  the  equation 

(v). 


Since  z~l  is  infinite  at  the  origin,  this  point  must  be  isolated,  e.g.  by  drawing 
a  small  circle  about  it  as  centre.     If  we  put 

2= r  (cos  0  +  i  sin  0), 

we  have  —  =  — h  idd, 

z       r 

so  that  the  value  of  (v)  taken  round  the  circle  is 


Hence,  in  the  simply-connected  region  external  to  the  circle,  the  function  (v) 
is  many- valued,  the  cyclic  constant  being  -  27rt. 

In  the  theory  referred  to,  the  exponential  function  is  defined  as  the  inverse 
function  of  (v),  viz.  if  w  =  logz,  we  have  ew=z.  It  follows  that  ew  is  periodic, 
the  period  being  2?r£  The  correspondence  between  the  planes  of  z  and  w 
is  illustrated  by  the  annexed  diagram.  The  circle  of  radius  unity,  described 
about  the  origin  as  centre,  in  the  upper  figure,  corresponds  over  and  over 


again  to  lengths  Zn  on  the  imaginary  axis  of  w,  whilst  the  inner  and  outer 
portions  of  the  radial  line  0  =  0  correspond  to  a  system  of  lines  parallel  to 
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the  real  axis  of  w,  drawn  on  the  negative  and  positive  sides,  respectively*. 
The  reader  should  examine  these  statements,  as  we  shall  have  repeated  occasion 
to  use  this  transformation. 

63.     We  can  now  proceed  to  some  applications  of  the  foregoing 
theory. 

First  let  us  assume  w  =  Azn, 

A  being  real.     Introducing  polar  co-ordinates  rt  0,  we  have 


The  following  cases  may  be  noticed. 

1°.  If  n  =  1,  the  stream-lines  are  a  system  of  straight  lines 
parallel  to  #,  and  the  equipotential  curves  are  a  similar  system 
parallel  to  y.  In  this  case  any  corresponding  figures  in  the  planes 
of  w  and  z  are  similar,  whether  they  be  finite  or  infinitesimal. 

2°.  If  n  =  2,  the  curves  <f>  =  const,  are  a  system  of  rectangular 
hyperbolas  having  the  axes  of  co-ordinates  as  their  principal  axes, 
and  the  curves  ty  =  const,  are  a  similar  system,  having  the  co- 
ordinate axes  as  asymptotes.  The  lines  6  =  0,  0  =  \  TT  are  parts  of 
the  same  stream-line  ty  =  0,  so  that  we  may  take  the  positive  parts 
of  the  axes  of  %,  y  as  fixed  boundaries,  and  thus  obtain  the  case  of 
a  fluid  in  motion  in  the  angle  between  two  perpendicular  walls. 

3°.  If  n  =  —  1,  we  get  two  systems  of  circles  touching  the 
axes  of  co-ordinates  at  the  origin.  Since  now  <£  =  A/r  .  cos  0,  the 
velocity  at  the  origin  is  infinite  ;  we  must  therefore  suppose  the 
region  to  which  our  formulae  apply  to  be  limited  internally  by  a 
closed  curve. 

4°.  If  n  =  —  2,  each  system  of  curves  is  composed  of  a  double 
system  of  lemniscates.  The  axes  of  the  system  <£  =  const,  coincide 
with  x  or  y  ;  those  of  the  system  ty  —  const,  bisect  the  angles  be- 
tween these  axes. 

5°.  By  properly  choosing  the  value  of  n  we  get  a  case  of 
irrotational  motion  in  which  the  boundary  is  composed  of  two 
rigid  walls  inclined  at  any  angle  a.  The  equation  of  the  stream- 
lines being 

rnsinn0=  const  .........................  (2), 

*  It  should  be  remarked  that  no  attempt  has  been  made  to  observe  the  same 
scale  in  corresponding  figures,  in  this  or  in  other  examples,  to  be  given  later. 
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we  see  that  the  lines  0  —  0,  6  =  ir/n  are  parts  of  the  same  stream- 
line. Hence  if  we  put  n  —  ir/a,  we  obtain  the  required  solution  in 
the  form 

-          ft  -          Q 

<l>  =  Aracos  —  ,     ^  =  ^rasin  —  ...............  (3). 

a  ex. 

The  component  velocities  along  and  perpendicular  to  r,  are 

A  I?     ^~1  7r6  ,        .    7T     i"1     .      7T0 

—  A-r       cos  —  ,     and   A  -r      sin  —  ; 
a  a  a  a 

and  are  therefore  zero,  finite,  or  infinite  at  the  origin,  according  as 
a  is  less  than,  equal  to,  or  greater  than  TT. 

64.     We  take  next  some  cases  of  cyclic  functions. 

1°.     The  assumption 

w  =  —  p  log  z  ...........................  (1) 

gives  0  =  -/Alogr,  ^  =  -^0  .....................  (2). 

The  velocity  at  a  distance  r  from  the  origin  is  p\r\  this  point 
must  therefore  be  isolated  by  drawing  a  small  closed  curve 
round  it. 

If  we  take  the  radii  6  —  const,  as  the  stream-lines  we  get  the 
case  of  a  (two-dimensional)  source  at  the  origin.  (See  Art.  60.) 

If  the  circles  r  —  const,  be  taken  as  stream-lines  we  get  the 
case  of  Art.  28  ;  the  motion  is  now  cyclic,  the  circulation  in  any 
circuit  embracing  the  origin  being  27174.  TA_.$^>  =.  if 


2°.     Let  us  take 

z  —  a 


/ox 
(3). 


If  we  denote  by  rlt  r2  the  distances  of  any  point  in  the  plane  xy 
from  the  points  (±  a,  0),  and  by  01}  02,  the  angles  which  these 
distances  make  with  positive  direction  of  the  axis  of  x,  we  have 


z  -f  a  =  r2e™z, 
whence  <£  =  —  //,  log  rjr^  ty  =  —  yu,  (01  — 


The  curves  </>  =  const.,  ^r  —  const,  form  two  orthogonal  systems  of 
'  coaxal  '  circles. 
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Either  of  these  systems  may  be  taken  as  the  equipotential 
curves,  and  the  other  system  will  then  form  the  stream-lines. 
In  either  case  the  velocity  at  the  points  (+  a,  0)  will  be  infinite. 


If  these  points  be  accordingly  isolated  by  drawing  closed  curves 
round  them,  the  rest  of  the  plane  xy  becomes  a  triply-connected 
region. 

If  the  circles  #1  —  #2  =  const,  be  taken  as  the  stream-lines  we 
have  the  case  of  a  source  and  a  sink,  of  equal  intensities,  situate 
at  the  points  (±  a,  0).  If  a  is  diminished  indefinitely,  whilst  pa 
remains  finite,  we  reproduce  the  assumption  of  Art.  63,  3°,  which 
therefore  corresponds  to  the  case  of  a  double  line-source  at  the 
origin.  (See  the  first  diagram  of  Art.  68.) 

If,  on  the  other  hand,  we  take  the  circles  rjr^  =  const,  as  the 
stream-lines  we  get  a  case  of  cyclic  motion,  viz.  the  circulation  in 
any  circuit  embracing  the  first  (only)  of  the  above  points  is  27T//,, 
that  in  a  circuit  embracing  the  second  is  —  2?ryLt ;  whilst  that  in  a 
circuit  embracing  both  is  zero.  This  example  will  have  additional 
interest  for  us  when  we  come  to  treat  of '  Rectilinear  Vortices.' 
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65.  If  w  be  a  function  of  z,  it  follows  at  once  from  the  defini- 
tion of  Art.  62  that  z  is  a  function  of  w.  The  latter  form  of 
assumption  is  sometimes  more  convenient  analytically  than  the 
former. 

The  relations  (1)  of  Art.  62  are  then  replaced  by 

dx  _  dy        dx  _      dy 
~  ~~ 


A1  dw     dd>      .d^lr 

Also  since  -j-  —  ^-  -\-i~-  =—  u-\-iv, 

dz      dx        dx 

,  dz         1          1    u      .v 

we  have 


dw      u  —  iv      q  \q        q, 
where  q  is  the  resultant  velocity  at  (xt  y).    Hence  if  we  write 


and  imagine  the  properties  of  the  function  f  to  be  exhibited 
graphically  in  the  manner  already  explained,  the  vector  drawn 
from  the  origin  to  any  point  in  the  plane  of  £  will  agree 
in  direction  with,  and  be  in  magnitude  the  reciprocal  of,  the 
velocity  at  the  corresponding  point  of  the  plane  of  z. 

Again,  since  \/q  is  the  modulus  of  dzfdw,  i.e.  of  dxjd<^  +  idy/d(f>, 
we  have 


which  may,  by  (1),  be  put  into  the  equivalent  forms 
1  _  /d*y     /  ^  y  _  tdyv     idy 

-  " 


^L  V  _dxdy^_dx_dy 
/  ~  d<l>  d^     d^d$~ 

The  last  formula,  viz. 


(  . 


simply  expresses  the  fact  that  corresponding  elementary  areas  in 
the  planes  of  z  and  w  are  in  the  ratio  of  the  square  of  the  modulus 
of  dzjdw  to  unity. 

L.  6 
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66.     The  following  examples  of  this  are  important. 

1°.     Assume  z  =  ccoshw (1), 

or  x  =  c  cosh  $  cos 

y  =  c  sinh  <j>  sin 

The  curves  <j>  =  const,  are  the  ellipses 


(2). 


c2  cosh2  (/>     c2  sinh2  <£ 
and  the  curves  ty  —  const,  are  the  hyperbolas 

«•  if     =1  _ 

c2  cos2  i|r     c'2  sin2  ty 
these  conies  having  the  common  foci  (±  c,  0). 


(3), 


(*), 


Since  at  the  foci  we  have  <f>  =  0,  ty  =  HTT,  n  being  some  integer, 
we  see  by  (2)-<a£-the  preceding  Art.  that  the  velocity  there 
is  infinite.  If  the  hyperbolas  be  taken  as  the  stream-lines,  the 
portions  of  the  axis  of  x  which  lie  outside  the  points  (±  c,  0)  may 
be  taken  as  rigid  boundaries.  We  obtain  in  this  manner  the  case 
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of  a  liquid  flowing  from  one  side  to  the  other  of  a  thin  plane 
partition,  through  an  aperture  of  breadth  2c ;  the  velocity  at  the 
edges  is  however  infinite. 

If  the  ellipses  be  taken  as  the  stream-lines  we  get  the  case  of 
a  liquid  circulating  round  an  elliptic  cylinder,  or,  as  an  extreme 
case,  round  a  rigid  lamina  whose  section  is  the  line  joining  the  foci 
(±c,0). 

At  an  infinite  distance  from  the  origin  <£  is  infinite,  of  the 
order  log  r,  where  r  is  the  radius  vector ;  and  the  velocity  is 
infinitely  small  of  the  order  l/r. 

2°.     Let  z  =  w  +  ew < (5), 

or  x  —  (f>  -f  e*  cos  ty,     y  =  ty  +  e*  sin  ty (6). 

The  stream-line  ^  =  0  coincides  with  the  axis  of  x.  Again  the 
portion  of  the  line  y=frr  between  x  =  —  oo  and  x  =  —  1,  considered 


as  a  line  bent  back  on  itself,  forms  the  stream-line  ty  =  TT  ;  viz.  as 
<[>  decreases  from  +  oo  through  0  to  —  oo  ,  x  increases  from  —  x  to 
—  1  and  then  decreases  to  —  oo  again.  Similarly  for  the  stream- 
line yjr  =  —  7T. 

6—2 
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Since         f  =  —  dzjdw  =  —  1  —  e*  cos  ty  —  ie*  sin  -v/r, 
it  appears  that  for  large  negative  values  of  0  the  velocity  is 
in  the  direction  of  ^-negative,  and  equal  to  unity,  whilst  for  large 
positive  values  it  is  zero. 

The  above  formulae  therefore  express  the  motion  of  a  liquid 
flowing  into  a  canal  bounded  by  two  thin  parallel  walls  from  an 
open  space.  At  the  ends  of  the  walls  we  have  (f>  =  0,  -^  =  +  TT,  and 
therefore  f=  0,  i.e.  the  velocity  is  infinite.  The  direction  of  the 
flow  will  be  reversed  if  we  change  the  sign  of  w  in  (5).  The  forms 
of  the  stream-lines,  drawn,  as  in  all  similar  cases  in  this  chapter, 
for  equidistant  values  of  i/r,  are  shewn  in  the  figure*. 

67.  A  very  general  formula  for  the  functions  <£,  ty  may  be 
obtained  as  follows.  It  may  be  shewn  that  if  a  function  f(z)  be 
finite,  continuous,  and  single-valued,  and  have  its  first  derivative 
finite,  at  all  points  of  a  space  included  between  two  concentric 
circles  about  the  origin,  its  value  at  any  point  of  this  space  can  be 
expanded  in  the  form 

f(z)  =  A0  +  A1z  +  Aa?+  ...  +8^  +  8^-*+ (1). 

If  the  above  conditions  be  satisfied  at  all  points  within  a  circle 
having  the  origin  as  centre,  we  retain  only  the  ascending  series ; 
if  at  all  points  without  such  a  circle,  the  descending  series,  with 
the  addition  of  the  constant  A0,  is  sufficient.  If  the  conditions  be 
fulfilled  for  all  points  of  the  plane  xy  without  exception,  f(z)  can 
be  no  other  than  a  constant  A0. 

Putting  f(z)  =  (f>  +  i^)  introducing  polar  co-ordinates,  and 
writing  the  complex  constants  An>  Bn,  in  the  forms  Pn  +  iQn, 
Rn  +  iSn,  respectively,  we  obtain 

<f>  =  P0+  2"rn(Pn  cos  nO  -  Qn  sin  nO)  +  ^r~n(Encos  nd+  Snsmn0)\ 
ty  =  Q0+  2"rn(Qn  cos  nO  +  Pn  sin  nd)  +  ^r~n(Sn  cos  w0-JZBsinw0)J 

(2). 

These  formulae  are  convenient  in  treating  problems  where  we 
have  the  value  of  </>,  or  of  dfy/dn,  given  over  the  circular  boun- 
daries. This  value  may  be  expanded  for  each  boundary  in  a  series 
of  sines  and  cosines  of  multiples  of  6,  by  Fourier's  theorem.  The 
series  thus  found  must  be  equivalent  to  those  obtained  from  (2); 
whence,  equating  separately  coefficients  of  sin  nO  and  cos  116,  we 
obtain  four  systems  of  linear  equations  to  determine  Pn,  Qn,  Rn,  Sn. 

*  This  example  was  given  by  von  Helmholtz,  Berl.  Monatsber.,  April  23,  1868 ; 
Phil  Hag.,  Nov.  1868;  Ges.  Abh.,  t.  i.,  p.  154. 
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68.  As  an  example  let  us  take  the  case  of  an  infinitely  long 
circular  cylinder  of  radius  a  moving  with  velocity  u  perpendicular 
to  its  length,  in  an  infinite  mass  of  liquid  which  is  at  rest  at  infinity. 

Let  the  origin  be  taken  in  the  axis  of  the  cylinder,  and  the 
axes  of  x,  y  in  a  plane  perpendicular  to  its  length.  Further  let 
the  axis  of  x  be  in  the  direction  of  the  velocity  u.  The  motion, 
having  originated  from  rest,  will  necessarily  be  irrotational,  and 
</>  will  be  single-  valued.  Also,  since  fd^/dn  .  ds,  taken  round  the 
section  of  the  cylinder,  is  zero,  i/r  is  also  single-valued  (Art.  59), 
so  that  the  formulae  (2)  apply.  Moreover,  since  d<f>/dn  is  given  at 
every  point  of  the  internal  boundary  of  the  fluid,  viz. 

—  f-  =  u  cos  6,  for  r  =  a  .....................  (3), 

dr 

and  since  the  fluid  is  at  rest  at  infinity,  the  problem  is  determinate, 
by  Art.  41.  These  conditions  give  Pn  =  0,  Qn  =  0,  and 

u  cos  6  =  2"  narn~l  (Rn  cos  nO  +  Sn  sin  n6), 

which  can  be  satisfied  only  by  making  R±  =  ua2,  and  all  the  other 
coefficients  zero.  The  complete  solution  is  therefore 

ua2        a  ua2    .    a 

6=  --  cos  0,      ilr  =  --  sin  6  ...............  (4). 

r  r 

The  stream-lines  i/r  =  const,  are  circles,  as  shewn  on  the  next  page. 

The  kinetic  energy  of  the  liquid  is  given  by  the  formula  (2)  of 
Art.  61,  viz. 

2T  =  p  ^d^  =  puW  T^cos2  0  dd  =  m'u2  .........  (5), 

if  m',  =  7ra2/o,  be  the  mass  of  fluid  displaced  by  unit  length  of  the 
cylinder.  This  result  shews  that  the  whole  effect  of  the  presence 
of  the  fluid  may  be  represented  by  an  addition  m'  to  the  inertia 
of  the  cylinder.  Thus,  in  the  case  of  rectilinear  motion,  if  we  have 
an  extraneous  force  X  acting  on  the  cylinder,  the  equation  of 
energy  gives 


or  (m  +  m')£-2  .....................  (6), 

where  m  represents  the  mass  of  the  cylinder. 
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Writing  this  in  the  form 

du      v         ,  du 

mdt=x~m-dt' 

we  learn  that  the  pressure  of  the  fluid  is  equivalent  to  a  force 
—  m'  du/dt  in  the  direction  of  motion.  This  vanishes  when  u  is 
constant. 


The  above  result  may  of  course  be  verified  by  direct  calculation.      The 
pressure  is  given  by  the  formula 


where  we  have  omitted  the  term  due  to  the  extraneous  forces  (if  any)  acting  on 
the  fluid,  the  effect  of  which  can  be  found  by  the  rules  of  Hydrostatics.  The 
term  d<f)/dt  here  expresses  the  rate  at  which  <£  is  increasing  at  a  fixed  point 
of  space,  whereas  the  value  of  <£  in  (4)  is  referred  to  an  origin  which  is  in 
motion  with  the  velocity  u.  In  consequence  of  this  the  value  of  r  for  any 
fixed  point  is  increasing  at  the  rate  -  u  cos  0,  and  that  of  6  at  the  rate 
ML  Jr  .  sin  6.  Hence  we  must  put 

d(h     d\i  a2  .  dd>  ,  u  sin  6  dti      du  a'2         .     u%2 

-j-  =  -=  --  cos  6  -  U  cos  6  -f-  +  -          -^  =  —  -  cos  6  +  -  „    cos  2<9. 

dt       dt    r  dr  r       dO      dt    r  r2 
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Since,  also,  <?2  =  u2a4/r4,  the  pressure  at  any  point  of  the  cylindrical  surface 
(r=a)  is 

jt>=pfa^cos0  +  u2cos  20 -£i 

The  resultant  force  on  unit  length  of  the  cylinder  is  evidently  parallel  to 
the  initial  line  0  =  0;  to  find  its  amount  we  multiply  by  -add.  cos  6  and 
integrate  with  respect  to  6  between  the  limits  0_  and  IT.  The  result  is 
—  m'da./det  as  before. 

If  in  the  above  example  we  impress  on  the  fluid  and  the 
cylinder  a  velocity  —  u  we  have  the  case  of  a  current  flowing 
with  the  general  velocity  u  past  a  fixed  cylindrical  obstacle. 
Adding  to  <£  and  ty  the  terms  ur  cos  0  and  ur  sin  0,  respectively, 
we  get 

/       a2\  /       a2\ 

9  =  u  [r-\ —    cos  0,     ilr  =  u  I  r )  sin  0  ....  (7). 

\        r  /  \        r  / 

If  no  extraneous  forces  act,  and  if  u  be  constant,  the  resultant  force 
on  the  cylinder  is  zero. 


69.  To  render  the  formula  (1)  of  Art.  67  capable  of  repre- 
senting any  case  of  irrotational  motion  in  the  space  between  two 
concentric  circles,  we  must  add  to  the  right-hand  side  the  term 

Alogz (1). 
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are 


If  A  =  P  H-  iQ,  the  corresponding  terms  in 

Plogr-Qe,     PO  +  Qlogr  ...............  (2), 

respectively.  The  meaning  of  these  terms  is  evident  from  Art.  64  ; 
viz.  2?rP,  the  cyclic  constant  of  i|r,  is  the  flux  across  the  inner 
(or  outer)  circle  ;  and  2?rQ,  the  cyclic  constant  of  </>,  is  the  circu- 
lation in  any  circuit  embracing  the  origin. 

For  example,  returning  to  the  problem  of  the  last  Art.,  let  us 
suppose  that  in  addition  to  the  motion  produced  by  the  cylinder 
we  have  an  independent  circulation  round  it,  the  cyclic  constant 
being  K.  The  boundary-condition  is  then  satisfied  by 


=  u     cos    - 


(3). 


The  effect  of  the  cyclic  motion,  superposed  on  that  due  to  the 
cylinder,  will  be  to  augment  the  velocity  on  one  side,  and  to 
diminish  (and,  it  may  be,  to  reverse)  it  on  the  other.  Hence 


when  the  cylinder  moves  in  a  straight  line  with  constant  velocity, 
there  will  be  a  diminished  pressure  on  one  side,  and  an  increased 
pressure  on  the  other,  so  that  a  constraining  force  must  be  applied 
at  right  angles  to  the  direction  of  motion. 
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The  figure  shews  the  lines  of  flow.  At  a  distance  from  the  origin  they 
approximate  to  the  form  of  concentric  circles,  the  disturbance  due  to  the 
cylinder  becoming  small  in  comparison  with  the  cyclic  motion.  When,  as  in 
the  case  represented,  u>K/2na)  there  is  a  point  of  zero  velocity  in  the  fluid. 
The  stream-line  system  has  the  same  configuration  in  all  cases,  the  only  effect 
of  a  change  in  the  value  of  u  being  to  alter  the  scale,  relative  to  the  diameter 
of  the  cylinder. 

To  calculate  the  effect  of  the  fluid  pressures  on  the  cylinder  when  moving 
in  any  manner  we  write 


where  %  is  ^ne  angle  which  the  direction  of  motion  makes  with  the  axis  of  x. 
In  the  formula  for  the  pressure  [Art.  68  (i)]  we  must  put,  for  r=a, 


and  il?2==iu2-f £-2  2  +  ~ — usin  (0~x) (iii). 

The  resultant  force  on  the  cylinder  is  found  to  be  made  up  of  a  component 


in  the  direction  of  motion,  and  a  component 

....................................  (v), 


at  right  angles,  where  m'=7rpa2  as  before.  Hence  if  P,  Q  denote  the 
components  of  the  extraneous  forces,  if  any,  in  the  directions  of  the  tangent 
and  the  normal  to  the  path,  respectively,  the  equations  of  motion  of  the 
cylinder  are 

(m+m-)       =  P, 


If  there  be  no  extraneous  forces,  u  is  constant,  and  writing 
where  R  is  the  radius  of  curvature  of  the  path,  we  find 


(vii). 
The  path  is  therefore  a  circle,  described  in  the  direction  of  the  cyclic  motion*. 

*  Lord  Rayleigh,  "On  the  Irregular  Flight  of  a  Tennis  Ball,"  Megs,  of  Math., 
t.  vii.  (1878);  Greenhill,  ibid.,  t.  ix.,  p.  113  (1880). 
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If  X,  y  be  the  rectangular  co-ordinates  of  the  axis  of  the  cylinder,  the 
equations  (vi)  are  equivalent  to 

Jn 


(m+m')y=    KP±  +  TJ" 

where  Xt  Y  are  the  components  of  the  extraneous  forces.     To  find  the  effect 
of  a  constant  force,  we  may  put 

(ix). 


The  solution  then  is 

X  =  a  +  acos(?i£  +  e),  \ 

„'  ...........................  w, 


provided  ?&  =  Kp/(in  +  in')  ....................................  (xi). 

This  shews  that  the  path  is  a  trochoid,  described  with  a  mean  velocity  g'  jn 
perpendicular  to  x*.  It  is  remarkable  that  the  cylinder  has  on  the  whole 
no  progressive  motion  in  the  direction  of  the  extraneous  force. 

70.  The  formula  (1)  of  Art.  67,  as  amended  by  the  addition  of 
the  term  A  log  z,  may  readily  be  generalized  so  as  to  apply  to  any 
case  of  irrotational  motion  in  a  region  with  circular  boundaries, 
one  of  which  encloses  all  the  rest.  In  fact,  corresponding  to  each 
internal  boundary  we  have  a  series  of  the  form 


where  c,  =  a  +  ib  say,  refers  to  the  centre,  and  the  coefficients 
A,  Al9  A2,  ...  are  in  general  complex  quantities.  The  difficulty 
however  of  determining  these  coefficients  so  as  to  satisfy  given 
boundary  conditions  is  now  so  great  as  to  render  this  method  of 
very  limited  application. 

Indeed  the  determination  of  the  irrotational  motion  of  a  liquid 
subject  to  given  boundary  conditions  is  a  problem  whose  exact 
solution  can  be  effected  by  direct  processes  in  only  a  very  few 
cases  *f*.  Most  of  the  cases  for  which  we  know  the  solution  have 

*  Greenhill,  I.e. 

t  A  very  powerful  method  of  transformation,  applicable  to  cases  where  the 
boundaries  of  the  fluid  consist  of  fixed  plane  walls,  has  however  been  deve- 
loped by  Schwarz  ("  Ueber  einige  Abbildungsaufgaben,"  Crelle,  t.  Ixx.,  Gesam- 
melte  Abhandlungen,  Berlin,  1890,  t.  ii.,  p.  65),  Christoffel  ("  Sul  problema  delle 
temperature  stazionarie  e  la  rappreseiitazione  di  una  data  superficie,"  Annali  di 
Matematica,  Serie  n.,  t.  i.,  p.  89),  and  Kirchhoff  ("  Zur  Theorie  des  Conden- 
sators,"  Berl.  Monatsber.,  March  15,  1877;  Ges.  Abh.,  p.  101).  Many  of  the 
solutions  which  can  be  thus  obtained  are  of  great  interest  in  the  mathematically 
cognate  subjects  of  Electrostatics,  Heat-Conduction,  &c.  See  for  example,  J.  J. 
Thomson,  Recent  Researches  in  Electricity  and  Magnetism,  Oxford,  1893,  c.  iii. 
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been  obtained  by  an  inverse  process ;  viz.  instead  of  trying  to  find 
a  solution  of  the  equation  V2<£  =  0  or  V2^r  =  0,  satisfying  given 
boundary  conditions,  we  take  some  known  solution  of  the  differen- 
tial equations  and  enquire  what  boundary  conditions  it  can  be 
made  to  satisfy.  Examples  of  this  method  have  already  been 
given  in  Arts.  63,  64,  and  we  may  carry  it  further  in  the  following 
two  important  cases  of  the  general  problem  in  two  dimensions. 

71.  CASE  I.  The  boundary  of  the  fluid  consists  of  a  rigid 
cylindrical  surface  which  is  in  motion  with  velocity  u  in  a 
direction  perpendicular  to  its  length. 

Let  us  take  as  axis  of  x  the  direction  of  this  velocity  u,  and 
let  8s  be  an  element  of  the  section  of  the  surface  by  the  plane  xy. 

Then  at  all  points  of  this  section  the  velocity  of  the  fluid  in 
the  direction  of  the  normal,  which  is  denoted  by  d^jds,  must  be 
equal  to  the  velocity  of  the  boundary  normal  to  itself,  or  —  udy/ds. 
Integrating  along  the  section,  we  have 

ifr  =  —  uy  +  const (1). 

If  we  take  any  admissible  form  of  ^r,  this  equation  defines  a 
system  of  curves  each  of  which  would  by  its  motion  parallel  to 
x  give  rise  to  the  stream-lines  A/T  =  const.  *  We  give  a  few 
examples. 

1°.  If  we  choose  for  -v/r  the  form  —  uy,  (1)  is  satisfied 
identically  for  all  forms  of  the  boundary.  Hence  the  fluid 
contained  within  a-  cylinder  of  any  shape  which  has  a  motion 
of  translation  only  may  move  as  a  solid  body.  If,  further,  the 
cylindrical  space  occupied  by  the  fluid  be  simply-connected,  this  is 
the  only  kind  of  motion  possible.  This  is  otherwise  evident  from 
Art.  40 ;  for  the  motion  of  the  fluid  and  the  solid  as  one  mass 
evidently  satisfies  all  the  conditions,  and  is  therefore  the  only 
solution  which  the  problem  admits  of. 


2°.     Let  t/r  =  A  jr  .  sin  6 ;  then  (1)  becomes 

A 

r 

In  this  system  of  curves  is  included  a  circle  of  radius  a,  provided 


sin  0  =  — ur  sin  6  +  const (2). 


*  Cf.    Eankine,   "On  Plane  Water-Lines  in  Two   Dimensions,"  Phil.  Trans., 
1864,  where  the  method  is  applied  to  obtain  curves  resembling  the  lines  of  ships. 
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A  /a  =  —  ua.  Hence  the  motion  produced  in  an  infinite  mass  of 
liquid  by  a  circular  cylinder  moving  through  it  with  velocity  u 
perpendicular  to  its  length,  is  given  by 

t  =  -^sm0  ........................  (3), 

which  agrees  with  Art.  68. 

3°.     Let  us  introduce  the  elliptic  co-ordinates  f,  77,  connected 
with  x,  y  by  the  relation 

x  +  iy  =  c  cosh  (%  +  irj)  .....................  (4), 

or  x  =  c  cosh  f  cos  77,  j 

y  =  c  sinh  f  sin  77  J 

(cf.  Art.  66),  where  £  may  be  supposed  to  range  from  0  to  oo  ,  and 
77  from  0  to  2?r.     If  we  now  put 

0  +  ty  =  Cer<M-*i>  ........................  (6), 

where  (7  is  some  real  constant,  we  have 

i|r  =  -Ck-£sm77  ........................  (7), 

so  that  (1)  becomes 

Ce~%  sin  97  =  uc  sinh  (•  sin  77  +  const. 

In  this  system  of  curves  is  included  the  ellipse  whose  parameter 
fo  is  determined  by 


If  a,  b  be  the  semi-axes  of  this  ellipse  we  have 
a  =  ccosh£0,     &  =  csinhj-0, 

„      u6c          ,  fa  4-  6\* 

so  that  C  =  -  r  =  UO    -  r  1  . 

a  —  b  \a-bJ 

Hence  the  formula 

£sin7;  ..................  (8) 


a  — 

gives  the  motion  of  an  infinite  mass  of  liquid  produced  by  an 
elliptic  cylinder  of  semi-axes  a,  b,  moving  parallel  to  the  greater 
axis  with  velocity  u. 

That  the  above  formulae  make  the  velocity  zero  at  infinity 
appears  from  the  consideration  that,  when  f  is  large,  8%  and  8y 
are  of  the  same  order  as  e^Sf  or  0*877,  so  ^nat  d-^jdx,  d^rjdy  are  of 
the  order  e~2^  or  1/r2,  ultimately,  where  r  denotes  the  distance  of 
any  point  from  the  axis  of  the  cylinder. 

If  the  motion  of  the  cylinder  were  parallel  to  the  minor  axis 
the  formula  would  be 
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The  stream-lines  are  in  each  case  the  same  for  all  confucal 
elliptic  forms  of  the  cylinder,  so  that  the  formulae  hold  even  when 
the  section  reduces  to  the  straight  line  joining  the  foci.  In  this 
case  (9)  becomes 

•^=vce-£cos?7 (10), 

which   would  give   the   motion   produced   by  an   infinitely  long 
lamina  of  breadth  2c  moving  '  broadside  on '  in  an  infinite  mass  of 


liquid.  Since  however  this  solution  makes  the  velocity  infinite  at 
the  edges,  it  is  subject  to  the  practical  limitation  already  indicated 
in  several  instances*. 

*  This  investigation  was  given  in  the  Quart.  Journ.  of  Math.,  t.  xiv.  (1875). 
Results  equivalent  to  (8),  (9)  had  however  been  obtained,  in  a  different  manner,  by 
Beltrami,  "  Sui  principii  fondamentali  dell'  idrodinamica  razionale,"  Mem.  dell' 
Accad.  delle  Scienze  di  Bologna,  1873,  p.  394, 
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The  kinetic  energy  of  the  fluid  is  given  by 

2T=  p  Ud^  =  pC*e-**»  1^  cos-rjdrj 

J  Jo 

=  7r/o&2U2  ........................   (11), 

where  b  is  the  half-breadth  of  the  cylinder  perpendicular  to  the 
direction  of  motion. 

If  the  units  of  length  and  time  be  properly  chosen  we  may  write 


whence 

These  formulae  are  convenient  for  tracing  the  curves  <£  =  const.,  >//•  =  const., 
which  are  figured  on  the  preceding  page. 

By  superposition  of  the  results  (8)  and  (9)  we  obtain,  for  the  case  of  an 
elliptic  cylinder  having  a  motion  of  translation  whose  components  are  u,  v, 

\lf=  -(-  —  J-)  e~*  (ubsinrj-vacosr))  .....................  (i). 

\a-oj 

To  find  the  motion  relative  to  the  cylinder  we  must  add  to  this  the  expression 
uy  -  v#=  c  (u  sinh  £  sin  r)  -  v  cosh  £  cos  ?;)  ...............  (ii). 

For  example,  the  stream-function  for  a  current  impinging  at  an  angle  of  45° 
on  a  plane  lamina  whose  edges  are  at  x—  +c  is 

(iii), 


where  q0  is  the  velocity  at  infinity.     This  immediately  verifies,  for  it  makes 
\//-  =  0  for  £  =  0,  and  gives 


for  £  =  oo  .     The  stream-lines  for  this  case  are  shewn  in  the  annexed  figure 


(turned   through   45°  for  convenience).     This  will  serve  to  illustrate  some 
results  to  be  obtained  later  in  Chap.  vi. 
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If  we  trace  the  course  of  the  stream-line  \//-  =  0  from  $  =  +  oc  to  <£  =  -  oo , 
we  find  that  it  consists  in  the  first  place  of  the  hyperbolic  arc  q  —  JTT,  meeting 
the  lamina  at  right  angles ;  it  then  divides  into  two  portions,  following  the 
faces  of  the  lamina,  which  finally  re-unite  and  are  continued  as  the  hyperbolic 
arc  J?  =  f  TT.  The  points  where  the  hyperbolic  arcs  abut  on  the  lamina  are 
points  of  zero  velocity,  and  therefore  of  maximum  pressure.  It  is  plain  that  the 
fluid  pressures  on  the  lamina  are  equivalent  to  a  couple  tending  to  set  it  broad- 
side on  to  the  stream ;  and  it  is  easily  found  that  the  moment  of  this  couple, 
per  unit  length,  is  |7rp<?02c2-  Compare  Art.  121. 

72.  CASE  II.  The  boundary  of  the  fluid  consists  of  a  rigid 
cylindrical  surface  rotating  with  angular  velocity  o>  about  an  axis 
parallel  to  its  length. 

Taking  the  origin  in  the  axis  of  rotation,  and  the  axes  of  x,  y 
in  a  perpendicular  plane,  then,  with  the  same  notation  as  before, 
d-^r/ds  will  be  equal  to  the  normal  component  of  the  velocity  of  the 
boundary,  or 

d^lr  dr 

—j    =  a>r  -j- , 

ds  ds 

if  r  denote  the  radius  vector  from  the  origin.  Integrating  we 
have,  at  all  points  of  the  boundary, 

i/r  =  Ja>r2  +  const (1). 

If  we  assume  any  possible  form  of  o/r,  this  will  give  us  the 
equation  of  a  series  of  curves,  each  of  which  would,  by  rotation 
round  the  origin,  produce  the  system  of  stream-lines  determined 
by  +. 

As  examples  we  may  take  the  following : 
1°.     If  we  assume 

<<lr  =  Ar*cos26=:A(x*-y*)  (2), 

the  equation  (1)  becomes 

(io>  -  A)x2  +  (Jo)  +  A)  y2=C, 

which,  for  any  given  value  of  A,  represents  a  system  of  similar 
conies.  That  this  system  may  include  the  ellipse 


we  must  have  (|o>  —  A)  a2  =  (Jo>  4-  A)b2, 

or  A  =  io) . 


Hence  f  =  i<0 .     _    ((e.  _  y.)  (3), 
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gives  the  motion  of  a  liquid  contained  within  a  hollow  elliptic 
cylinder  whose  semi-axes  are  a,  b,  produced  by  the  rotation  of  the 
cylinder  about  its  axis  with  angular  velocity  &>.  The  arrangement 
of  the  stream-lines  ^  =  const,  is  given  in  the  figure  on  p.  99. 

The  corresponding  formula  for  <f>  is 

a2-62 
<b  —  —  w  .  —  —  ,-  .  xy  ........................  (4). 

a2  +  62     9 

The  kinetic  energy  of  the  fluid,  per  unit  length  of  the  cylinder, 
is  given  by 


This  is  less  than  if  the  fluid  were  to  rotate  with  the  boundary,  as 
one  rigid  mass,  in  the  ratio  of 


to  unity.  We  have  here  an  illustration  of  Lord  Kelvin's  minimum 
theorem,  proved  in  Art.  45. 

2°.     Let  us  assume 

^  =  Ar*  cos  30  =  A(a?-  30y2). 
The  equation  (1)  of  the  boundary  then  becomes 

^(^-3^2)-ia>(tf2  +  2/2)  =  C  (6). 

.  We  may  choose  the  constants  so  that  the  straight  line  x  —  a  shall 
form  part  of  the  boundary.  The  conditions  for  this  are 

Aa3  -  |o>a2  =  C,     3Aa  +  \w  =  0. 
Substituting  the  values  of  A,  C  hence  derived  in  (6),  we  have 

a?  -a3-  3#?/2  +  3a  (x~  -  a2  +  y*)  =  0. 
Dividing  out  by  x  —  a,  we  get 

xz  +  4>ax  +  4a2  =  3y8, 
or  x  +  2a  =  +  V-3 .  y. 

The  rest  of  the  boundary  consists  therefore  of  two  straight  lines 
passing  through  the  point  (—  2a,  0),  and  inclined  at  angles  of  30° 
to  the  axis  of  x. 
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We  have  thus  obtained  the  formulae  for  the  motion  of  the 
fluid  contained  within  a  vessel  in  the  form  of  an  equilateral  prism, 
when  the  latter  is  rotating  with  angular  velocity  co  about  an  axis 
parallel  to  its  length  and  passing  through  the  centre  of  its  section  ; 
viz.  we  have 

0  ............  (7), 


where  2  ^Sa  is  the  length  of  a  side  of  the  prism. 

The  problem  of  fluid  motion  in  a  rotating  cylindrical  case  is  to  a  certain 
extent  mathematically  identical  with  that  of  the  torsion  of  a  uniform  rod  or 
bar*.  The  above  examples  are  mere  adaptations  of  two  of  de  Saint-  Venant's 
solutions  of  the  latter  problem. 

3°.  In  the  case  of  a  liquid  contained  in  a  rotating  cylinder 
whose  section  is  a  circular  sector  of  radius  a  and  angle  2a,  the 
axis  of  rotation  passing  through  the  centre,  we  may  assume 

cos  20  fr\ 

(a) 


C°S 


the  middle  radius  being  taken  as  initial  line.  For  this  makes 
^r  =  ^a>r2  for  0  =  ±  a,  and  the  constants  A2n+l  can  be  determined 
by  Fourier's  method  so  as  to  make  ty  =  ^coa2  for  r  —  a.  We 
find 

)7r_4a  -  (2n+i)7r  +  (2n  +  1)  TT  +  4a{ 

.........  (9). 

The  conjugate  expression  for  <£  is 

oin   O#  /*.\  (2n+l)ir/2o  7T/9 

*  —  \<*r<>  5J|?  -  SA^  g)  sin  (2«  +  1)  g.  .  .(10)f, 

where  -42?i+i  has  the  value  (9). 
The  kinetic  energy  is  given  by 

tt*rdr  ............  (11), 


*  See  Thomson  and  Tait,  Natural  Philosophy,  Art.  704,  et  seq. 

t  This  problem  was  first  solved  by  Stokes,  "On  the  Critical  Values  of  the 
Sums  of  Periodic  Series,"  Camb.  Trans.,  t.  viii.  (1847),  Math.  andPhys.  Papers,  t.  i., 
p.  305.  See  also  papers  by  Hicks  and  Greenhill,  Mess,  of  Math.,  t.  viii.,  pp.  42,  89, 
and  t.  x.,  p.  83. 
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where  <£a  denotes  the  value  of  <£  for  6  =  a,  the  value  of  d<f>/dn 
being  zero  over  the  circular  part  of  the  boundary. 

The  case  of  the  semicircle  a  =  ^TT  will  be  of  use  to  us  later. 
We  then  have 


and  therefore 


p  _*>a4y      1       (     1  2  1     ) 

Jo  *a™      ~"^r  Z  2n+  3  (2^1  ~  2rc  +  l  +  2rc  +  3) 


87* 
Hence* 


x  l7r/!)a)2a2    ......  (13). 


This  is  less  than  if  the  fluid  were  solidified,  in  the  ratio  of  '6212 
to  1.     See  Art.  45. 

4°.     With   the   same   notation   of  elliptic   coordinates   as   in 
Art.  71,  3°,  let  us  assume 

(f)+i^  =  Cie-2^+i^  .....................  (14). 

Since  x2  +  y*  =  Jc2  (cosh  2f  +  cos  2?;), 

the  equation  (1)  becomes 

Ce~^  cos  2?7  —  |o)C2  (cosh  2f  +  cos  2ij)  =  const. 

This  system  of  curves  includes  the  ellipse  whose  parameter 
is  £0>  provided 


or,  using  the  values  of  a,  b  already  given, 

0  =  Jo)(a  +  6)2, 
so  that  ^r  —  Jo>  (a  +  6)2  e~^  cos  2?;, 


At  a  great  distance  from  the  origin  the  velocity  is   of  the 
order  1/V5. 


Greenhill,  I  c. 
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The  above  formulae  therefore  give  the  motion  of  an  infinite 
mass  of  liquid,  otherwise  at  rest,  produced  by  the  rotation  of 
an  elliptic  cylinder  about  its  axis  with  angular  velocity  &>*.  The 
diagram  shews  the  stream-lines  both  inside  and  outside  a  rigid 
elliptical  cylindrical  case  rotating  about  its  axis. 


The  kinetic  energy  of  the  external  fluid  is  given  by 

.(o2  ...........................  (16). 


It  is  remarkable  that  this  is   the  same  for  all   confocal   elliptic 
forms  of  the  section  of  the  cylinder. 

Combining  these  results  with  those  of  Arts.  66,  71  we  find  that  if  an  elliptic 
cylinder  be  moving  with  velocities  u,  v  parallel  to  the  principal  axes  of  its 
cross-section,  and  rotating  with  angular  velocity  o>,  and  if  (further)  the  fluid 
be  circulating  irrotationally  round  it,  the  cyclic  constant  being  K,  then  the 
stream-function  relative  to  the  aforesaid  axes  is 


=  -      /(a-±~\  *~*  (u&  sin  n  - 


*  Quart.  Journ.  Math.,  t.  xiv.  (1875)  ;  see  also  Beltrami,  1.  c.  ante  p.  93. 
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DitWUtti'H'HtHtit    AfottOIMT. 

73.    We  have,  in  the  preceding  pages,  had  several  instance*  of 

the  tlow  of  a  liquid  round  a  sharp  projecting  edge,  and  it  appeared 
in  oaeh  case  that  the  voloeiix  ihoio  \\as  intinite.  This  is  indeed  a 
necessary  consequence  of  the  assumed  irrot  at  tonal  character  of  the 
motion,  whether  tho  lluid  ho  incompressible  or  not,  as  may  be 
seen  by  considering  the  configuration  oi  the  oquipotontial  surfaei-; 
(which  meet  the  boundary  at  right  angles)  in  the  immediate 
neighbourhood, 

Tho  occurrence  of  infinite  values  of  the  velocity  may  be 
avoided  by  supposing  the  edge  to  be  --lightly  rounded,  but  oven 
then  tho  velocity  near  tho  edge  will  much  exceed  that  which 

i ms  at  a  distance  great  in  compan-.on  with  the  radius  of 
curvature, 

In  order  that  the  motion  of  a  tluid  may  conform  to  such 
conditious.it  is  nocossan  th.u  the  pressure  at  a  distance  should 
greatly  exceed  that  at  the  edge.  This  excess  of  pressure  ia 
demanded  by  tho  iitwftW  of  tho  tluid,  which  cannot  bo  guided 
round  *v  sharp  curve,  in  opposition  to  centrifugal  force,  except  by 
a  distribution  of  pressure  increasing  with  a  very  rapid  gradient 
outward* 

Hence  unless  the  pressure  at  a  distance  be  very  great,  the 

maintenance  of  the  motion  in  question  would  require  .\  ucgamc 
pressure  it  the  corner.  Mich  as  thuds  under  ordinary  conditions 
are  unable  t  o  sust  .un 

To  put  the  matter  in  aa  definite  a  form  aa  possible,  let  wa 
imagine  the  following  case*  Let  us  suppose  that  a  straight  tube, 

whoso  length  i--  !.-u:y  compared  \\ith  the  diameter,  is  ti\ed  in  the 
middle  of  a  laiy.c  closed  \essel  tilled  with  frictiouless  liquid,  and 
that  (hi-,  tube  contains.  at  .1  distance  from  tho  ends,  a  sliding 
pin,;,  or  piston.  /'.which  van  be  moved  in  ain  required  manner  by 
o.  :,<•.-.  I";-.,  :';•.:/,•,•.•.  >••  :  :-..  u.i'.'.s  of 

the  tube  is  supposed  to  be  small  in  comparison  with  tho  diameter; 
and  the  * .  .  :.--.  tv>  be  \  >tV.  so  that  there  ai\> 

r.o  -.l-.a-n  .i:.:;  .  Lot  us  further  suppv^se  that  at  some  point  of  tlio 
walls  of  the  vessel  therx'  is  a  lateral  tube,  with  a  piston  (t>.  b\ 
n\etvns  of  which  the  pressure  in  the  interior  can  bo  wyusU>d  at  will 
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K\ erythiug  being  at  rest  ID  begin  wit.li,  let  n.  slowly  increasing 
velocity  be  oommunioated  to  tho  plug  P%  so  that  (for  simplicity) 
the  motion  at  any  instant  may  bo  regarded  as  approximately 


steady.  At  first,  provided  a  sufficient  forco  bo  applied  to  Qt  a 
continuous  motion  of  tho  kind  indicated  in  the  diagram  on  p.  83 
will  he  produced  in  the  fluid,  there  being  in  faet  only  one  type  of 
motion  consistent  with  the  conditions  of  the  question.  As  the 
acceleration  of  the  piston  /*  proceeds,  the  pressure  on  Q  may 
become  enormous,  even  with  very  moderate  velocities  of  P,  and  if 
Q  be  allowed  to  yield,  an  annular  cavity  will  be  formed  at  each  end 
of  tho  tubo. 

The  further  course  of  the  motion  in  such    a  case  has   not 

yet  been  worked  out  1'rom  :i  !  heoivl  leal  stand  point.  In  avtuai 
liipiids  the  problem  is  modified  by  \iseosity.\vlueli  prevents  any 
slipping  of  the  fluid  immediately  in  contact  with  the  tube,  and 
must,  further  exercise  a  considerable  influence  on  such  rapid 
differential  motions  of  the  fluid  as  are  here  in  question. 

As  a  matter  of  fact,  the  observed  motions  of  fluids  are  often 
found  to  deviate  very  widely  from  the  types  shewn  in  our  dia- 
grams. In  such  a  case  as  we  have  just  described,  the  fluid  issuing 
from  the  mouth  of  the  tube  does  not  immediately  spread  out  in 
all  directions,  but  forms,  at  all  events  for  some  distance,  a  more  or 
less  compact  stream,  bounded  on  all  sides  by  fluid  nearly  at  rest. 
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A  familiar  instance  is  the  smoke-laden  stream  of  gas  issuing  from 
a  chimney. 

74.  Leaving  aside  the  question  of  the  manner  in  which  the 
motion  is  established,  von  Helmholtz*  and  Kirchhofff  have 
endeavoured  to  construct  types  of  steady  motion  of  a  frictionless 
liquid,  in  two  dimensions,  which  shall  resemble  more  closely  what 
is  observed  in  such  cases  as  we  have  referred  to.  In  the  problems 
to  be  considered,  there  is  either  a  free  surface  or  (what  comes  to 
the  same  thing)  a  surface  of  discontinuity  along  which  the  moving 
liquid  is  in  contact  with  other  fluid  at  rest.  In  either  case,  the 
physical  condition  to  be  satisfied  at  this  surface  is  that  the 
pressure  must  be  the  same  at  all  points  of  it;  this  implies,  in 
virtue  of  the  steady  motion,  and  in  the  absence  of  extraneous 
forces,  that  the  velocity  must  also  be  uniform  along  this  surface. 

The  most  general  method  we  possess  of  treating  problems  of 
this  class  is  based  on  the  properties  of  the  function  f  introduced 
in  Art.  65.  In  the  cases  we  shall  discuss,  the  moving  fluid  is 
supposed  bounded  by  stream-lines  which  consist  partly  of  straight 
walls,  and  partly  of  lines  along  which  the  resultant  velocity  (q) 
is  constant.  For  convenience,  we  may  in  the  first  instance  suppose 
the  units  of  length  and  time  to  be  so  adjusted  that  this  constant 
velocity  is  equal  to  unity.  Then  in  the  plane  of  the  function 
f  the  lines  for  which  q  =  1  are  represented  by  arcs  of  a  circle 
of  unit  radius,  having  the  origin  as  centre,  and  the  straight 
walls  (since  the  direction  of  the  flow  along  each  is  constant)  by 
radial  lines  drawn  outwards  from  the  circumference.  The  points 
where  these  lines  meet  the  circle  correspond  to  the  points  where 
the  bounding  stream-lines  change  their  character. 

Consider,  next,  the  function  log  f.  In  the  plane  of  this 
function  the  circular  arcs  for  which  q  =  1  become  transformed  into 
portions  of  the  imaginary  axis,  and  the  radial  lines  into  lines 
parallel  to  the  real  axis.  It  remains  then  to  frame  an  assumption 
of  the  form 

log  ?=/(«>) 
such  that  the  now  rectilinear  boundaries  shall  correspond,  in  the 

*  1.  c.  ante  p.  24. 

t  "Zur  Theorie  freier  Flussigkeitsstrablen, "  Crelle,  t.  Ixx.  (1869),  Ges.  Abh., 
p.  416;  see  also  Mechanik,  cc.  xxi.,  xxii.  Considerable  additions  to  the  subject 
bave  been  recently  made  by  Michell,  "  On  the  Theory  of  Free  Stream  Lines," 
Phil.  Trans.,  A.,  1890. 
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plane  of  w,  to  straight  lines  ^r  =  constant.  There  are  further 
conditions  of  correspondence  between  special  points,  one  on  the 
boundary,  and  one  in  the  interior,  of  each  area,  which  render  the 
problem  determinate.  These  will  be  specified,  so  far  as  is  neces- 
sary, as  occasion  arises.  The  problem  thus  presented  is  a  particular 
case  of  that  solved  by  Schwarz,  in  the  paper  already  cited.  His 
method  consists  in  the  conformal  representation  of  each  area  in 
turn  on  a  half-plane*;  we  shall  find  that,  in  such  simple  cases  as 
we  shall  have  occasion  to  consider,  this  can  be  effected  by  the 
successive  use  of  transformations  already  studied,  and  figured,  in 
these  pages. 

When  the  correspondence  between  the  planes  of  f  afrd  w  has 
been  established,  the  connection  between  z  and  w  is  to  be  found, 
by  integration,  from  the  relation  dzjdw  =  —  ?.  The  arbitrary  con- 
stant which  appears  in  the  result  is  due  to  the  arbitrary  position 
of  the  origin  in  the  plane  of  z. 

75.  We  take  first  the  case  of  fluid  escaping  from  a  large 
vessel  by  a  straight  canal  projecting  in  wards  -f.  This  is  the  two- 
dimensional  form  of  Borda's  mouthpiece,  referred  to  in  Art.  25. 


B' 


A'  & 

W 
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The  figure  shews  the  forms  of  the  boundaries  in  the  planes  of 

*  See  Forsyth,  Theory  of  Functions,  c.  xx. 

t  This  problem  was  first  solved  by  von  Helmholtz,  I.e.  ante  p.  24. 


104  MOTION   OF   A   LIQUID   IN   TWO   DIMENSIONS.      [CHAP.  IV 

z,  f,  w,  and  of  two  subsidiary  variables  z1}  z.2*.  A  reference  to 
the  diagram  on  p.  77  will  shew  that  the  relation 

*i  =  a?!  +  tyi  =  log? (1) 

transforms  the  boundaries  in  the  plane  of  f  into  the  axis  of  xl 
from  (oo  ,  0)  to  the  origin,  the  axis  of  yx  from  the  origin  to  (0,  -  2?r), 
and  the  line  yx  =  -  2?r  from  (0,  -  2?r)  to  (oo  ,  -  2?r),  respectively. 
If  we  now  put 

zz  =  x2  +  iy^.  =  cosh  ^ (2), 

these  boundaries  become  the  portions  of  the  axis  of  x2  for  which 
#2  >  1,  1  >  #2  >  —  1,  and  x2  <  —  1,  respectively ;  see  Art.  66,  1°.  It 
remains  to  transform  the  figure  so  that  the  positive  and  negative 
portions  of  the  axis  of  x2  shall  correspond  respectively  to  the  two 
bounding  stream-lines,  and  that  the  point  z2  =  0  (marked  /  in  the 
figure)  shall  correspond  to  w  =  —  oo  .  All  these  conditions  are  satis- 
fied by  the  assumption 

w  =  \ogz2 (3), 

(see  Art.  62),  provided  the  two  bounding  stream-lines  be  taken 
to  be  ^  =  0,  ty  =  —  7r  respectively.  In  other  words  the  final 
breadth  of  the  stream  (where  q  - 1)  is  taken  to  be  equal  to  TT. 
This  is  equivalent  to  imposing  a  further  relation  between  the  units 
of  length  and  time,  in  addition  to  that  already  adopted  in  Art.  74, 
so  that  these  units  are  now,  in  any  given  case,  determinate.  An 
arbitrary  constant  might  be  added  to  (3) ;  the  equation,  as  it 
stands,  makes  the  edge  A  of  the  canal  correspond  to  w  =  0. 

Eliminating  zlt  z.2)  we  get  f*  4-  £~*  =  2ew,  whence,  finally, 

f  =  -l  +  2#«'  + 2^(^-1)* (4). 

The  free  portion  of  the  stream-line  >/r=0  is  that  for  which  f  is  complex 
and  therefore  <£  <  0.  To  trace  its  form  we  remark  that  along  it  we 
have  -  dcfr/ds  —  q=l,  and  therefore  (f>  = —  s,  the  arc  being  measured 
from  the  edge  of  the  canal.  Also  f  =  dx/ds  +  idyjds.  Hence 

dx/ds  =  -  1  +  2e-2»,     dyjds  =  -  2e~s  (1  -  e~-s)? (5), 

or,  integrating, 

x  =  1  -  s  -  e~-\    y  =  -  \nr  +  e~s  (1  -  e~-s)^  +  sin-1  e~s . ..  (6), 
the  constants  of  integration  being  so  chosen  as  to  make  the  origin 
of  (x,  y)  coincide  with  the  point  A  of  the  first  figure.     For  s  =  oo  , 

*  The  heavy  lines  represent  rigid  boundaries,  and  the  fine  continuous  lines  the 
free  surfaces.  Corresponding  points  in  the  various  figures  are  indicated  by  the 
same  letters. 
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we  have  y  =  —  JTT,  which  shews  that,  on  our  scale,  the  total  breadth 
of  the  canal  is  2?r.  The  coefficient  of  contraction  is  therefore  J, 
in  accordance  with  Borda's  theory. 

If  we  put  dxfds  =  cos  6,  and  therefore  s  =  log  sec  £0,  we  get 

x  =  sin2 1(9  -log  sec  J0,     y  =  -J0  +  Jsin  0 (7), 

by  means  of  which  the  curve  in  question  is  easily  traced. 


Line   of   Symmetry. 


76.  The  solution  for  the  case  of  fluid  issuing  from  a  large 
vessel  by  an  aperture  in  a  plane  wall  is  analytically  very  similar. 
The  successive  steps  of  the  transformation,  viz. 

21  =  log  f,     -s^coshsj,     w  =  logz.2  ............  (1), 


A         T        A 


-I' 
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are  sufficiently  illustrated  by  the  figures.     We  thus  get 

?+?-l  =  2ew, 
or  f  =  ew  +  (e^-l)*  .....................  (2). 

For  the  free  stream-line  starting  from  the  edge  A  of  the  aperture 
we  have  ty  =••  0,  (/>  <  0,  whence 


-(l-e-^  ............  (3), 

x  =  1  -  *-,    y  =  (I  -  e~^  -  i  iogi±-          ......  (4)*, 


the  origin  being  taken  at  the  point  A.     If  we  put  dx/ds  =  cos  0, 
these  may  be  written 


x  =  2  sin2  £0,    y  =  sin  6  -  log  tan  (  J  TT  -f  1  0)  ......  (5). 


Line   of  '  Symmetry. 


When  s  =  oc  ,  we  have  x  —  1  ;  and  therefore,  since  on  our  scale 
the  final  breadth  of  the  stream  is  TT,  the  total  width  of  the  aperture 
is  represented  by  TT  +  2  ;  i.e.  the  coefficient  of  contraction  is 

7r(ir  +  2),  ='611. 


*  This  example  was  given  by  Kirchhoff  (I.e.),  and  discussed  more  fully  by  Lord 
Rayleigh,  "  Notes  on  Hydrodynamics,"  Phil.  May.,  December  1876. 
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77.  The  next  example  is  of  importance  in  the  theory  of  the 
resistance  of  fluids.  We  suppose  that  a  steady  stream  impinges 
directly  on  a  fixed  plane  lamina,  behind  which  is  a  region  of  dead 
water  bounded  on  each  side  by  a  surface  of  discontinuity. 

The  middle  stream-line,  after  meeting  the  lamina  at  right 
angles,  branches  off  into  two  parts,  which  follow  the  lamina  to  the 
edges,  and  thence  the  surfaces  of  discontinuity.  Let  this  be  the 
line  ty  =  0,  and  let  us  further  suppose  that  at  the  point  of 
divergence  we  have  0  =  0.  The  forms  of  the  boundaries  in  the 
planes  of  zy  f,  w  are  shewn  in  the  figures.  The  region  occupied 


z     f 


w 


A' 


A 

by  the  moving  fluid  corresponds  to  the  whole  of  the  plane  of 
w,  which  must  be  regarded  however  as  bounded  internally  by 
the  two  sides  of  the  line  ^r  =  0,  </>  <  0. 

As  in  Art.  76,  the  transformations 

*'=log,f  } ax 

z.2  —  cosh  Zi    ) 

give  us  as  boundaries  the  segments  of  the  axis  y2=  0  made  by  the 
points  #2=  +  1.  The  further  assumption 

*  — *• (2), 

converts  these  into  segments  of  the  negative  portion  of  the  axis 
?/3  =  0,  taken  twice.  The  boundaries  now  correspond  to  those  of 
the  plane  w,  except  that  to  w  =  0  corresponds  53  =  oo ,  and  con- 
versely. The  transformation  is  therefore  completed  by  putting 

w=*rl  (3). 

Hence,  finally,  t  =  (  -  -Y  +  (  -  -  -    ^ 

\     wJ       \     w 
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For  -v/r  =  0,  and  0  >  (/»  —  1,  £  is  real  ;  this  corresponds  to  the  portion 
CA  of  the  stream-line.  To  find  the  breadth  I  of  the  lamina  on 
the  scale  of  our  formulae,  we  have,  putting  </>  =  -  <£', 


For  the  free  portion  A  I  of  the  stream-line,  we  have  <f>  <  —  1,  and 
therefore,  putting  </>  =  —  !  —  s, 


Hence,  taking  the  origin  at  the  centre  of  the  lamina, 

x  =  \ir  +  2  (1  +  «)*,     y  =  {s  (1  +  *)}*  -  log  {«*  +  (1  +  «)*}, 

or,  putting  s  =  tan2  ^, 

a?  =  ITT  +  2  sec  0,     y  =  tan  0  sec  6  —  log  tan  (J?r  +%&)  ......  (7). 


Line   of  Symmetry. 


The  excess  of  pressure  at  any  point  on  the  anterior  face  of  the 
lamina  is,  by  Art.  24  (7), 


the  constant  being  chosen  so  as  to  make  this  vanish  at  the  surface 
of  discontinuity.     To  find  the  resulting  force  on  the  lamina  we 
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must  multiply  by  dx  and  integrate  between    the   proper   limits. 
Thus  since,  at  the  face  of  the  lamina, 


we  find 
•i 


(9). 

This  result  has  been  obtained  on  the  supposition  of  special 
units  of  length  and  time,  or  (if  we  choose  so  to  regard  the  matter) 
of  a  special  value  (unity)  of  the  general  stream-velocity,  and  a 
special  value  (4  +  7r)  of  the  breadth  of  the  lamina.  It  is  evident 
from  Art.  24  (7),  and  from  the  obvious  geometrical  similarity  of 
the  motion  in  all  cases,  that  the  resultant  pressure  (P0,  say) 
will  vary  directly  as  the  square  of  the  general  velocity  of  the 
stream,  and  as  the  breadth  of  the  lamina,  so  that  for  an  arbitrary 
velocity  qQ,  and  an  arbitrary  breadth  I,  the  above  result  becomes 

or  '£4tQpqQzl. 

78.  If  the  stream  be  oblique  to  the  lamina,  making  an  angle  a, 
say,  with  its  plane,  the  problem  is  altered  in  the  manner  indicated 
in  the  figures. 


11' 

A' 


r 
The  first  two  steps  of  the  transformation  are  the  same  as  before,  viz. 


*  Kirchhoff,  I.  c.  ante  p.  102  ;  Lord  Eayleigh,  "On  the  Resistance  of  Fluids, 
Phil.  Mag.,  Dec.  1876. 
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and  we  note  that  for  the  point  /  which  represents  the  parts  of  the  stream-line 
^  =  0  for  which  </>  =  +  oc  ,  we  now  have 

£  =  e~l  (TC~a\         zl=—(ir  —  a)  ?',         z.2  =  -  cos  a. 
The  remaining  step  is  then  given  by 

(*2  +  COSa)2=--, 

leading  to 

f,  -cosa  + 


-  I)*  +  {(^w)t-  cosa)2-!}*  ..................  (i)* 


Along  the  surface  of  the  lamina  we  have  >//•  =  ()  and  £  real,  so  that  the 
corresponding  values  of  <f>  range  between  the  limits  given  by 


The  resultant  pressure  is  to  be  found  as  in  Art.  77  from  the  formula 


T,.  1  l-/3cosa 

If  we  put  77Y-  cosa=  -=-*-      —  . 

05  /3-COSa   ' 

the  limits  of  /3  are  ±1,  and  the  above  expression  becomes 


sma_1  sma 

The  relation  between  x  and  |8  for  any  point  of  the  lamina  is  given  by 


sin*  a 


the  origin  being  chosen  so  that  x  shall  have  equal  and  opposite  values  when 
j8=  ±1|  i-c-  ^  is  taken  at  the  centre  of  the  lamina.  The  breadth  is  therefore, 
on  the  scale  of  our  formulae, 

4+7rsina 


sin4  a 


(iv). 


We  infer  from  (ii)  and  (iv)  that  the  resultant  pressure  (P0)  on  a  lamina  of 
breadth  £,  inclined  at  an  angle  a  to  the  general  direction  of  a  stream  of 
velocity  qQ,  will  be 

TT  sin  a 


*  The  solution  was  carried  thus  far  by  Kirchhoff  (Crelle,  I.  c.);  the  subsequent 
discussion  is  taken  substantially  from  the  paper  by  Lord  Eayleigh. 
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To  find  the  centre  of  pressure  we  take  moments  about  the  origin.     Thus 


J^x(l-lP)*dfi 


the  remaining  terms  under  the  integral  sign  being  odd  functions  of  0  and 
therefore  contributing  nothing  to  the  final  result.  The  value  of  the  last 
integral  is  |TT,  so  that  the  moment 

TT  3  cos  a 


sin3  a        4  sin4  a ' 

The  first  factor  represents  the  total  pressure ;  the  abscissa  x  of  the  centre  of 
pressure  is  therefore  given  by  the  second,  or  in  terms  of  the  breadth, 


cos  a 


This  shews  that  the  point  in  question  is  on  the  up-stream  side  of  the 
centre.  As  a  decreases  from  ^n  to  0,  x  increases  from  0  to  ^l.  Hence  if 
the  lamina  be  free  to  turn  about  an  axis  in  its  plane  coincident  with  the 
medial  line,  or  parallel  to  this  line  at  a  distance  of  not  more  than  ^  of  the 
breadth,  the  stable  position  will  be  that  in  which  it  is  broadside  on  to  the 
stream. 

In  the  following  table,  derived  from  Lord  Rayleigh's  paper,  the  column  I 
gives  the  excess  of  pressure  on  the  anterior  face,  in  terms  of  its  value  when 
a  =  0;  whilst  columns  II  and  III  give  respectively  the  distances  of  the  centre 
of  pressure,  and  of  the  point  where  the  stream  divides,  from  the  middle  point 
of  the  lamina,  expressed  as  fractions  of  the  total  breadth. 


a 

I 

II 

III 

90° 

1-000 

•000 

•000 

70° 

•965 

•037 

•232 

50° 

•854 

•075 

•402 

30° 

•641 

•117 

•483 

20° 

•481 

•139 

•496 

10° 

•273 

•163 

•500 

The  results  contained  in  column  I  are  in  good  agreement  with  some 
experiments  by  Vince  (Phil.  Trans.  1798). 
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79.  An  interesting  variation  of  the  problem  of  Art.  77  has 
been  discussed  by  Bobyleff*.  A  stream  is  supposed  to  impinge 
symmetrically  on  a  bent  lamina  whose  section  consists  of  two 
equal  straight  lines  forming  an  angle. 

If  2a  be  the  angle,  measured  on  the  down-stream  side,  the  boundaries  of 
the  plane  of  £  can  be  transformed,  so  as  to  have  the  same  shape  as  in  the 
Art.  cited,  by  the  assumption 

<T=cr, 

provided  C  and  n  be  determined  so  as  to  make  ^  =  1  when  £=eTMi7r~a),  and 
('=  -  I  when  £=e-*+a>.     This  gives 


The  problem  is  thus  reduced  to  the  former  case,  viz.  we  have 


<=' 

Hence  for  \^  =  0,  and  0>$>  -  1,  we  have,  putting  0=  -0'  as  before, 


The  subsequent  integrations  are  facilitated  by  putting  g  =  t-n,  whence 

<t>'  =  ,i   .  ,NS- 


We  have  here  used  the  formulae 


where 

Since  q  =  d<f>'/ds,  where  8s  is  an  element  of  a  stream -line,  the  breadth  of 
either  half  of  the  lamina  is  given  by  (iii),  viz.  it  is 

2a      4a2  P  t~^v  , 
H h— 5-  I  ^ (v). 

^  7T    ^    7T2   Jo   1+^ 


*  Journal  of  the  Russian  Physico-Chemical  Society,  t.  xiii.  (1881);  Wiedemann's 
BeibUitter,  t.  vi.,  p.  163. 
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The  definite  integral  which  occurs  in  this  expression  can  be  calculated  from 
the  formula 


where  ¥(£)»    =d/dt.  logn  (£),  is  the  function  introduced  and  tabulated  by 
Gauss*. 

The  normal  pressure  on  either  half  is,  by  the  method  of  Art.  77, 


sin  §nir 
2a2 

'  TT  sin  a ' 

The  resultant  pressure  in  the  direction  of  the  stream  is  therefore 

4a2 


(vii). 


of 


Hence,  for  any  arbitrary  velocity  qQ  of  the  stream,  and  any  breadth   b 
either  half  of  the  lamina,  the  resultant  pressure  is 

4a2 
P=~£.pq<>*1>  .................................  (viii), 

where  L  stands  for  the  numerical  quantity  (v). 

For  a=^7r,  we  have  L  —  2  +  |TT,  leading  to  the  same  result  as  in  Art.  77  (10). 

In  the  following  table,  taken  (with  a  slight  modification)  from  Bobyleff's 
paper,  the  second  column  gives  the  ratio  P/PQ  of  the  resultant  pressure  to 


a 

PIP, 

Pjpq^bsiYia 

PjPQ  sin  a 

10° 

•039 

•199 

•227 

20° 

•140 

•359 

•409 

30° 

•278 

•489 

•555 

40° 

•433 

•593 

•674 

45° 

•512 

•637 

•724 

50° 

•589 

•677 

•769 

60° 

•733 

•745 

•846 

70° 

•854 

•800 

•909 

80° 

•945 

•844 

•959 

90° 

1-000 

•879 

1-000 

100° 

1-016 

•907 

1-031 

110° 

•995 

•931 

1-059 

120° 

•935 

•950 

1-079 

130° 

•840 

•964 

1-096 

135° 

•780 

•970 

1-103 

140° 

•713 

•975 

1-109 

150° 

•559 

•984 

1-119 

160° 

•385 

•990 

1-126 

170° 

•197 

•996 

1-132 

*  "  Disquisitiones  generates  circa  seriem  infinitam,"  Werke,  GSttingen,  1870—77, 
t.  iii.,  p.  161. 
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that  experienced  by  a  plane  strip  of  the  same  area.  This  ratio  is  a  maximum 
when  a  =  100°,  about,  the  lamina  being  then  concave  on  the  up-stream  side. 
In  the  third  column  the  ratio  of  P  to  the  distance  (26  sin  a)  between  the 
edges  of  the  lamina  is  compared  with  %pqQ2.  For  values  of  a  nearly  equal 
to  180°,  this  ratio  tends  to  the  value  unity,  as  we  should  expect,  since  the 
fluid  within  the  acute  angle  is  then  nearly  at  rest,  and  the  pressure-excess 
therefore  practically  equal  to  ^pqQ2.  The  last  column  gives  the  ratio  of  the 
resultant  pressure  to  that  experienced  by  a  plane  strip  of  breadth  26  sin  a. 

80.  One    remark,    applicable    to    several    of   the   foregoing 
investigations,  ought  not  to  be  omitted  here.     It  will  appear  at  a 
later  stage   in   our   subject    that   surfaces   of  discontinuity   are, 
as  a  rule,  highly  unstable.     This   instability  may,  however,  be 
mitigated   by  viscosity ;    moreover   it   is   possible,   as   urged  by 
Lord  Rayleigh,  that  in  any  case  it  may  not  seriously  affect  the 
character  of  the  motion  within  some  distance  of  the  points  on  the 
rigid   boundary   at    which   the   surfaces   in   question   have  their 
origin. 

Flow  in  a  Curved  Stratum. 

81.  The  theory  developed  in  Arts.  59,  60,  may  be   readily 
extended  to  the  two-dimensional  motion  of  a  curved  stratum  of 
liquid,   whose   thickness   is   small   compared   with   the   radii    of 
curvature.     This  question  has  been  discussed,  from  the  point  of 
view  of  electric  conduction,  by  Boltzmann*,  Kirchhofff,  Topler§, 
and  others. 

As  in  Art.  59,  we  take  a  fixed  point  A,  and  a  variable  point  P, 
on  the  surface  defining  the  form  of  the  stratum,  and  denote  by  -^ 
the  flux  across  any  curve  AP  drawn  on  this  surface.  Then  ^r  is  a 
function  of  the  position  of  P,  and  by  displacing  P  in  any  direction 
through  a  small  distance  Ss,  we  find  that  the  flux  across  the 
element  Ss  is  given  by  d^/ds .  &s.  The  velocity  perpendicular  to 
this  element  will  be  ty/hSs,  where  h  is  the  thickness  of  the 
stratum,  not  assumed  as  yet  to  be  uniform. 

If,  further,  the  motion  be  irrotational,  we  shall  have  in  addition 
a  velocity-potential  </>,  and  the  equipotential  curves  </>  =  const,  will 
cut  the  stream-lines  -^  =  const,  at  right  angles. 

*  Wiener  Sitzungsberichte,  t.  lii.,  p.  214  (1865). 

t  Berl  Monatsber.,  July  19,  1875  ;  Ges.  Abh.,  p.  56. 

§  Pogg.  Ann.,  t.  clx.,  p.  375  (1877). 
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In  the  case  of  uniform  thickness,  to  which  we  now  proceed,  it 
is  convenient  to  write  ^r  for  ty/h,  so  that  the  velocity  perpendicular 
to  an  element  §s  is  now  given  indifferently  by  d^rjds  and  d<f>/dn, 
8n  being  an  element  drawn  at  right  angles  to  Ss  in  the  proper 
direction.  The  further  relations  are  then  exactly  as  in  the  plane 
problem  ;  in  particular  the  curves  <f>  =  const.,  -fy  =  const.,  drawn  for 
a  series  of  values  in  arithmetic  progression,  the  common  difference 
being  infinitely  small  and  the  same  in  each  case,  will  divide  the 
surface  into  elementary  squares.  For,  by  the  orthogonal  property, 
the  elementary  spaces  in  question  are  rectangles,  and  if  8sl}  Ss2  be 
elements  of  a  stream-line  and  an  equipotential  line,  respectively, 
forming  the  sides  of  one  of  these  rectangles,  we  have  dyfr/ds2 
=  d$/dsl}  whence  Bsl  =  Ss2,  since  by  construction  &*/r=£^>. 

Any  problem  of  irrotational  motion  in  a  curved  stratum  (of 
uniform  thickness)  is  therefore  reduced  by  orthomorphic  projection 
to  the  corresponding  problem  in  piano.  Thus  for  a  spherical 
surface  we  may  use,  among  an  infinity  of  other  methods,  that 
of  stereograph ic  projection.  As  a  simple  example  of  this,  we  may 
take  the  case  of  a  stratum  of  uniform  depth  covering  the  surface  of 
a  sphere  with  the  exception  of  two  circular  islands  (which  may  be 
of  any  size  and  in  any  relative  position).  It  is  evident  that  the 
only  (two-dimensional)  irrotational  motion  which  can  take  place 
in  the  doubly-connected  space  occupied  by  the  fluid  is  one  in 
which  the  fluid  circulates  in  opposite  directions  round  the  two 
islands,  the  cyclic  constant  being  the  same  in  each  case.  Since 
circles  project  into  circles,  the  plane  problem  is  that  solved  in 
Art.  64,  2°,  viz.  the  stream-lines  are  a  system  of  coaxal  circles  with 
real  'limiting  points'  (A,  B,  say),  and  the  equipotential  lines  are 
the  orthogonal  system  passing  through  A,  B.  Returning  to  the 
sphere,  it  follows  from  well-known  theorems  of  stereographic  pro- 
jection that  the  stream-lines  (including  the  contours  of  the  two 
islands)  are  the  circles  in  which  the  surface  is  cut  by  a  system  of 
planes  passing  through  a  fixed  line,  viz.  the  intersection  of  the 
tangent  planes  at  the  points  corresponding  to  A  and  B,  whilst 
the  equipotential  lines  are  the  circles  in  which  the  sphere  is  cut 
by  planes  passing  through  these  points*. 

*  This  example  is  given  by  Kirchhoff,  in  the  electrical  interpretation,  the 
problem  considered  being  the  distribution  of  current  in  a  uniform  spherical 
conducting  sheet,  the  electrodes  being  situate  at  any  two  points  A,  B  of  the  surface. 

8—2 
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In  any  case  of  transformation  by  orthomorphic  projection, 
whether  the  motion  be  irrotational  or  not,  the  velocity  (d\jrjdn)  is 
transformed  in  the  inverse  ratio  of  a  linear  element,  and  therefore 
the  kinetic  energies  of  the  portions  of  the  fluid  occupying  corre- 
sponding areas  are  equal  (provided,  of  course,  the  density  and 
the  thickness  be  the  same).  In  the  same  way  the  circulation 
(fdty/dn.ds)  in  any  circuit  is  unaltered  by  projection. 


CHAPTER  V. 

IRROTATIONAL    MOTION    OF    A    LIQUID  I     PROBLEMS   IN 
THREE   DIMENSIONS. 

82.  OF  the  methods  available  for  obtaining  solutions  of  the 
equation 

V2<£  =  0 0), 

in  three  dimensions,  the  most  important  is  that  of  Spherical 
Harmonics.  This  is  especially  suitable  when  the  boundary  condi- 
tions have  relation  to  spherical  or  nearly  spherical  surfaces. 

For  a  full  account  of  this  method  we  must  refer  to  the  special 
treatises*,  but  as  the  subject  is  very  extensive,  and  has  been 
treated  from  different  points  of  view,  it  may  be  worth  while  to 
give  a  slight  sketch,  without  formal  proofs,  or  with  mere  indica- 
tions of  proofs,  of  such  parts  of  it  as  are  most  important  for  our 
present  purpose. 

It  is  easily  seen  that  since  the  operator  V2  is  homogeneous 
with  respect  to  x,  y,  z,  the  part  of  c/>  which  is  of  any  specified 
algebraic  degree  must  satisfy  (1)  separately.  Any  such  homo- 
geneous solution  of  (1)  is  called  a  'solid  harmonic'  of  the  algebraic 
degree  in  question.  If  <f>n  be  a  solid  harmonic  of  degree  n,  then 
if  we  write 

$n=rnSn (2), 

*  Todhunter,  Functions  of  Laplace,  &c.,  Cambridge,  1875.  Ferrers,  Spherical 
Harmonics,  Cambridge,  1877.  Heine,  Handbuch  der  Kttgelfunctionen,  2nd  ed., 
Berlin,  1878.  Thomson  and  Tait,  Natural  Philosophy,  2nd  ed.,  Cambridge,  1879, 
t.  i.,  pp.  171—218. 

For  the  history  of  the  subject  see  Todhunter,  History  of  the  Theories  of  Attrac- 
tion, c0c.,  Cambridge,  1873,  t.  ii. 
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Sn  will  be  a  function  of  the  direction  (only)  in  which  the  point 
(x,  y,  z)  lies  with  respect  to  the  origin ;  in  other  words,  a  function 
of  the  position  of  the  point  in  which  the  radius  vector  meets  a 
unit  sphere  described  with  the  origin  as  centre.  It  is  therefore 
called  a  '  surface-harmonic '  of  order  n. 

To  any  solid  harmonic  <frn  of  degree  n  corresponds  another  of 
degree  —  n—  1,  obtained  by  division  by  rm+1;  i.e.  <£  =  r~'2n~l<f)n  is 
also  a  solution  of  (1).  Thus,  corresponding  to  any  surface  har- 
monic Sn,  we  have  the  two  solid  harmonics  rnSn  and  r~*l~lSn. 

83.  The  most  important  case  is  when  n  is  integral,  and  when 
the  surface-harmonic  Sn  is  further  restricted  to  be  finite  over  the 
unit  sphere.  In  the  form  in  which  the  theory  (for  this  case)  is 
presented  by  Thomson  and  Tait,  and  by  Maxwell*,  the  primary 
solution  of  (1)  is 

<!>-!  =  A  IT (3). 

This  represents  as  we  have  seen  (Art.  56)  the  velocity-potential 
due  to  a  point-source  at  the  origin.  Since  (1)  is  still  satisfied 
when  <j)  is  differentiated  with  respect  to  x,  yy  or  z,  we  derive  a 
solution 

d_         d^         d\l 

This  is  the  velocity-potential  of  a  double-source  at  the  origin, 
having  its  axis  in  the  direction  (I,  m,  n).  The  process  can  be 
continued,  and  the  general  type  of  solid  harmonic  obtainable  in 
this  way  is 

•  4  tv  J-  /  »r  \ 


,  d       ,    d  d          d 

where  -==-  =  18  -j- -  +  m8  -j-  +  ns  -j-  , 

dhs         dx          dy         dz 

18>  ™>s,  ns  being  arbitrary  direction-cosines. 

This  may  be  regarded  as  the  velocity-potential  of  a  certain 
configuration  of  simple  sources  about  the  origin,  the  dimensions 
of  this  system  being  small  compared  with  r.  To  construct  this 
system  we  premise  that  from  any  given  system  of  sources  we  may 

*  Electricity  and  Magnetism,  c.  ix. 
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derive  a  system  of  higher  order  by  first  displacing  it  through  a 
space  %hg  in  the  direction  (1S)  ms,  ns\  and  then  superposing  the 
reversed  system,  supposed  displaced  from  its  original  position 
through  a  space  ^hs  in  the  opposite  direction.  Thus,  beginning 
with  the  case  of  a  simple  source  0  at  the  origin,  a  first  application 
of  the  above  process  gives  us  two  sources  0+,  0_  equidistant  from 
the  origin,  in  opposite  directions.  The  same  process  applied  to  the 
system  0+,  0_  gives  us  four  sources  0+  +  ,  0_+,  0+_,  0  __  at  the 
corners  of  a  parallelogram.  The  next  step  gives  us  eight  sources  at 
the  corners  of  a  parallelepiped,  and  so  on.  The  velocity-potential, 
at  a  distance,  due  to  an  arrangement  of  2n  sources  obtained  in 
this  way,  will  be  given  by  (5),  where  A  =  m'hji2...hn)  m'  being  the 
strength  of  the  original  source  at  0.  The  formula  becomes  exact, 
for  all  distances  r,  when  hlt  h.2,...hn  are  diminished,  and  m  in- 
creased, indefinitely,  but  so  that  A  is  finite. 


The  surface  -harmonic  corresponding  to  (5)  is  given  by 

fin  1 


(6), 


.  .  .dhn  r 
and  the  complementary  solid  harmonic  by 

(7). 


By  the  method  of  '  inversion  *,'  applied  to  the  above  configura- 
tion of  sources,  it  may  be  shewn  that  the  solid  harmonic  (7)  of 
positive  degree  n  may  be  regarded  as  the  velocity-potential  due 
to  a  certain  arrangement  of  2n  simple  sources  at  infinity. 

The  lines  drawn  from  the  origin  in  the  various  directions 
(ls,  ms,  ns)  are  called  the  'axes'  of  the  solid  harmonic  (5)  or  (7), 
and  the  points  in  which  these  lines  meet  the  unit  sphere  are 
called  the  'poles'  of  the  surface  harmonic  Sn.  The  formula  (5) 
involves  2^+1  arbitrary  constants,  viz.  the  angular  co-ordinates 
(two  for  each)  of  the  n  poles,  and  the  factor  A.  It  can  be  shewn 
that  this  expression  is  equivalent  to  the  most  general  form  of 
surface-harmonic  which  is  of  integral  order  n  and  finite  over  the 
unit  sphere  f. 

*  Explained  by  Thomson  and  Tait,  Natural  Philosophy,  Art.  515. 
t  Sylvester,  Phil.  Mag.,  Oct.  1876. 
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84.  In  the  original  investigation  of  Laplace*,  the  equation 
V2<£  =  0  is  first  expressed  in  terms  of  spherical  polar  coordinates 
r,  6,  a),  where 

x  =  r  cos  0,     y  =  r  sin  6  cos  &>,     z  =  r  sin  6  sin  &>. 

The  simplest  way  of  effecting  the  transformation  is  to  apply 
the  theorem  of  Art.  37  (2)  to  the  surface  of  a  volume-element 
r§6 .  r  sin  OBco  .  §r.  Thus  the  difference  of  flux  across  the  two 
faces  perpendicular  to  r  is 


dr  \dr 

Similarly  for  the  two  faces  perpendicular  to  the  meridian  (&>= const.) 
we  find 

d  fdcb        .    a«      ,  \  I- 
r*  sin  uoo} .  or    bu 

)      ' 


and    for  the   two    faces   perpendicular  to  a  parallel  of  latitude 
(6  =  const.) 


sin 
Hence,  by  addition, 


9  d 

-T-lr*-       +-       sm- 


sin     c&> 

This  might  of  course  have  been  derived  from  Art.  82  (1)  by  the 
usual  method  of  change  of  independent  variables. 

If  we  now  assume  that  </>  is  homogeneous,  of  degree  n,  and  put 

<t>  =  r-Sn, 
we  obtain 


which  is  the  general  differential  equation  of  spherical  surface- 
harmonics.  Since  the  product  n  (n  +  1)  is  unchanged  in  value 
when  we  write  —  n  —  1  for  n,  it  appears  that 

+-r-*-*8n 

will  also  be  a  solution  of  (1),  as  already  stated. 

*  "  Th^orie  de  1'attraction  des  sph6roides  et  de  la  figure  des  planetes,"  Mem. 
de  VAcad.  roy.  des  Sciences,  1782;  Oeuvres  Completes,  Paris,  1878...,  t.  x.,  p.  341  ; 
Mecanique  Celeste,  Livre  2me,  c.  ii. 
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85.     In  the  case  of  symmetry  about  the  axis  of  x,  the  term 
disappears,  and  putting  cos  6  —  /JL  we  get 


the  differential  equation  of  'zonal'  harmonics*.  This  equation, 
containing  only  terms  of  two  different  dimensions  in  /z,  is  adapted 
for  integration  by  series.  We  thus  obtain 


1 


n(n  +  I)    .     (n-2)n(n  +  l)(n  +  S)  ) 

1.2   *  ~~iT27374T       ^      "j 


172.3.4.5 


The   series  which   here  present  themselves   are  of  the  kind 
called  '  hypergeometric  '  ;  viz.  if  we  write,  after  Gauss-f-, 


CC. 


1.2.8.7.7+1.7+2 
we  have 


+'"W 


±n,  1  +  K  f  ,  /t2).  .  .(4). 

The  series  (3)  is  of  course  essentially  convergent  when  x  lies  between  0 
and  1  ;  but  when  #=1  it  is  convergent  if,  and  only  if 

y-a-/3>0. 
In  this  case  we  have 


where  n  (z)  is  in  Gauss's  notation  the  equivalent  of  Euler's  r  (z+  1). 
The  degree  of  divergence  of  the  series  (3)  when 

y-a-/3<0, 
as  x  approaches  the  value  1,  is  given  by  the  theorem 

^(o,  ft-y,  x}  =  (l-xy-*-*F(y-a,  y-8,  y,  x)  ............  (H)|. 


*  So  called  by  Thomson  and  Tait,  because  the  nodal  lines  (Sn  =  0)  divide  the 
unit  sphere  into  parallel  belts. 
t  1.  c.  ante  p.  113. 
J  Forsyth,  Differential  Equations,  London,  1885,  c.  vi. 
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Since  the  latter  series  will  now  be  convergent  when  #  =  1,  we  see  that 

JX%A»«) 

becomes  divergent  as  (1  -  x)v~a~P  ; 

more  precisely,  for  values  of  x  infinitely  nearly  equal  to  unity,  we  have 

.     Il(y-l).  n(a  +  )3-y—  1)  ,,        NV-a-8  /•••\ 

r^^*^-a^h^^r^-^    .........  (m)' 

ultimately. 

For  the  critical  case  where      y  —  a  —  /3  =0, 
we  may  have  recourse  to  the  formula 


-f  F(a,fty,.r)  =  ^ 
dx  y 

which,  with  (ii),  gives  in  the  case  supposed 


The  last  factor  is  now  convergent  when  x  =  l,  so  that  F(at  ft  y,  x)  is 
ultimately  divergent  as  log  (\-x).  More  precisely  we  have,  for  values  of  x 
near  this  limit, 


86.  Of  the  two  series  which  occur  in  the  general  expression 
Art.  85  (2)  of  a  zonal  harmonic,  the  former  termioates  when  n  is 
an  even,  and  the  latter  when  n  is  an  odd  integer.  For  other 
values  of  n  both  series  are  essentially  convergent  for  values  of  ^ 
between  +  1,  but  since  in  each  case  we  have  7  —  a  —  $  =  0,  they 
diverge  at  the  limits  /*=  +  !,  becoming  infinite  as  log(l  —  /u,2). 

It  follows  that  the  terminating  series  corresponding  to  integral 
values  of  n  are  the  only  zonal  surface-harmonics  which  are  finite 
over  the  unit  sphere.  If  we  reverse  the  series  we  find  that  both 
these  cases  (n  even,  and  n  odd,)  are  included  in  the  formula 


n(n-l)(n-2)(n-3) 
^  2.4.(2n-l)(2»-3)  ^ 

*  For  n  even  this  corresponds  to  A  =  (-)l*    '     '    '"'"  -  •  ,  5  =  0;  whilst  for  n 

£>  .  4.  ..n 

odd  we  have  /I  =  0,  B  =  (  -  )i<n-D         '    '"n     .     See  Heine,  t.  i.  ,  pp.  12,  147. 

^  .  *...(«-  1) 
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where    the   constant   factor   has   been    adjusted   so   as    to   make 
Pn  (p)  =  1  for  fju  =  1.     The  formula  may  also  be  written 


The  series  (1)  may  otherwise  be  obtained  by  development  of 
Art.  83  (6),  which  in  the  case  of  the  zonal  harmonic  assumes  the 
form 

fjn    1 

Sn  =  Ar***£-  -  ........................  (3). 

dxn  r 

As  particular  cases  of  (2)  we  have 


The    function   Pn  (fi)  wras   first   introduced   into  analysis   by 
Legendre-J-  as  the  coefficient  of  hn  in  the  expansion  of 

(1  -  2fjJi  +  h*)-*. 

The  connection  of  this  with  our  present  point  of  view  is  that  if 
</>  be  the  velocity-potential  of  a  unit  source  on  the  axis  of  x  at 
a  distance  c  from  the  origin,  we  have,  on  Legendre's  definition, 
for  values  of  r  less  than  c, 


Each  term  in  this  expansion  must  separately  satisfy  V2$  =  0,  and 
therefore  the  coefficient  Pn  must  be  a  solution  of  Art.  85  (1). 
Since  Pn  is  obviously  finite  for  all  values  of  /u,,  and  becomes  equal 
to  unity  for  //,=  1,  it  must  be  identical  with  (1). 

For  values  of  r  greater  than  c,  the  corresponding  expansion  is 
0--+P1^  +  P1£+  .....................  (5). 

iy>  a  n-a  *  ^i3 

*  The  functions  Plt  P2,...P7  have  been  tabulated  by  Glaisher,  for  values  of  /A 
at  intervals  of  -01,  Brit.  Ass.  Reports,  1879. 

t  "  Sur  1'attraction  des  spheroides  homogenes,"  Mem.  des  Savans  Strangers,  t.  x., 
1785. 
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We  can  hence  deduce  expressions,  which  will  be  useful  to  us 
later,  for  the  velocity-potential  due  to  a  double-source  of  unit 
strength,  situate  on  the  axis  of  a?  at  a  distance  c  from  the  origin, 
and  having  its  axis  pointing  from  the  origin.  This  is  evidently 
equal  to  dty/dc,  where  <£  has  either  of  the  above  forms ;  so  that 
the  required  potential  is,  for  r  <  c, 

9  P               *}  P  f(\\ 

—  —  —  Zij.  ,  —  —  o.t  o  —  — \  O  /. 

f&  c^  c 

and  for  r  >  c, 

1  ^.2    '  2  |*3         '  *  \     /' 

The  remaining  solution  of  Art.  85  (1),  in  the  case  of  n  integral, 
can  be  put  into  the  more  compact  form* 


where 

2w-5 


7  -  P 

"H  —  — ; -L  n-i 

1  .  n  O  ^7fc  —  L) 

This  function  Qn  (/A)  is  sometimes  called  the  zonal  harmonic  '  of 
the  second  kind.' 

Thus 


(M)  =  i  (5^  -  8/i)  log  J-+     -  {/»•  +  f. 


*  This  is  equivalent  to  Art.  84  (4)  with,  for  n  even,  A  =  0,  B  =  ( -  )i«  t-      '  ;"7\x 

1  .  o...(/i  —  1) 

whilst  for  n  odd  we   have  A  =*(-)¥•*+*>    '  .'",  ,  ^  =  0.      See  Heine,    t.  i. 

3  .O...7t 

pp.  141,  147. 
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87.  When  we  abandon  the  restriction  as  to  symmetry  about 
the  axis  of  a?,  we  may  suppose  8nt  if  a  finite  and  single-  valued 
function  of  &>,  to  be  expanded  in  a  series  of  terms  varying  as  cos  so) 
and  sin  sw  respectively.  If  this  expansion  is  to  apply  to  the  whole 
sphere  (i.e.  from  G>  =  0  to  ay  =  2?r),  we  may  further  (by  Fourier's 
theorem)  suppose  the  values  of  s  to  be  integral.  The  differential 
equation  satisfied  by  any  such  term  is 


If  we  put 

Sn  =  (l-^)*v, 

this  takes  the  form 

(1-/O  J,-2(«  +  l)/.t|;  +  (n-«)(«  +  «  +  l)t;  =  0, 

which  is  suitable  for  integration  by  series.     We  thus  obtain 


(n-s-2)(n-s)(n+s+l)(n+s+3)   4 
1.2.3.4  ** 


5_  (  . 

'"" 


1.2.3,4.5 

the  factor  cos  sco  or  sin  sco  being  for  the  moment  omitted.     In  the 
hypergeometric  notation  this  may  be  written 


t*-i«,l+J«  +  i«.  !,/*•)}  ......  (3). 

These  expressions  converge  when  /*2  <  1,  but  since  in  each 
case  we  have 


the  series  become  infinite  as  (1  —  p?)~8  at  the  limits  /*=  +  !,  unless 
they  terminate*.  The  former  series  terminates  when  n—  s  is  an 
even,  and  the  latter  when  it  is  an  odd  integer.  By  reversing  the 

*  Lord  Rayleigh,  Theory  of  Sound,  London,  1877,  Art.  338. 
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series  we  can  express  both  these   finite  solutions  by  the  single 
formula 


2.4.(2n-l)(2n-3) 

On  comparison  with  Art.  86  (1)  we  find  that 


2   (2n  —  1) 

^-s-4-.J (4). 


(5). 


That  this  is  a  solution  of  (1)  may  of  course  be  verified  indepen- 
dently. 

Collecting  our  results  we  learn  that  a  surface-harmonic  which 
is  finite  over  the  unit  sphere  is  necessarily  of  integral  order,  and  is 
further  expressible,  if  n  denote  the  order,  in  the  form 

Sn  =  AQPn  (fi)  +  2;::(^ls  cos  sco  +  B8  sin  sco)  Tns  (p)  .  .  .  (6), 

containing  2n  +  1  arbitrary  constants.  The  terms  of  this  involving 
a)  are  called  '  tesseral  '  harmonics,  with  the  exception  of  the  last 
two,  which  are  given  by  the  formula 

(1  -  ffin  (An  cos  nco  -f  Bn  sin  nco), 

and  are  called  '  sectorial  '  harmonics  ;  the  names  being  suggested 
by  the  forms  of  the  compartments  into  which  the  unit  sphere  is 
divided  by  the  nodal  lines  Sn  =  0. 

The  formula  for  the  tesseral  harmonic  of  rank  s  may  be 
obtained  otherwise  from  the  general  expression  (6)  of  Art.  83 
by  making  n  —  s  out  of  the  n  poles  of  the  harmonic  coincide  at 
the  point  0  =  0  of  the  sphere,  and  distributing  the  remaining  s 
poles  evenly  round  the  equatorial  circle  0  =  ^7r. 

The  remaining  solution  of  (1),  in  the  case  of  n  integral  may  be 
put  in  the  form 

ns(fj,)  ............  (7), 


where  Un*  fa)  =  (1  -  ^  ..................  (8)-. 

This  is  sometimes  called  a  tesseral  harmonic  '  of  the  second  kind.' 

*  A  table  of  the  functions  Qn  (/*),  Un"  (/*),  for  various  values  of  n  and  s,  has  been 
given  by  Bryan,  Proc.  Camb.  Phil.  Soc.,  t.  vi.,  p.  297. 
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88.     Two  surface-harmonics  S,  8 '  are  said  to  be '  conjugate '  when 
JJSS'dv  =  0 (1), 

where  SOT  is  an  element  of  surface  of  the  unit  sphere,  and  the 
integration  extends  over  this  sphere. 

It  may  be  shewn  that  any  two  surface-harmonics,  of  different 
orders,  which  are  finite  over  the  unit  sphere,  are  conjugate,  and  also 
that  the  2n  +  1  harmonics  of  any  given  order  n,  of  the  zonal,  tes- 
seral,  and  sectorial  types  specified  in  Arts.  86,  87  are  all  mutually 
conjugate.  It  will  appear,  later,  that  tfhe  conjugate  property  is 
of  great  importance  in  the  physical  applications  of  the  subject. 

Since  SOT  =  sin  0S0S«  =  —  S/xSw,  we  have,  as  particular  cases  of 
this  theorem, 

'0 (2), 

0^  =  0 (3), 

-I 

ri 

and  Tms  (11) .  Tn*  (//,)  da  =  Q  (4), 

J  -i 

provided  ra,  n  are  unequal. 

For  ra  =  n,  it  may  be  shewn  that 


/:, 
i 


<"  +  '>'      2 (6).. 


Finally,  we  may  quote  the  theorem  that  any  arbitrary 
function  of  the  position  of  a  point  on  the  unit  sphere  can  be 
expanded  in  a  series  of  surface-harmonics,  obtained  by  giving  n 
all  integral  values  from  0  to  oc ,  in  Art.  87  (6).  The  formula)  (5) 
and  (6)  are  useful  in  determining  the  coefficients  in  this  expansion. 
For  the  analytical  proof  of  the  theorem  we  must  refer  to  the 
special  treatises ;  the  physical  grounds  for  assuming  the  possibility 
of  this  and  other  similar  expansions  will  appear,  incidentally,  in 
connection  with  various  problems. 

89.  As  a  first  application  of  the  foregoing  theory  let  us 
suppose  that  an  arbitrary  distribution  of  impulsive  pressure  is 
applied  to  the  surface  of  a  spherical  mass  of  fluid  initially  at  rest. 

*  Ferrers,  p.  86. 
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This  is  equivalent  to  prescribing  an  arbitrary  value  of  <£  over  the 
surface  ;   the  value  of  <f>  in  the  interior  is  thence  determinate, 
by  Art.  40.     To  find  it,  we  may  suppose  the  given  surface  value 
to  be  expanded,  in  accordance  with  the  theorem  quoted  in  Art.  88, 
in  a  series  of  surface-harmonics  of  integral  order,  thus 

<j)  =  S0  +  S1  +  S,+...+  Sn+  ..................  (1). 

The  required  value  is  then 

4>  =  8a+r-Sl+r+...+r8n+  ............  (2), 


for  this  satisfies  V2<£=0,  and  assumes  the  prescribed  form  (1) 
when  r  =  a,  the  radius  of  the  sphere. 

The  corresponding  solution  for  the  case  of  a  prescribed  value 
of  <f>  over  the  surface  of  a  spherical  cavity  in  an  infinite  mass  of 
liquid  initially  at  rest  is  evidently 


(3). 


Combining  these  two  results  we  get  the  case  of  an  infinite 
mass  of  fluid  whose  continuity  is  interrupted  by  an  infinitely  thin 
vacuous  stratum,  of  spherical  form,  within  which  an  arbitrary 
impulsive  pressure  is  applied.  The  values  (2)  and  (3)  of  <£  are  of 
course  continuous  at  the  stratum,  but  the  values  of  the  normal 
velocity  are  discontinuous,  viz.  we  have,  for  the  internal  fluid, 


and  for  the  external  fluid 

g  =  -  2  (n  +  l)8n/a. 

The  motion,  whether  internal  or  external,  is  therefore  that  due 
to  a  distribution  of  simple  sources  with  surface-density 


over  the  sphere.     See  Art.  58. 

90.  Let  us  next  suppose  that,  instead  of  the  impulsive 
pressure,  it  is  the  normal  velocity  which  is  prescribed  over  the 
spherical  surface;  thus 

...............  (1), 
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the  term  of  zero  order  being  necessarily  absent,  since  we  must 
have 


I 


^cfe  =  0. 
dr 


on  account  of  the  constancy  of  volume  of  the  included  mass. 
The  value  of  <£  for  the  internal  space  is  of  the  form 

nSn  +  .........  (3), 


for  this  is  finite  and  continuous,  and  satisfies  V2$  =  0,  and  the 
constants  can  be  determined  so  as  to  make  d<f>/dr  assume  the 
given  surface-value  (1);  viz.  we  have  nAnan~1  =  I.  The  required 
solution  is  therefore 


The  corresponding  solution  for  the  external  space  is  found  in 
like  manner  to  be 


(5)' 


The  two  solutions,  taken  together,  give  the  motion  produced 
in  an  infinite  mass  of  liquid  which  is  divided  into  two  portions 
by  a  thin  spherical  membrane,  when  a  prescribed  normal  velocity  is 
given  to  every  point  of  the  membrane,  subject  to  the  condition  (2). 

The  value  of  $  changes  from  aSSn/n  to  —  aZSn/(n  -f  1), 
as  we  cross  the  membrane,  so  that  the  tangential  velocity  is  now 
discontinuous.  The  motion,  whether  inside  or  outside,  is  that 
due  to  a  double-sheet  of  density 


,  w, 

4?r       n(n+  1) 

See  Art.  58. 

The  kinetic   energy  of  the   internal   fluid   is   given   by   the 
formula  (4)  of  Art.  44,  viz. 

chr  ............  (6), 


the  parts  of  the  integral  which  involve  products  of  surface  - 
harmonics  of  different  orders  disappearing  in  virtue  of  the 
conjugate  property  of  Art.  88. 

L.  9 
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For  the  external  fluid  we  have 

*dv  ......  (7). 


91.  A  particular,  but  very  important,  case  of  the  problem  of 
the  preceding  Article  is  that  of  the  motion  of  a  solid  sphere  in  an 
infinite  mass  of  liquid  which  is  at  rest  at  infinity.  If  we  take 
the  origin  at  the  centre  of  the  sphere,  and  the  axis  of  x  in  the 
direction  of  motion,  the  normal  velocity  at  the  surface  is 
ux/r,  =  u  cos  6,  where  u  is  the  velocity  of  the  centre.  Hence 
the  conditions  to  determine  </>  are  (1°)  that  we  must  have  V2<£  =  0 
everywhere,  (2°)  that  the  space-derivatives  of  <£  must  vanish  at 
infinity,  and  (3°)  that  at  the  surface  of  the  sphere  (r  =  a),  we  must 
have 


The  form  of  this  suggests  at  once  the  zonal  harmonic  of  the  first 
order  ;  we  therefore  assume 

<   d   1  .  cos  6 

<b  =  A-j  --  =  -  A-   -. 

UCC  T  r 

The  condition  (1)  gives  —  2A/a3  =  u,  so  that  the  required  solution 
is  </>  =  iu^cos0  .....................  (2)* 

It  appears  on  comparison  with  Art.  56  (4)  that  the  motion  of 
the  fluid  is  the  same  as  would  be  produced  by  a  double-source  of 
strength  ^ua3,  situate  at  the  centre  of  the  sphere.  For  the  forms 
of  the  stream-lines  see  p.  137. 

To  find  the  energy  of  the  fluid  motion  we  have 

cos20  .  2ira  sin  6  .  adO 


(3), 

if  m'  =  f  Trpa3.     It  appears,  exactly  as  in  Art.  68,  that  the  effect  of 
the  fluid  pressure  is  equivalent  simply  to  an  addition  to  the  inertia 

*  Stokes,  "  On  some  cases  of  Fluid  Motion,"  Gamb.  Trans,  t.  viii.  (1843)  ; 
Math,  and  Phys.  Papers,  t.  i.,  p.  41. 

Dirichlet,  "  Ueber  einige  Falle  in  welchen  sich  die  Bewegung  ernes  festen  Korpers 
in  einem  incompressibeln  fliissigen  Medium  theoretisch  bestimmen  lasst,"  Berl. 
Monatsber.,  1852. 
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of  the  solid,  the  amount  of  the  increase  being  now  half  the  mass 
of  the  fluid  displaced*. 

Thus  in  the  case  of  rectilinear  motion  of  the  sphere,  if  no 
external  forces  act  on  the  fluid,  the  resultant  pressure  is  equiva- 

lent to  a  force 

,du 

~mdi  ...........................  <*>• 

in  the  direction  of  motion,  vanishing  when  u  is  constant.  Hence 
if  the  sphere  be  set  in  motion  and  left  to  itself,  it  will  continue  to 
move  in  a  straight  line  with  constant  velocity. 

The  behaviour  of  a  solid  projected  in  an  actual  fluid  is  of 
course  quite  different  ;  a  continual  application  of  force  is  necessary 
to  maintain  the  motion,  and  if  this  be  not  supplied  the  solid  is 
gradually  brought  to  rest.  It  must  be  remembered  however,  in 
making  this  comparison,  that  in  a  '  perfect  '  fluid  there  is  no 
dissipation  of  energy,  and  that  if,  further,  the  fluid  be  incompres- 
sible, the  solid  cannot  lose  its  kinetic  energy  by  transfer  to  the 
fluid,  since,  as  we  have  seen  in  Chapter  in.,  the  motion  of  the 
fluid  is  entirely  determined  by  that  of  the  solid,  and  therefore 
ceases  with  it. 

If  we  wish  to  verify  the  preceding  results  by  direct  calculation  from  the 
formula 


we  must  remember,  as  in  Art.  68,  that  the  origin  is  in  motion,  and  that  the 
values  of  r  and  &  for  a  fixed  point  of  space  are  therefore  increasing  at  the 
rates  -  u  cos  0,  and  u  sin  6/r,  respectively.  We  thus  find,  for  r  =  a, 


p      •    at 

The  last  three  terms  are  the  same  for  surface-elements  in  the  positions  6  and 
TT  -  6  ;  so  that,  when  u  is  constant,  the  pressures  on  the  various  elements  of  the 
anterior  half  of  the  sphere  are  balanced  by  equal  pressures  on  the  correspond- 
ing elements  of  the  posterior  half.  But  when  the  motion  of  the  sphere  is 
being  accelerated  there  is  an  excess  of  pressure  on  the  anterior,  and  a  defect  of 
pressure  on  the  posterior  half.  The  reverse  holds  when  the  motion  is  being 
retarded.  The  resultant  effect  in  the  direction  of  motion  is 

*7T 

2rra  sin  6 .  add .  p  cos  0, 
o 

which  is  readily  found  to  be  equal  to  -  §7rpcs3  du/dt,  as  before. 

*  Green,  "On  the  Vibration  of  Pendulums  in  Fluid  Media,"  Edin.  Trans., 
1833 ;  Math.  Papers,  p.  322.    Stokes,  I.  c. 

9—2 
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92.  The  same  method  can  be  applied  to  find  the  motion 
produced  in  a  liquid  contained  between  a  solid  sphere  and  a  fixed 
concentric  spherical  boundary,  when  the  sphere  is  moving  with 
given  velocity  u. 

The  centre  of  the  sphere  being  taken  as  origin,  it  is  evident, 
since  the  space  occupied  by  the  fluid  is  limited  both  externally 
and  internally,  that  solid  harmonics  of  both  positive  and  negative 
degrees  are  admissible;  they  are  in  fact  required,  in  order  to 
satisfy  the  boundary  conditions,  which  are 

—  d<f>/dr  =  u  cos  6, 

for  r  -  a,  the  radius  of  the  sphere,  and 

d(j>ldr  =  0, 

for  r  =  6,  the  radius  of  the  external  boundary,  the  axis  of  x  being 
as  before  in  the  direction  of  motion. 

We  therefore  assume 

S0  .....................  (1), 


and  the  conditions  in  question  give 

2B  25 

^--=-u,     ^--jr-H 

a3  a3b3 

whence  A  =  j-r-    -  u,      B  =  ^j—    -u  ...............  (2). 

6s  —  a3  63  —  a3 

The  kinetic  energy  of  the  fluid  motion  is  given  by 


the  integration  extending  over  the  inner  spherical  surface,  since 
at  the  outer  we  have  d<f>/dr  =  0.     We  thus  obtain 


(3), 


where  m'  stands  for  f  Trpa3,  as  before.    It  appears  that  the  effective 
addition  to  the  inertia  of  the  sphere  is  now 


Stokes,  7.  c.  ante  p.  130. 
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As  b  diminishes  from  oo  to  a,  this  increases  continually  from 
to  GO  ,  in  accordance  with  Lord  Kelvin's  minimum  theorem  (Art.  45). 
In  other  words,  the  introduction  of  a  rigid  spherical  partition  in  an 
infinite  mass  of  liquid  acts  as  a  constraint  increasing  the  kinetic 
energy  for  a  given  velocity,  and  so  virtually  increasing  the  inertia 
of  the  system. 

93.  In  all  cases  where  the  motion  of  a  liquid  takes  place  in  a 
series  of  planes  passing  through  a  common  line,  and  is  the  same  in 
each  such  plane,  there  exists  a  stream-function  analogous  in  some 
of  its  properties  to  the  two-dimensional  stream-function  of  the 
last  Chapter.  If  in  any  plane  through  the  axis  of  symmetry  we 
take  two  points  A  and  P,  of  which  A  is  arbitrary,  but  fixed,  while 
P  is  variable,  then  considering  the  annular  surface  generated  by 
any  line  AP,  it  is  plain  that  the  flux  across  this  surface  is  a 
function  of  the  position  of  P.  Denoting  this  function  by  2-Tn/r, 
and  taking  the  axis  of  x  to  coincide  with  that  of  symmetry,  we 
may  say  that  ty  is  a  function  of  x  and  vr,  where  x  is  the  abscissa  of 
P,  and  CT,  =  (y2  +  z2)*,  is  its  distance  from  the  axis.  The  curves 
ijr  =  const,  are  evidently  stream-lines. 

If  P'  be  a  point  infinitely  near  to  P  in  a  meridian  plane,  it 
follows  from  the  above  definition  that  the  velocity  normal  to  PP' 
is  equal  to 


27TOT.PP" 

whence,  taking  PP'  parallel  first  to  or  and  then  to  x, 

1  d^  1  d^ 

u=  ---  ^-  ,     u  =  -     f-  ..................  (1), 

&  div  OT  dx 

where  u  and  u  are  the  components  of  fluid  velocity  in  the  directions 
of  x  and  OT  respectively,  the  convention  as  to  sign  being  similar  to 
that  of  Art.  59. 

These  kinematical  relations  may  also  be  inferred  from  the 
form  which  the  equation  of  continuity  takes  under  the  present 
circumstances.  If  we  express  that  the  total  flux  into  the  annular 
space  generated  by  the  revolution  of  an  elementary  rectangle 
is  zero,  we  find 

(V  .  27TW&C)  &T  =  0, 


. 
CiX  Cttzr 
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s-B+w"=  ..................    > 

which  shews  that  TZV  .  dx  —  tan  .  dtz 

is  an  exact   differential.     Denoting   this   by  d^jr  we   obtain  the 
relations  (1)*. 

So  far  the  motion  has  not  been  assumed  to  be  irrotational  ; 
the  condition  that  it  should  be  so  is 

dv     du 

1  ---  7  -    -  ^J 

dx     der 
which  leads  to 


__ 
da?  +  d^     *  dv  ~ 

The  differential  equation  of  </>  is  obtained  by  writing 

dd>  dd> 

u  =  -  -f  ,      v  =  —  -J- 

dx  der 

in  (2),  viz.  it  is  ?*+£*,+  -  f*  =  0  ..................  (4). 

dx2     d^     OT  dvr 

It  appears  that  the  functions  </>  and  ty  are  not  now  (as  they  were 
in  Art.  62)  interchangeable.  They  are,  indeed,  of  different  dimen- 
sions. 

The  kinetic  energy  of  the  liquid   contained   in   any   region 
bounded  by  surfaces  of  revolution  about  the  axis  is  given  by 


(5), 


&s  denoting  an  element  of  the  meridian  section  of  the  bounding 
surfaces,  and  the  integration  extending  round  the  various  parts  of 
this  section,  in  the  proper  directions.  Compare  Art.  61. 

*  The  stream-function  for  the  case  of  symmetry  about  an  axis  was  introduced 
in  this  manner  by  Stokes,  "On  the  Steady  Motion  of  Incompressible  Fluids," 
Cairib.  Trans.,  t.  vii.  (1842)  ;  Math,  and  Phys.  Papers,  t.  i.,  p.  14.  Its  analytical 
theory  has  been  treated  very  fully  by  Sampson,  "  On  Stokes'  Current-Function," 
Phil.  Trans.  A.,  1891. 
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94.  The  velocity-potential  due  to  a  unit  source  at  the  origin 
is 

*  =  l/r  ..............................  (1). 

The  flux  through  any  closed  curve  is  in  this  case  numerically  equal 
to  the  solid  angle  which  the  curve  subtends  at  the  origin.  Hence 
for  a  circle  with  Ox  as  axis,  whose  radius  subtends  an  angle  6  at  0, 
we  have,  attending  to  the  sign, 

2-m/r  =  -  2-7T  (1  -  cos  6). 
Omitting  the  constant  term  we  have 

x     dr  . 

•dr  =  -=-=-  ..............................  (2). 

r      dx 

The  solutions  corresponding  to  any  number  of  simple  sources 
situate  at  various  points  of  the  axis  of  x  may  evidently  be  super- 
posed ;  thus  for  the  double-source 

d   1      cos  6 


dzr         OT2         sin20 
we  have  ^  =  -  —  =  --  -  =  ---  ...............  (4). 

dx2         r3  r 

And,  generally,  to  the  zonal  solid  harmonic  of  degree   -n  —  1, 
viz.  to 


corresponds  -^  =  A  (6)*. 

CvU/ 

A  more  general  formula,  applicable  to  harmonics  of  any 
degree,  fractional  or  not,  may  be  obtained  as  follows.  Using 
spherical  polar  coordinates  r,  6,  the  component  velocities  along 
r,  and  perpendicular  to  r  in  the  plane  of  the  meridian,  are 
found  by  making  the  linear  element  PP'  of  Art.  93  coincide 
successively  with  rW  and  Sr,  respectively,  viz.  they  are 

1       d*  Id*  ^ 


r  sin  6  rdQ '        r  sin  6  dr  " 

*  Stefan,  "  Ueber  die  Eraftlinien  eines  um  eine  Axe  symmetrischen  Feldes," 
Wied.  Ann.,  t.  xvii.  (1882). 
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Hence  in  the  case  of  irrotational  motion  we  have 


-    n 
-f  ,      -f-  =  —  sm0  ,J-  ............  (8). 

dr'      dr  d6 


Thus  if  0=r*Sn  ..............................  (9), 

where  8n  is  any  surface-harmonic  symmetrical  about  the  axis,  we 
have,  putting  p  =  cos  0, 


n, 

dr 

The  latter  equation  gives 

^'  ...............  do), 


which  must  necessarily  also  satisfy  the  former;   this  is  readily 
verified  by  means  of  Art.  85  (1). 

Thus  in  the  case   of  the   zonal   harmonic   Pn,   we    have   as 
corresponding  values 


and  <f>  =  r~n~l  Pn  (/A),    i|r  =  —  r~n  (1  —  /^2)    ,     (12), 

of  which  the  latter  must  be  equivalent  to  (5)  and  (6).  The  same 
relations  hold  of  course  with  regard  to  the  zonal  harmonic  of  the 
second  kind,  Qn. 

95.  We  saw  in  Art.  91  that  the  motion  produced  by  a  solid 
sphere  in  an  infinite  mass  of  liquid  was  that  due  to  a  double- 
source  at  the  centre.  Comparing  the  formulae  there  given  with 
Art.  94  (4),  it  appears  that  the  stream-function  due  to  the 
sphere  is 

*  2        ,v,  " V    /* 


The  forms  of  the  stream-lines  corresponding  to  a  number  of  equidistant 
values  of  ^  are  shewn  on  the  opposite  page.  The  stream-lines  relative  to  the 
sphere  are  figured  in  the  diagram  near  the  end  of  Chapter  vu. 
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Again,  the  stream -function  due  to  two  double-sources  having 
their  axes  oppositely  directed  along  the  axis  of  xt  will  be  of  the 
form 


^  = 

T        ris 


where  rly  r2  denote  the  distances  of  any  point  from  the  positions, 
PI  and  P2>  say,  of  the  two  sources.  At  the  stream-surface  i/r  =  0 
we  have 
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i.e.  the  surface  is  a  sphere  in  relation  to  which  Pl  and  P2  are 
inverse  points.  If  0  be  the  centre  of  this  sphere,  and  a  its  radius, 
we  readily  find 

..................  (3). 


This  sphere  may  evidently  be  taken  as  a  fixed  boundary  to  the 
fluid  on  either  side,  and  we  thus  obtain  the  motion  due  to  a 
double-source  (or  say  to  an  infinitely  small  sphere  moving  along 
Ox)  in  presence  of  a  fixed  spherical  boundary.  The  disturbance 
of  the  stream-lines  by  the  fixed  sphere  is  that  due  to  a  double- 
source  of  the  opposite  sign  placed  at  the  '  inverse  '  point,  the  ratio 
of  the  strengths  being  given  by  (3)*.  This  fictitious  double- 
source  may  be  called  the  '  image  '  of  the  original  one. 

96.  Rankine  employ  ed-f  a  method  similar  to  that  of  Art.  71 
to  discover  forms  of  solids  of  revolution  which  will  by  motion 
parallel  to  their  axes  generate  in  a  surrounding  liquid  any  given 
type  of  irrotational  motion  symmetrical  about  an  axis. 

The  velocity  of  the  solid  being  u,  and  8s  denoting  an  element 
of  the  meridian,  the  normal  velocity  at  any  point  of  the  surface  is 
udfff/ds,  and  that  of  the  fluid  in  contact  is  given  by  —  d^rj^ds. 
Equating  these  and  integrating  along  the  meridian,  we  have 

T/T  =  -  Juts-2  +  const  ......................  (1). 

If  in  this  we  substitute  any  value  of  A/T  satisfying  Art.  93  (3),  we 
obtain  the  equation  of  the  meridian  curves  of  a  series  of  solids, 
each  of  which  would  by  its  motion  parallel  to  x  give  rise  to 
the  given  system  of  stream-lines. 

In  this  way  we  may  readily  verify  the  solution  already  obtained 
for  the  sphere  ;  thus,  assuming 

^  =  A^/r>  ..........................  (2), 

we  find  that  (1)  is  satisfied  for  r  =  a,  provided 

A  =  -±ua*  ..........................  (3), 

which  agrees  with  Art.  95  (1). 

*  This  result  was  given  by  Stokes,  "  On  the  Resistance  of  a  Fluid  to  Two  Oscil- 
lating Spheres,"  Brit.  Ass.  Report,  1847;  Math,  and  Phys.  Papers,  t.  i.,  p.  230. 

f  "On  the  Mathematical  Theory  of  Stream-Lines,  especially  those  with  Four 
Foci  and  upwards,"  Phil.  Trans.  1871,  p.  267. 
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97.  The  motion  of  a  liquid  bounded  by  two  spherical  surfaces 
can  be  found  by  successive  approximations  in  certain  cases.  For 
two  solid  spheres  moving  in  the  line  of  centres  the  solution  is 
greatly  facilitated  by  the  result  given  at  the  end  of  Art.  95,  as  to 
the  '  image  '  of  a  double-source  in  a  fixed  sphere. 

Let  A,  B  be  the  centres,  and  let  u  be  the  velocity  of  A  towards  B,  u'  that 
of  B  towards  A.  Also,  P  being  any  point,  let  AP=r,  BP  =  r',  PAB=B, 
PEA  =  B'.  The  velocity-potential  will  be  of  the  form 


(i), 

where  the  functions  <£  and  $'  are  to  be  determined  by  the  conditions  that 
V2</>  =  0,         V2<£'=0  ..............................  (ii), 


throughout    the    fluid ;    that    their  space-derivatives    vanish    at    infinity ; 
and  that 

dd>  d<f>' 

-^r  =  -cos0,  -j-  =0 

dr  dr 


over  the  surface  of  A,  whilst 

-o  =-«*»' 


over  the  surface  of  B.  It  is  evident  that  0  is  the  value  of  the  velocity- 
potential  when  A  moves  with  unit  velocity  towards  B,  while  B  is  at  rest  ;  and 
similarly  for  0'. 

To  find  0,  we  remark  that  if  B  were  absent  the  motion  of  the  fluid  would 
be  that  due  to  a  certain  double-source  at  A  having  its  axis  in  the  direction 
AS.  The  theorem  of  Art.  95  shews  that  we  may  satisfy  the  condition  of  zero 
normal  velocity  over  the  surface  of  B  by  introducing  a  double-source,  viz.  the 
'image'  of  that  at  A  in  the  sphere  B.  This  image  is  at  Hlt  the  inverse 
point  of  A  with  respect  to  the  sphere  B  ;  its  axis  coincides  with  AB,  and  its 
strength  ^  is  given  by 


where  /u,  =|a3,  is  that  of  the  original  source  at  A.     The  resultant  motion  due 
to  the  two  sources  at  A  and  Hl  will  however  violate  the  condition  to  be 
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satisfied  at  the  surface  of  the  sphere  A,  and  in  order  to  neutralize  the  normal 
velocity  at  this  surface,  due  to  Hlt  we  must  superpose  a  double-source  at  7/2, 
the  image  of  ff1  in  the  sphere  A.  This  will  introduce  a  normal  velocity  at  the 
surface  of  B,  which  may  again  be  neutralized  by  adding  the  image  of  H2  in  B, 
and  so  on.  If  /ij,  ^2,  /*3,  ...  be  the  strengths  of  the  successive  images,  and 
/u  /2,/3,  ...  their  distances  from  A,  we  have,  if  AB=c, 


•(v), 


and  so  on,  the  law  of  formation  being  now  obvious.  The  images  continually 
diminish  in  intensity,  and  this  very  rapidly  if  the  radius  of  either  sphere  is 
small  compared  with  the  shortest  distance  between  the  two  surfaces. 

The  formula  for  the  kinetic  energy  is 


provided 


d<f> 


dn 


dSK 


(vii), 


where  the  suffixes  indicate  over  which  sphere  the  integration  is  to  be  effected. 
The  equality  of  the  two  forms  of  M  follows  from  Green's  Theorem  (Art.  44.) 

The  value  of  0  near  the  surface  of  A  can  be  written  down  at  once  from  the 
results  (6)  and  (7)  of  Art.  86,  viz.  we  have 

• §^  + . . .  V  cos  B  +  &c.. . . 


the  remaining  terms,  involving  zonal  harmonics  of  higher  orders,  being  omitted, 
as  they  will  disappear  in  the  subsequent  surface-integration,  in  virtue  of  the 
conjugate  property  of  Art.  88.  Hence,  putting  d<J>/dn=  —  cos#,  we  find  with 
the  help  of  (v) 


It  appears  that  the  inertia  of  the  sphere  A  is  in  all  cases  increased  by  the 
presence  of  a  fixed  sphere  B.     Compare  Art.  92. 
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The  value  of  N  may  be  written  down  from  symmetry,  viz.  it  is 

N=  ?,7Tpb*  (1+3  -%,-n  +  3     jj^r-r 

\          c3/!3         cPfi*  (< 
where 

/3'  =  '-«2//2'>  f*=»/fa,  } (xi), 

and  so  on. 

To  calculate  M  we  require  the  value  of  0'  near  the  surface  of  the  sphere  A  ; 
this  is  due  to  double-sources  //,  /*/,  /*2'j  Ms',.--  at  distances  c,  c  — //,  c-/2', 
c-/3', ...  from  ^1,  where 

(xii), 

and  so  on.     This  gives,  for  points  near  the  surface  of  A, 

..f,  ,  ,        /  NCOS^ 

9  =\\i\  +^3  +M5  +•••)  "~2~ 

Hence 

When  the  ratios  a/c  and  b/c  are  both  small  we  have 

..  (xv)  # 


approximately. 


*  To  this  degree  of  approximation  these  results  may  also  be  obtained  by  the 
method  of  the  next  Art. 
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If  a,  but  not  necessarily  6,  is  small  compared  with  the  shortest  distance 
between  the  spherical  surfaces,  we  have 


approximately.  By  putting  c  =  b  +  h,  and  then  making  &  =  oc,  we  get  the 
formula  for  a  sphere  moving  perpendicularly  to  a  fixed  plane  wall  at  a 
distance  h,  viz. 


1 (xvii), 

\         '"'        / 

a  result  due  to  Stokes. 

This  also  follows  from  (vi)  and  (xv),  by  putting  6  =  a,  u'  =  U,  c=  Zh,  in  which 
case  the  plane  which  bisects  AB  at  right  angles  is  evidently  a  plane  of 
symmetry,  and  may  therefore  be  taken  as  a  fixed  boundary  to  the  fluid  on 
either  side. 

98.  When  the  spheres  are  moving  at  right  angles  to  the  line 
of  centres  the  problem  is  more  difficult;  we  shall  therefore  content 
ourselves  with  the  first  steps  in  the  approximation,  referring,  for  a 
more  complete  treatment,  to  the  papers  cited  below. 

Let  the  spheres  be  moving  with  velocities  v,  v'  in  parallel  directions  at 
right  angles  to  A,  B,  and  let  r,  $,  o>  and  ?•',  #',  a>'  be  two  systems  of  spherical 
polar  coordinates  having  their  origins  at  A  and  B  respectively,  and  their  polar 
axes  in  the  directions  of  the  velocities  v,  v'.  As  before  the  velocity-potential 
will  be  of  the  form 


with  the  surface  conditions 

dd>  A     dd>' 

^=-cos0,     -£.  =  0,  forr=a, 

and  ^  =  0,  ^,'=  -  cos  ff,  for  r'  =  b. 

If  the  sphere  B  were  absent  the  velocity-potential  due  to  unit  velocity  of 
A  would  be 

i  -a  COS  B. 
2r2 

Since  r  cos  6—rf  cos  ff,  the  value  of  this  in  the  neighbourhood  of  B  will  be 


approximately.     The  normal  velocity  due  to  this  will  be  cancelled  by  the 
addition  of  the  term 

,  «363  cos  & 
t       -r, 
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which,  in  the  neighbourhood  of  A  becomes  equal  to 


nearly.     To  rectify  the  normal  velocity  at  the  surface  of  J,  we  add  the  term 

aGb3  cos  6 


Stopping  at  this  point,  and  collecting  our  results,  we  have,  over  the  surface 
of  A, 


and  at  the  surface  of  /?, 


Hence  if  we  denote  by  P,  Q,  R  the  coefficients  in  the  expression  for  the 
kinetic  energy,  viz. 

(i), 


we  have  P=-p  Jj  0  ^dSA  =  'jppa?  (l+%  °-^  J  , 

..  (ii). 


The  case  of  a  sphere  moving  parallel  to  a  fixed  plane  boundary,  at  a 
distance  A,  is  obtained  by  putting  b  =  a,  v  =  v',  c  =  2A,  and  halving  the  conse- 
quent value  of  T ;  thus 


(iii). 


This  result,  which  was  also  given  by  Stokes,  may  be  compared  with  that  of 
Art.  97  (xvii)*. 

99.  Another  interesting  problem  is  to  calculate  the  kinetic 
energy  of  any  given  irrotational  motion  in  a  cyclic  space  bounded 
by  fixed  walls,  as  disturbed  by  a  solid  sphere  moving  in  any 
manner,  it  being  supposed  that  the  radius  of  the  sphere  is  small 

*  For  a  fuller  analytical  treatment  of  the  problem  of  the  motion  of  two  spheres 
we  refer  to  the  following  papers :  W.  M.  Hicks,  "  On  the  Motion  of  Two  Spheres  in 
a  Fluid,"  Phil.  Trans.,  1880,  p.  455;  K.  A.  Herman,  "Cn  the  Motion  of  Two 
Spheres  in  Fluid,"  Quart.  Journ.  Math.,  t.  xxii.  (1887).  See  also  C.  Neumann, 
Hydrodynamische  Untersuchungen,  Leipzig,  1883. 
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in  comparison  with  the  distance  from  it  of  the  nearest  portion  of 
the  original  boundary. 

Let  0  be  the  velocity-potential  of  the  motion  when  the  sphere  is  absent, 
and  KJ,  K2,...  the  circulations  in  the  various  circuits.  The  kinetic  energy  of 
the  original  motion  is  therefore  given  by  Art.  55  (5),  viz. 


where  the  integrations  extend  over  the  various  barriers,  drawn  as  in  Art.  48. 
If  we  denote  by  0  +  </>'  the  velocity-potential  in  presence  of  the  sphere,  and 
by  T  the  energy  of  the  actual  motion,  we  have 


the  cyclic  constants  of  <£'  being  zero.  The  integration  in  the  first  term  may 
be  confined  to  the  surface  of  the  sphere,  since  we  have  d$/dn  =  0  and  d(f>'/dn  =  0 
over  the  original  boundary.  Now,  by  Art.  54  (4), 


so  that  (ii)  reduces  to 

dS  .........  (iii). 


Let  us  now  take  the  centre  of  the  sphere  as  origin.  Let  a  be  the  radius  of 
the  sphere,  and  u,  V,  W  the  components  of  its  velocity  in  the  directions  of  the 
coordinate  axes  ;  further,  let  w0,  v0,  WQ  be  the  component  velocities  of  the  fluid 
at  the  position  of  the  centre,  when  the  sphere  is  absent.  Hence,  in  the 
neighbourhood  of  the  sphere,  we  have,  approximately 


where  the  coefficients  A,  B,  C  are  to  be  determined  by  the  condition  that 

-£ 

for  r=a.     This  gives 

4=ia»(«o-u), 

Again,  -*-£-  jr 

when  r=a.     Hence,   substituting  from  (iv),  (v),  and  (vi),  in   (iii),  and   re- 
membering that     J/A-2^=^a2.  47r«2,     jjyzdS=Ot  &c.,  &c., 
we  find 
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The  dynamical  consequences  of  the  formula  (vii)  will  be  considered  more 
fully  in  Art.  140  ;  but  in  the  meantime  we  may  note  that  if  the  sphere  be 
held  at  rest,  so  that  u,  v,  w  =  0,  it  experiences  a  force  tending  to  diminish  the 
energy  of  the  system,  and  therefore  urging  it  in  the  direction  in  which  the 
square  of  the  (undisturbed)  fluid  velocity,  u02  +  vQ2+wQ2,  most  rapidly  increases*. 
Hence,  by  Art.  38,  the  sphere,  if  left  to  itself,  cannot  be  in  stable  equilibrium 
at  any  point  in  the  interior  of  the  fluid  mass. 


Ellipsoidal  Harmonics. 

100.  The  method  of  Spherical  Harmonics  can  also  be  adapted 
to  the  solution  of  the  equation 

V20  =  0  ..............................  (1), 

under  boundary-conditions  having  relation  to  ellipsoids  of  revo- 
lution *f". 

Beginning  with  the  case  where  the  ellipsoids  are  prolate,  we 

write 

x  =  k  cos  6  cosh  i)  —  k^  } 

y  =  CT  cos  &>,        £  =  •37  sin  a>,  I  .........  (2). 

where         tsr  =  k  sin  0  sinh  77  =  k  (I  -  /*8)*  (f  2  -  1)*  j 

The  surfaces  f  =  const.,  //.  =  const.,  are  confocal  ellipsoids,  and 
hyperboloids  of  two  sheets,  respectively,  the  common  foci  being  the 
points  (±  k,  0,  0).  The  value  of  f  may  range  from  1  to  oo  ,  whilst 
/A  lies  between  ±  1.  The  coordinates  //-,  f,  &>  form  an  orthogonal 
system,  and  the  values  of  the  linear  elements  £$M,  Bs^  Bs^  described 
by  the  point  (x,  y,  z)  when  //,,  f,  co  separately  vary,  are  respectively, 


^)*(?-I)*Ba>  ..................  (3). 

To  express  (1)  in  terms  of  our  new  variables  we  equate  to  zero 
the  total  flux  across  the  walls  of  a  volume  element 
and  obtain 

d     d6  ~  d    d<  d     d6  . 


*  Sir  W.  Thomson,  "  On  the  Motion  of  Kigid  Solids  in  a  Liquid  &c.,"  Phil. 
Mag.,  May,  1873. 

t  Heine,  "Ueber  einige  Aufgaben,  welche  auf  partielle  Differentialgleichungen 
fiihren,"  Crelle,  t.  xxvi.,  p.  185  (1843);  Kugelfunktionen,  t.  ii.,  Art.  38.  See  also 
Ferrers,  Spherical  Harmonics,  c.  vi. 

L.  10 
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or,  on  substitution  from  (3), 


This  may  also  be  written 


101.  If  <£  be  a  finite  function  of  p,  and  o>  from  /x  =  —  1  to 
fjb  =  +  1  and  from  co  =  0  to  o>  =  2?r,  it  may  be  expanded  in  a  series 
of  surface  harmonics  of  integral  orders,  of  the  types  given  by  Art. 
87  (6),  where  the  coefficients  are  functions  of  f  ;  and  it  appears  on 
substitution  in  (4)  that  each  term  of  the  expansion  must  satisfy 
the  equation  separately.  Taking  first  the  case  of  the  zonal  har- 
monic, we  write 

4>  =  P«(p).Z  ...........................  (5), 

and  on  substitution  we  find,  in  virtue  of  Art.  85  (1), 


•(6), 


which  is  of  the  same  form  as  the  equation  referred  to.     We  thus 
obtain  the  solutions 

and  (/>  =  Pn(f^)  •  Qn(Z) (8), 

where 

df 


1.3.  .. 


, 


2  .  4  (27i  +  3)  (2n  +  5)  .. 


The  solution  (7)  is  finite  when  f  =  1,  and  is  therefore  adapted 
to  the  space  within  an  ellipsoid  of  revolution  ;  whilst  (8)  is  infinite 
for  f=l,  but  vanishes  for  £=oc,  and  is  appropriate  to  the 

*  Ferrers,  c.  v.  ;  Todhunter,  c.  vi.;  Forsyth,  Differential  Equations,  Arts.  96  —  99. 
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external   region.      As   particular   cases   of    the   formula  (9)    we 
note 

«.(»  =  *  i°g  j£j, 


-1)  log  J5 

The  definite-integral  form  of  Qn  shews  that 

7~»    r\    i          T\    i  r\ 


(10), 


where  the  accents  indicate  differentiations  with  respect  to  £ 

The   corresponding   expressions   for   the   stream-function   are 
readily  found ;   thus,  from  the  definition  of  Art.  93, 


whence 


Thus,  in  the  case  of  (7),  we  have 


whence 


The  same  result  will  follow  of  course  from  the  second  of  equations 
(12). 

In  the  same  way,  the  stream-function  corresponding  to  (8)  is 


102.  We  can  apply  this  to  the  case  of  an  ovary  ellipsoid 
moving  parallel  to  its  axis  in  an  infinite  mass  of  liquid.  The 
elliptic  coordinates  must  be  chosen  so  that  the  ellipsoid  in  question 

10—2 
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is  a  member  of  the  confocal  family,  say  that  for  which  f=f0- 
Comparing  with  Art.  100  (2)  we  see  that  if  a,  c  be  the  polar  and 
equatorial  radii,  and  e  the  eccentricity  of  the  meridian  section  we 
must  have 


The  surface  condition  is  given  by  Art.  96  (1),  viz.  we  must 
have 

(1), 


for  f=  £>•     Hence  putting  n=  1  in  Art.  101  (14),  and  introducing 
an  arbitrary  multiplier  A,  we  have 


-Ai«)(P-l)}t  log  j^-^JL-J  ......  (2), 


with  the  condition 


The  corresponding  formula  for  the  velocity-potential  is 

(4). 


The  kinetic  energy,  and  thence  the  inertia-coefficient  due  to 
the  fluid,  may  be  readily  calculated,  if  required,  by  the  formula  (5) 
of  Art.  93. 

103.  Leaving  the  case  of  symmetry,  the  solutions  of  V2$  =  0 
when  cf>  is  a  tesseral  or  sectorial  harmonic  in  p  and  co  are  found  by 
a  similar  method  to  be  of  the  types 


where,  as  in  Art.  87, 

JV(M)  =  (l-^*>  ...............  (3), 
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whilst  (to  avoid  imaginaries)  we  write 


and  0».  (f)  =  (f._i)j,  ..................  (5). 

It  may  be  shewn  that 


As  examples  we  may  take  the  case  of  an  ovary  ellipsoid 
moving  parallel  to  an  equatorial  axis,  say  that  of  y,  or  rotating 
about  this  axis. 

In  the  former  case,  the  surface-condition  is 

d<l>  _         dy 
df  "      Vd£' 

for  f  =  f0,  where  v  is  the  velocity  of  translation,  or 


This  is  satisfied  by  putting  n  =  1,  5  =  1,  in  (2),  viz. 

cos»...(8), 


the  constant  J.  being  given  by 


In  the  case  of  rotation  about  Oy,  if  q  be  the  angular  velocity, 
we  must  have 

d(f>  (  dec 


(10). 


, 
Putting  n  =  2,  5=  1,  in  the  formula  (2)  we  find 


=  Ap  (1  -  /»•)»  (?  -  1)1   f  flog          -  3  -  sin  »  ...  (11), 

being  determined  by  comparison  with  (10). 
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104.     When   the   ellipsoid   is   of  the    oblate  or  "planetary" 
form,  the  appropriate  coordinates  are  given  by 

x  —  k  cos  6  sinh  77  =  fc/zf,  \ 

y  =  CT  cos  o>,        £  =  sr  sin  o>,  V (1). 

where  w  =  k  sin  6  cosh  77  =  k  (1  -  /*2)*  (£2  +  1)*.  j 

Here  f  may  range  from  0  to  oo  (or,  in  some  applications  from 
—  oo  through  0  to  +  oo  ),  whilst  fi  lies  between  +  1.  The  quadrics 
f=  const.,  fi=  const,  are  planetary  ellipsoids,  and  hyperboloids  of 
revolution  of  one  sheet,  all  having  the  common  focal  circle  x  =  0, 
OT  =  &.  As  limiting  forms  we  have  the  ellipsoid  f  =  0,  which 
coincides  with  the  portion  of  the  plane  x  =  0  for  which  w  <  k,  and 
the  hyperboloid  //,  =  0  coinciding  with  the  remaining  portion  of 
this  plane. 

With  the  same  notation  as  before  we  find 


l)*^ (2), 

so  that  the  equation  of  continuity  becomes,  by  an  investigation 
similar  to  that  of  Art.  100, 


or 

i)£* 

}d? 

This  is  of  the  same  form  as  Art.  100  (4),  with  if  in  place  of  f, 
and  the  same  correspondence  will  of  course  run  through  the 
subsequent  formulae. 

In  the  case  of  symmetry  about  the  axis  we  have  the  solutions 

and  $  =  Pn  (p)  •  <?n  (f ) (5), 

where 

L  fn-z 


+"^K-2^-3)r-'+.4...(6). 
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and          g»(£)~jb(?)]     r— 


_ 
1.3.  5.  ..(2^+1)      *  2(2n+3) 

(n+l)(n  +  2)(n+3)(n+4)  ) 

"*"       2.4(2w+3)(2»+5)       b  "*j  " 

the  latter  expansion  being  however  convergent  only  when  f>l. 
As  before,  the  solution  (4)  is  appropriate  to  the  region  included 
within  an  ellipsoid  of  the  family  f  =  const.,  and  (5)  to  the  external 
space. 

We  note  that 

..................    (8). 


As  particular  cases  of  the  formula  (7)  we  have 


The  formulae  for  the  stream-function  corresponding  to  (4)  and 
(5)  are 


and 


105.     The  simplest  case  of  Art.  104  (5)  is  when  n  —  0,  viz. 

<f>  =  Acot-1£  ...........................  (1), 

where  f  is  supposed  to  range  from  —  oo  to  +  oo  .  The  formula 
(10)  of  the  last  Art.  then  assumes  an  indeterminate  form,  but  we 
find  by  the  method  of  Art.  101, 

(2). 


*  The  reader  may  easily  adapt  the  demonstrations  cited  in  Art.  101  to  the 
present  case. 
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This  solution  represents  the  flow  of  a  liquid  through  a  circular 
aperture  in  an  infinite  plane  wall,  viz.  the  aperture  is  the  portion 
of  the  plane  yz  for  which  ^<k.  The  velocity  at  any  point  of  the 
aperture  (£=0)  is 


since,  over  the  aperture,  Ic^  =  (&2  —  «r2)i     The  velocity  is  therefore 
infinite  at  the  edge.     Compare  Art.  66,  1°. 

Again,  the  motion  due  to  a  planetary  ellipsoid  (£  =  £*<,)  moving 
with  velocity  u  parallel  to  its  axis  in  an  infinite  mass  of  liquid  is 

given  by 

(3), 

-cot->?    ......  (4), 


where  A=-ku  +   -  -  cot-1 

IbO   T  1 

Denoting  the  polar  and  equatorial  radii  by  a  and  c,  we  have 


so  that  the  eccentricity  e  of  the  meridian  section  is 

e  =  (#  +  !)-* 
In  terms  of  these  quantities 

............  (5). 


The  forms  of  the  lines  of  motion,  for  equidistant  values  of  ty, 
are  shewn  on  the  opposite  page. 

The  most  interesting  case  is  that  of  the  circular  disk,  for 
which  e  =  l,  and  A  =  2uc/?r.  The  value  (3)  of  </>  for  the  two  sides 
of  the  disk  becomes  equal  to  +  Ap,  or  +  A  (1  —  -cT2/c2)*,  and  the 
normal  velocity  ±  u.  Hence  the  formula  (4)  of  Art.  44  gives 


2  ....................................  (6). 

The  effective  addition  to  the  inertia  of  the  disk  is  therefore 
2/7T  (='6365)  times  the  mass  of  a  spherical  portion  of  the  fluid,  of 
the  same  radius. 
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X 


106.     The  solutions  of  the  equation  Art.  104  (3)  in  tesseral 
harmonics  are 


and 

where 
and 


(i), 

(2), 
(3), 
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These  functions  possess  the  property 

.........  (5). 


For  the  motion  of  a  planetary  ellipsoid  (f  =  £0)  parallel  to  the 
axis  of  y  we  have  n  =  1,  s  =  1,  as  before,  and  thence 

(6), 


with  A  determined  by  the  condition 

<ty=     _<ty 
d£  d£' 

for  f  =  £0,  v  denoting  the  velocity  of  the  solid.     This  gives 


In  the  case  of  the  disk  (f0  =  0),  we  have  A  =  0,  as  we  should 
expect. 

Again,  for  a  planetary  ellipsoid  rotating  about  the  axis  of  y 
with  angular  velocity  q,  we  have,  putting  n  =  2,  s=  1, 


ma)  ......  (8), 

with  the  surface  condition 

d<f)  _         f  dx        dz 

~      ~~ 


^sina,  .....................  (9). 

For  the  circular  disk  (£0  =  0)  this  gives 

|7r^.  =  -A;2q  .....................  (10). 

At  the  two  surfaces  of  the  disk  we  have 


yu2)*  sin  a),  =  +  kq  (1  -  /a9)*  sin  <w, 

and  substituting  in  the  formula 


we  obtain  2r=if/oc5.q2  .....................  (11). 
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107.  In  questions  relating  to  ellipsoids  with  three  unequal 
axes  we  may  use  the  method  of  Lamp's  Functions*,  or,  as  they 
are  now  often  called, '  Ellipsoidal  Harmonics.'  Without  attempting 
a  complete  account  of  this,  we  will  investigate  some  solutions  of 
the  equation 

V20  =  0 (1), 

in  ellipsoidal  coordinates,  which  are  analogous  to  spherical 
harmonics  of  the  first  and  second  orders,  with  a  view  to  their 
hydrodynamical  applications.  It  is  convenient  to  begin  with  the 
motion  of  a  liquid  contained  in  an  ellipsoidal  envelope,  which  can 
be  treated  at  once  by  Cartesian  methods. 

Thus  when  the  envelope  is  in  motion  parallel  to  the  axis  of  x 
with  velocity  u,  the  enclosed  fluid  moves  as  a  solid,  and  the  velocity- 
potential  is  simply  <f>  =  —  u#. 

Next  let  us  suppose  that  the  envelope  is  rotating  about  a 
principal  axis  (say  that  of  x)  with  angular  velocity  p.  The 
equation  of  the  surface  being 

/p2          y2         ^2 

Q?       ff*       C2  ~       ^    '' 

the  surface  condition  is 

x  d(f>      y  dcj)      z  d<f> 
a2  dx      62  dy      c2  dz 


We  therefore  assume  cf>  =  Ayz,  which  is  evidently  a  solution  of  (1), 
and  obtain 


Hence,  if  the  centre  be  moving  with  a  velocity  whose  com- 


*  See,  for  example,  Ferrers,  Spherical  Harmonics,  c.  vi.;  W.  D.  Niven,  "On 
Ellipsoidal  Harmonics,"  Phil.  Trans.  ,  1891,  A. 
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ponents  are  u,  v,  w  and  if  p,  q,  r  be  the  angular  velocities  about 
the  principal  axes,  we  have  by  superposition 


(3)* 


We  may  also  include  the  case  where  the  envelope  is  changing 
its  form  as  well  as  position,  but  so  as  to  remain  ellipsoidal.  If  the 
axes  are  changing  at  the  rates  a,  b,  c,  respectively,  the  general 
boundary  condition,  Art.  10  (3),  becomes 


w  T      z   -      x  a<p      y  deb      z 
|6  +  c-3C  +  a^+l        +  c 


which  is  satisfied  by 

The  equation  (1)  requires  that 


which  is  in  fact  the  condition  which  must  be  satisfied  by  the 
changing  ellipsoidal  surface  in  order  that  the  enclosed  volume 
(^irabc)  may  be  constant. 

108.  The  solutions  of  the  corresponding  problems  for  an 
infinite  mass  of  fluid  bounded  internally  by  an  ellipsoid  involve 
the  use  of  a  special  sj^stem  of  orthogonal  curvilinear  coordinates. 

If  x,  i/,  z  be  functions  of  three  parameters  X,  /JL,  v,  such  that  the 
surfaces 

X  =  const.,     yu.  =  const.,     v  =  coust (1) 

are  mutually  orthogonal  at  their  intersections,  and  if  we  write 

*  This  result  appears  to  have  been  obtained  independently  by  Beltrami, 
Bjerknes,  and  Maxwell,  in  1873.  See  Hicks,  "Report  on  Recent  Progress  in 
Hydrodynamics,"  Brit.  Ass.  Rep.,  1882. 

t  Bjerknes,  "  Verallgemeinerung  des  Problems  von  den  Bewegungen,  welche  in 
einer  ruhenden  unelastischen  Fliissigkeit  die  Bewegung  eines  Ellipsoids  hervor- 
bringt,"  Gottinger  Nachrichten,  1873. 
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- 

w 


T 


(2), 


the  direction-cosines  of  the  normals  to  the  three  surfaces  which 
pass  through  (#,  y,  z)  will  be 


respectively.     It  easily  follows  that  the  lengths  of  linear  elements 
drawn  in  the  directions  of  these  normals  will  be 


respectively. 

Hence  if  <f>  be  the  velocity-potential  of  any  fluid  motion,  the 
total  flux  into  the  rectangular  space  included  between  the  six 
surfaces  X  +  \  SX,  p  ±  J  S/A,  v  ±  \  &v  will  be 


7      • 

dv 


d  (    d$  ^  %v 

T7  (  "1  ^V  •  T"  '  ~T 

d\.\     dX   h2    h3 


,        d 

-j-  \h2  y-  .  T-  .  -j-      SyLt  +  -T- 

dv 


It  appears  from  Art.  42  (3)  that  the  same  flux  is  expressed  by 
V20  multiplied  by  the  volume  of  the  space,  i.e.  by  S  A  £//,&>//*!  /*2/?3. 
Hence 

d  /  A2       \       d 


Equating  this  to  zero,  we  obtain  the  general  equation  of  continuity 
in  orthogonal  coordinates,  of  which  particular  cases  have  already 
been  investigated  in  Arts.  84,  100,  104. 

*  The  above  method  was  given  in  a  paper  by  W.  Thomson,  "  On  the  Equations 
of  Motion  of  Heat  referred  to  Curvilinear  Coordinates,"  Camb.  Math.  Journ.,  t.  iv. 
(1843)  ;   Math,  and  Phys.  Papers,  t.  i.,  p.    25.     Reference  may  also  be  made  to 
Jacobi,  "Ueber  eine  particulare  Losung  der  partiellen  Differentialgleichung  ......  ," 

Crelle,  t.  xxxvi,  (1847),  Gesammelte  Werke,  Berlin,  1881...,  t.  ii.,  p.  198. 

The  transformation  of  v20  to  general  orthogonal  coordinates  was  first  effected 
by  Lam6,  "  Sur  les  lois  de  1'equilibre  du  fluide  ethe"reY'  Journ.  de  VEcole  Polyt., 
t.  xiv.,  (1834).  See  also  Legons  sur  les  Coordonnees  Curvilignes,  Paris,  1859,  p.  22. 
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109.     In  the  applications  to  which  we  now  proceed  the  triple 
orthogonal  system  consists  of  the  confocal  quadrics 

/y>2  n  1 2  »2 

-1  =  0..  ...m. 


e 


whose  properties  are  explained  in  books  on  Solid  Geometry. 
Through  any  given  point  (x,  y,  z)  there  pass  three  surfaces  of  the 
system,  corresponding  to  the  three  roots  of  (1),  considered  as  a  cubic 
in  6.  If  (as  we  shall  for  the  most  part  suppose)  a  >  b  >  c,  one  of 
these  roots  (X,  say)  will  lie  between  oo  and  —  c2,  another  (/A)  be- 
tween —  c2  and  —  62,  and  the  third  (v)  between  —  I2  and  —  a2.  The 
surfaces  X,  JJL,  v  are  therefore  ellipsoids,  hyperboloids  of  one  sheet, 
and  hyperboloids  of  two  sheets,  respectively. 

It  follows  immediately  from  this  definition  of  X,  /j,,  v,  that 


-i 


identically,  for  all  values  of  6.  Hence  multiplying  by  a2+  0,  and 
afterwards  putting  0  =  —  a2,  we  obtain  the  first  of  the  following 
equations : 

(a2  +  X)  (a2  +  ^)  (a2  +  v) 


.(3). 


(c2-a2)(c2-62) 


These  give 


dx  x 


dz  _  ^     z 

'       ^T\    —  2  n-i    i 


(4), 


and  thence,  in  the  notation  of  Art.  108  (2), 

1  (  T2  tfl  7^  } 

_L  =  iJ  _fL . JL.-+ _-l  (5) 

V     ¥  ((a2  +  X)2     (62  +  X)2     (c2  +  X)2J  ' 

If  we  differentiate  (2)  with  respect  to  6  and  afterwards  put  0  =  X, 
we  deduce  the  first  of  the  following  three  relations : 
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A,'  =  4(^ 


.(6)*. 


The   remaining  relations   of    the   sets   (3)   and   (6)   have    been 
written  down  from  symmetry. 

Substituting  in  Art.  108  (4),  we  find 


+  (v  -  X)  («" 

+  (X  -  /t)  [(a2  +  j/)*  (&"  +  v)l  (c2  +  v)» 
I 

...............  (7)t- 

110.  The  particular  solutions  of  the  transformed  equation 
V2<£  =  0  which  first  present  themselves  are  those  in  which  <f>  is  a 
function  of  one  (only)  of  the  variables  X,  p,  v.  Thus  (j>  may  be  a 
function  of  X  alone,  provided 

(a2  +  X)*  (62  +  X)*  (c2  +  X)*  d<j)/d\,  =  const., 


whence  ^  —  ^1    ~\~ (1)> 


if  A  =  {(a2  +  X)(62  +  X)(c2  +  X))* (2), 

the  additive  constant  which  attaches  to  </>  being  chosen  so  as 
to  make  <f>  vanish  for  X  =  oo  . 

In  this  solution,  which  corresponds  to  </>  =  A/r  in  spherical 
harmonics,  the  equipotential  surfaces  are  the  confocal  ellipsoids, 
and  the  motion  in  the  space  external  to  any  one  of  these  (say  that 
for  which  X  =  0)  is  that  due  to  a  certain  arrangement  of  simple 
sources  over  it.  The  velocity  at  any  point  is  given  by  the  formula 

d<t>          ,   d<l>  _r  A!  (  , 

T—  =  —  H\  ~jT  =  •  O  -r- (  O  ). 

dn  d\         A 

*  It  will  be  noticed  that  7^,  h2,  hs  are  double  the  perpendiculars  from  the  origin 
on  the  tangent  planes  to  the  three  quadrics  X,  /x,  v. 

t  Of.  Lam6,  "  Sur  les  surfaces  isothermes  dans  les  corps  solides  homogenes  en 
Squilibre  de  temperature,"  Liouville,  t.  ii.,  (1837). 
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At  a  great  distance  from  the  origin  the  ellipsoids  X  become 
spheres  of  radius  X*,  and  the  velocity  is  therefore  ultimately  equal 
to  2(7/r2,  where  r  denotes  the  distance  from  the  origin.  Over  any 
particular  equipotential  surface  X,  the  velocity  varies  as  the 
perpendicular  from  the  centre  on  the  tangent  plane. 

To  find  the  distribution  of  sources  over  the  surface  X  =  0  which 
would  produce  the  actual  motion  in  the  external  space,  we 
substitute  for  <£  the  value  (1),  in  the  formula  (11)  of  Art.  58,  and 
for  </>'  (which  refers  to  the  internal  space)  the  constant  value 

t w- 

The  formula  referred  to  then  gives,  for  the  surface-density  of  the 
required  distribution, 

n 

i (5)- 


The  solution  (1)  may  also  be  interpreted  as  representing  the 
motion  due  to  a  change  in  dimensions  of  the  ellipsoid,  such  that 
the  ellipsoid  remains  similar  to  itself,  and  retains  the  directions  of 
its  axes  unchanged  in  space.  If  we  put 

a/a  =  b/b  =  c/c,  =  k,  say, 
the  surface-condition  Art.  107  (4)  becomes 


which  is  identical  with  (3),  if  we  put  C  = 

A  particular  case  of  (5)  is  where  the  sources  are  distributed 
over  the  elliptic  disk  for  which  X  =  —  c2,  and  therefore  z*  =  0.  This 
is  important  in  Electrostatics,  but  a  more  interesting  application 
from  the  present  point  of  view  is  to  the  flow  through  an  elliptic 
aperture,  viz.  if  the  plane  xy  be  occupied  by  a  thin  rigid  partition 
with  the  exception  of  the  part  included  by  the  ellipse 


we  have,  putting  c  =  0  in  the  previous  formulae, 
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where  the  upper  limit  is  the  positive  root  of 

**        y*    ,*2_-i  m 

a'  +  X  +  F+X+X~ 

and  the  negative  or  the  positive  sign  is  to  be  taken  according  as  the 
point  for  which  <£  is  required  lies  on  the  positive  or  the  negative  side 
of  the  plane  xy.  The  two  values  of  <f>  are  continuous  at  the  aperture, 
where  X  =  0.  As  before,  the  velocity  at  a  great  distance  is  equal  to 
2A/r*,  nearly.  For  points  in  the  aperture  the  velocity  may  be 
found  immediately  from  (6)  and  (7)  ;  thus  we  may  put 


approximately,  since  A,  is  small,  whence 


_ 

dn~ab' 


This  becomes  infinite,  as  we  should  expect,  at  the  edge.  The 
particular  case  of  a  circular  aperture  has  already  been  solved 
otherwise  in  Art.  105. 

111.  We  proceed  to  investigate  the  solution  of  V2<£  =  0,  finite 
at  infinity,  which  corresponds,  for  the  space  external  to  the  ellipsoid, 
to  the  solution  <£  =  x  for  the  internal  space.  Following  the  analogy 
of  spherical  harmonics  we  may  assume  for  trial 

*=«*  ..............................  (1), 

which  gives  V2%  +  ?       =  0  ........................  (2), 


and  inquire  whether  this  can  be  satisfied  by  making  %  equal 
to  some  function  of  X  only.  On  this  supposition  we  shall  have,  by 
Art.  108  (3), 


and  therefore,  by  Art.  109  (4),  (6), 

2dx=li(fr' 
xdx         (\ 

L.  11 
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On  substitution  from  Art.  109  (7)  the  equation  (2)  becomes 

|(o»  +  X)*  (62  +  X)*  (c2  +  X)*  jj  %  =  -  (&2  +  X)  (c2  +  X)  &  , 
which  may  be  written 


whence  %=^  —   —  ..(3), 


the  arbitrary  constant  which  presents  itself  in  the  second  integra- 
tion being  chosen  as  before  so  as  to  make  %  vanish  at  infinity. 

The  solution  contained  in  (1)  and  (3)  enables  us  to  find  the 
motion  of  a  liquid,  at  rest  at  infinity,  produced  by  the  translation 
of  a  solid  ellipsoid  through  it,  parallel  to  a  principal  axis.  The 
notation  being  as  before,  and  the  ellipsoid 


being  supposed  in  motion  parallel  to  x  with  velocity  u,  the  surface- 
condition  is 

d<t>ld\  =  -udxld\,  for  X  =  0  ..................  (5). 

Let  us  write,  for  shortness, 

d\ 


..............  (6), 

where  A  =  {(a2  +  X)  (62  -I-  X)  (c2  +  X)}*  ...............  (7). 

It   will   be   noticed   that   these   quantities   «0,   /30,   70   are   pure 
numerics. 

The  conditions  of  our  problem  are  now  satisfied  by 


pr°vided 


that  is  C=H—  u  .......  ..(9). 

— 
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The  corresponding  solution  when  the  ellipsoid  moves  parallel 
to  y  or  z  can  be  written  down  from  symmetry,  and  by  superposition 
we  derive  the  case  where  the  ellipsoid  has  any  motion  of  translation 
whatever*. 

At  a  great  distance  from  the  origin,  the  formula  (8)  becomes 
equivalent  to 


which  is  the  velocity-potential  of  a  double  source  at  the  origin,  of 
strength  J  C,  or 

f  «6cu/(2  -  «o). 
Compare  Art.  91. 

The  kinetic  energy  of  the  fluid  is  given  by 


where  I  is  the  cosine  of  the  angle  which  the  normal  to  the  surface 
makes  with  the  axis  of  x.  The  latter  integral  is  equal  to  the 
volume  of  the  ellipsoid,  whence 


—  C£ 


(11). 


The  inertia-coefficient  is  therefore  equal  to  the  fraction  «0/(2  —  OQ) 
of  the  mass  displaced  by  the  solid.  For  the  case  of  the  sphere 
(a=b  =c)  we  find  or0  =  f  ;  this  makes  the  fraction  equal  to  J,  in  agree- 
ment with  Art.  91.  If  we  put  b  =  c,  we  get  the  case  of  an  ellipsoid 
of  revolution,  including  (for  a  =  0)  that  of  a  circular  disk.  The 
identification  with  the  results  obtained  by  the  methods  of  Arts. 
102,  103,  105,  106  for  these  cases  may  be  left  to  the  reader. 

112.     We   next  inquire  whether   the   equation   V2</>  =  0    can 
be  satisfied  by 


*  This  problem  was  first  solved  by  Green,  "Researches  on  the  Vibration  of 
Pendulums  in  Fluid  Media,"  Trans.  R.  S.  Edin.,  1833,  Math.  Papers,  p.  315.  The 
investigation  is  much  shortened  if  we  assume  at  once  from  the  Theory  of  Attrac- 
tions that  (8)  is  a  solution  of  V20  —  0.  being  in  fact  (save  as  to  a  constant  factor) 
the  ^-component  of  the  attraction  of  a  homogeneous  ellipsoid  on  an  external 
point. 

11—2 
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where  %  is  a  function  of  X  only.     This  requires 

V.x  +  ?&+?fK  =  0  ..........  (2). 

*     ydy     z  dz 

Now,  from  Art.  109  (4),  (6), 


=  2, 
y  dy     z  dz          l  \yd\     z  d\)  d\ 


(X  -  p)  (\-v) 
On  substitution  in  (2)  we  find,  by  Art.  109  (7), 


(3), 


the  second  constant  of  integration  being  chosen  as  before. 

For  a  rigid  ellipsoid  rotating  about  the  axis  of  x  with  angular 
velocity  p,  the  surface-condition  is 

d<j>/d\  =  pzdy/dh  —  pydz/d\  ...............  (4), 

for  X  =  0.     Assuming 

<s>* 


we  find  that  the  surface-condition  (4)  is  satisfied,  provided 
G 


1      l\ 
~  #)  ' 


*  This  expression  differs  only  by  a  factor  from 

rfO       dQ 
If'**' 

where  0  is  the  gravitation-potential  of  a  uniform  solid  ellipsoid  at  an  external 
point  (x,  y,  z).  Since  v2i2  =  0  it  easily  follows  that  the  above  is  also  a  solution  of 
the  equation  y20  =  0. 
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The  formulae  for  the  cases  of  rotation  about  y  or  z  can  be  written 
down  from  symmetry*. 

The  formula  for  the  kinetic  energy  is 

fdS 
dn 

=  pCp  .  I     -  i  -  »  -  o  .  I  i(ny  —  mz)  yzdS, 
Jo  (a2  +  X)*(62  +  X)*(c2  +  X)*  lr 


if  (I,  m,  n)  denote  the  direction-cosines  of  the  normal   to    the 
ellipsoid.     The  latter  integral 

=  fff(f  -  z2)  dxdydz  =  £  (62  -  c2)  . 
Hence  we  find 


The  two  remaining  types  of  ellipsoidal  harmonic  of  the  second  order,  finite 
at  the  origin,  are  given  by  the  expression 


where  6  is  either  root  of 

1  1  1 


this  being  the  condition  that  (i)  should  satisfy  v2$  =  0. 

The  method  of  obtaining  the  corresponding  solutions  for  the  external 
space  is  explained  in  the  treatise  of  Ferrers.  These  solutions  would  enable  us 
to  express  the  motion  produced  in  a  surrounding  liquid  by  variations  in  the 
lengths  of  the  axes  of  an  ellipsoid,  subject  to  the  condition  of  no  variation  of 
volume 

d/a+b/b  +  c/c  =  0 (iii). 

We  have  already  found,  in  Art.  110,  the  solution  for  the  case  where  the 
ellipsoid  expands  (or  contracts)  remaining  similar  to  itself ;  so  that  by  super- 
position we  could  obtain  the  case  of  an  internal  boundary  changing  its 
position  and  dimensions  in  any  manner  whatever,  subject  only  to  the  con- 
dition of  remaining  ellipsoidal.  This  extension  of  the  results  arrived  at 
by  Green  and  Clebsch  was  first  treated,  though  in  a  different  manner  from 
that  here  indicated,  by  Bjerknest. 

*  The  solution  contained  in  (5)  and  (6)  is  due  to  Clebsch,  "Ueber  die  Bewegung 
eines  Ellipsoides  in  einer  tropfbaren  Fliissigkeit,"  Crelle,  it.  Iii.,  liii.  (1856 — 7). 
t  1.  c.  ante  p.  156. 
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113.  The  investigations  of  this  chapter  relate  almost  entirely 
to  the  case  of  spherical  or  ellipsoidal  boundaries.  It  will  be  under- 
stood that  solutions  of  the  equation  V2</>  =  0  can  be  carried  out,  on 
lines  more  or  less  similar,  which  are  appropriate  to  other  forms  of 
boundary.  The  surface  which  comes  next  in  interest,  from  the 
point  of  view  of  the  present  subject,  is  that  of  an  anchor-ring, 
or  '  torus ' ;  this  problem  has  been  very  ably  treated,  by  distinct 
methods,  by  Hicks*,  and  Dyson f.  We  may  also  refer  to  the 
analytically  remarkable  problem  of  the  spherical  bowl,  which  has 
been  investigated  by  Basset  J. 

*  "On  Toroidal  Functions,"  Phil.  Trans.,  1881. 
t  "  On  the  Potential  of  an  Anchor-Ring,"  Phil.  Trans.,  1893. 
J  "  On  the  Potential  of  an  Electrified  Spherical  Bowl,  &c.,"  Proc.  Loud.  Math. 
Soc.,  t.  xvi.  (1885). 


CHAPTER  VI. 

ON    THE   MOTION    OF   SOLIDS    THROUGH   A    LIQUID  : 
DYNAMICAL   THEORY. 

114.  IN  this  Chapter  it  is  proposed  to  study  the  very 
interesting  dynamical  problem  furnished  by  the  motion  of  one 
or  more  solids  in  a  liquid.  The  development  of  this  subject  is  due 
mainly  to  Thomson  and  Tait*  and  to  Kirchhofff.  The  cardinal 
feature  of  the  methods  followed  by  these  writers  consists  in  this, 
that  the  solids  and  the  fluid  are  treated  as  forming  one  dynamical 
system,  and  thus  the  troublesome  calculation  of  the  effect  of  the 
fluid  pressures  on  the  surfaces  of  the  solids  is  avoided. 

We  begin  with  the  case  of  a  single  solid  moving  through  an 
infinite  mass  of  liquid,  and  we  shall  suppose  in  the  first  instance 
that  the  motion  of  the  fluid  is  entirely  due  to  that  of  the  solid, 
and  is  therefore  irrotational  and  acyclic.  Some  special  cases  of 
this  problem  have  been  treated  incidentally  in  the  foregoing  pages, 
and  it  appeared  that  the  whole  effect  of  the  fluid  might  be 
represented  by  an  increase  in  the  inertia  of  the  solid.  The  same 
result  will  be  found  to  hold  in  general,  provided  we  use  the  term 
'  inertia  '  in  a  somewhat  extended  sense. 

Under  the  circumstances  supposed,  the  motion  of  the  fluid  is 
characterized  by  the  existence  of  a  single-  valued  velocity-potential 
</>  which,  besides  satisfying  the  equation  of  continuity 

v^  =  o  ..............................  (i), 


*  Natural  Philosophy,  Art.  320. 

t  "  Ueber  die  Bewegung  eines  Kotationskorpers  in  einer  Fliissigkeit,"  Crellet 
t,  Ixxi.  (1869);  Ges.  Abh.t  p.  376;  Mechanik,  c.  xix. 
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fulfils  the  following  conditions  :  (1°)  the  value  of  -  d^/dn,  where  Sn 
denotes  as  usual  an  element  of  the  normal  at  any  point  of  the 
surface  of  the  solid,  drawn  on  the  side  of  the  fluid,  must  be  equal 
to  the  velocity  of  the  surface  at  that  point  normal  to  itself,  and 
(2°)  the  differential  coefficients  d(f>/dx,  dfyfdy,  dfyjdz  must  vanish  at 
an  infinite  distance,  in  every  direction,  from  the  solid.  The  latter 
condition  is  rendered  necessary  by  the  consideration  that  a  finite 
velocity  at  infinity  would  imply  an  infinite  kinetic  energy,  which 
could  not  be  generated  by  finite  forces  acting  for  a  finite  time  on 
the  solid.  It  is  also  the  condition  to  which  we  are  led  by  supposing 
the  fluid  to  be  enclosed  within  a  fixed  vessel  infinitely  large  and 
infinitely  distant,  all  round,  from  the  moving  body.  For  on  this 
supposition  the  space  occupied  by  the  fluid  may  be  conceived  as 
made  up  of  tubes  of  flow  which  begin  and  end  on  the  surface  of 
the  solid,  so  that  the  total  flux  across  any  area,  finite  or  infinite, 
drawn  in  the  fluid  must  be  finite,  and  therefore  the  velocity  at 
infinity  zero. 

It  has  been  shewn  in  Arts.  40,  41,  that  under  the  above  con- 
ditions the  motion  of  the  fluid  is  determinate. 

115.  In  the  further  study  of  the  problem  it  is  convenient  to 
follow  the  method  introduced  by  Euler  in  the  dynamics  of  rigid 
bodies,  and  to  adopt  a  system  of  rectangular  axes  Ox,  Oy,  Oz  fixed 
in  the  body,  and  moving  with  it.  If  the  motion  of  the  body  at 
any  instant  be  defined  by  the  angular  velocities  p,  q,  r  about,  and 
the  translational  velocities  u,  v,  w  of  the  origin  parallel  to,  the 
instantaneous  positions  of  these  axes,  we  may  write,  after 
Kirchhoff, 

............  (2), 


where,  as  will  appear  immediately,  fa,  fa,  fa,  %15  %2>  %3  are  certain 
functions  of  x,  y,  z  determined  solely  by  the  configuration  of 
the  surface  of  the  solid,  relative  to  the  coordinate  axes.  In  fact, 
if  I,  m,  n  denote  the  direction-  cosines  of  the  normal,  drawn 
towards  the  fluid,  at  any  point  of  this  surface,  the  kinematical 
surface-condition  is 

—  -^  =  I  (u  +  qz  —  ry}  +  m  (v  +  rx  —pz)  +  n  (w  -\-py  —  qx), 
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whence,  substituting  the  value  (2)  of  <£,  we  find 


j 

y-  =  I,         -  -f±  =  ny  -  mz 
dn  dn 


2     7 

-  -f*  =  m,       —  -£*  —  Iz  -  nx 
dn  dn 


.(3). 


_=      _=mx_L 

dn  dn 

Since  these  functions  must  also  satisfy  (1),  and  have  their  deri- 
vatives zero  at  infinity,  they  are  completely  determinate,  by 
Art.  41*. 

116.  Now  whatever  the  motion  of  the  solid  and  fluid  at  any 
instant,  it  might  have  been  generated  instantaneously  from  rest  by 
a  properly  adjusted  impulsive  'wrench  '  applied  to  the  solid.  This 
wrench  is  in  fact  that  which  would  be  required  to  counteract  the 
impulsive  pressures  p<p  on  the  surface,  and,  in  addition,  to  generate 
the  actual  momentum  of  the  solid.  It  is  called  by  Lord  Kelvin 
the  '  impulse  '  of  the  system  at  the  moment  under  consideration. 
It  is  to  be  noted  that  the  impulse,  as  thus  defined,  cannot  be 
asserted  to  be  equivalent  to  the  total  momentum  of  the  system, 
which  is  indeed  in  the  present  problem  indeterminate.  We 
proceed  to  shew  however  that  the  impulse  varies,  in  consequence 
of  extraneous  forces  acting  on  the  solid,  in  exactly  the  same  way  as 
the  momentum  of  a  finite  dynamical  system. 

Let  us  in  the  first  instance  consider  any  actual  motion  of  a 
solid,  from  time  £0  to  time  ^,  under  any  given  forces  applied  to  it, 
in  SL  finite  mass  of  liquid  enclosed  by  a  fixed  envelope  of  any  form. 
Let  us  imagine  the  motion  to  have  been  generated  from  rest, 
previously  to  the  time  t0,  by  forces  (whether  gradual  or  impulsive) 
applied  to  the  solid,  and  to  be  arrested,  in  like  manner,  by 
forces  applied  to  the  solid  after  the  time  tt.  Since  the  momentum 
of  the  system  is  null  both  at  the  beginning  and  at  the  end  of  this 
process,  the  time-integrals  of  the  forces  applied  to  the  solid,  to- 
gether with  the  time-integral  of  the  pressures  exerted  on  the  fluid 

*  For  the  particular  case  of  an  ellipsoidal  surface,  their  values  may  be  written 
down  from  the  results  of  Arts.  Ill,  112. 
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by  the  envelope,  must  form  an  equilibrating  system.    The  effect  of 
these  latter  pressures  may  be  calculated  from  the  formula 


(i). 


A  pressure  uniform  over  the  envelope  has  no  resultant  effect; 
hence,  since  </>  is  constant  at  the  beginning  and  end,  the  only 
effective  part  of  the  integral  pressure  fpdt  is  given  by  the  term 

-frfq'dt  ...........................  (2). 

Let  us  now  revert  to  the  original  form  of  our  problem,  and 
suppose  the  containing  envelope  to  be  infinitely  large,  and  in- 
finitely distant  in  every  direction  from  the  moving  solid.  It  is 
easily  seen  by  considering  the  arrangement  of  the  tubes  of  flow 
(Art.  37)  that  the  fluid  velocity  q  at  a  great  distance  r  from  an 
origin  in  the  neighbourhood  of  the  solid  will  ultimately  be,  at 
most*,  of  the  order  1/r2,  and  the  integral  pressure  (2)  therefore  of 
the  order  1/r*4.  Since  the  surface-elements  of  the  envelope  are  of 
the  order  r^-cr,  where  SOT  is  an  elementary  solid  angle,  the  force- 
and  couple-resultants  of  the  integral  pressure  (2)  will  now  both 
be  null.  The  same  statement  therefore  holds  with  regard  to  the 
time-integral  of  the  forces  applied  to  the  solid. 

If  we  imagine  the  motion  to  have  been  started  instantaneously 
at  time  t0,  and  to  be  arrested  instantaneously  at  time  tlt  the  result 
at  which  we  have  arrived  may  be  stated  as  follows  : 

The  '  impulse  '  of  the  motion  (in  Lord  Kelvin's  sense)  at  time 
^  differs  from  the  '  impulse  '  at  time  t0  by  the  time-integral  of  the 
extraneous  forces  acting  on  the  solid  during  the  interval  ^  —  £0f. 

It  will  be  noticed  that  the  above  reasoning  is  substantially 
unaltered  when  the  single  solid  is  replaced  by  a  group  of  solids, 
which  may  moreover  be  flexible  instead  of  rigid,  and  even 
when  these  solids  are  replaced  by  portions  of  fluid  moving 
rotatiorially. 

117.  To  express  the  above  result  analytically,  let  f  ,  77,  f,  X,  //-,  v 
be  the  components  of  the  force-  and  couple-constituents  of  the 

*  It  is  really  of  the  order  1/r3  when,  as  in  the  case  considered,  the  total  flux 
outwards  is  zero. 

t  Sir  W.  Thomson,  I.e.  ante  p.  35.  The  form  of  the  argument  given  above  was 
kindly  suggested  to  the  author  by  Mr  Larmor. 
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impulse  ;  and  let  X,  Y,  Z,  L,  M,  N  designate  in  the  same  manner 
the  system  of  extraneous  forces.  The  whole  variation  of 
f  »  *)>  ?»  \  P>  v,  due  partly  to  the  motion  of  the  axes  to  which 
these  quantities  are  referred,  and  partly  to  the  action  of  the 
extraneous  forces,  is  then  given  by  the  formulae 

-?=rri 


For  at  time  t  +  St  the  moving  axes  make  with  their  positions 
at  time  t  angles  whose  cosines  are 

(1,  r&t,  -qSt),  (-rSt,  Itp&t),  (q&t,  -pit,  1), 

respectively.  Hence,  resolving  parallel  to  the  new  position  of  the 
axis  of  x, 

%  +  g£  =  f  +  v  .  r8t  -  f  .  q$t  +  XSt. 

Again,  taking  moments  about  the  new  position  of  Ox,  and  re- 
membering that  0  has  been  displaced  through  spaces  uSt,  v8t,  wbt 
parallel  to  the  axes,  we  find 


=  X  -}-  77  .  wSt  —  £.v$t  +  p.  rSt  —  v  .  qSt  +  LSt. 

These,  with  the  similar  results  which  can  be  written  down  from 
symmetry,  give  the  equations  (1). 

When  no  extraneous  forces  act,  we  verify  at  once  that  these 
equations  have  the  integrals 

?2+7/2  +  ^  =  const,  j  ,2, 

\%  +  ft?)  +  v£  =  const,  j  ' 


which   express   that   the   magnitudes  of  the  force-  and  couple- 
resultants  of  the  impulse  are  constant. 

*  Cf.  Hay  ward,  "  On  a  Direct  Method  of  Estimating  Velocities,  Accelerations, 
and  all  similar  Quantities,  with  respect  to  Axes  moveable  in  any  manner  in  space." 
Camb.  Trans.,  t.  x.  (1856). 


172 


MOTION    OF   SOLIDS   THROUGH   A   LIQUID.         [CHAP.  VI 


118.  It  remains  to  express  f,  rj,  f,  X,  /A,  v  in  terms  of 
u,  v,  wy  p,  q,  r.  In  the  first  place  let  T  denote  the  kinetic  energy 
of  the  fluid,  so  that 


2T  =  - 


^-dS. 


.(1), 


where  the  integration  extends  over  the  surface   of  the   moving 
solid.     Substituting  the  value  of  <£,  from  Art.  115  (2),  we  get 

2T  =  Ait2  +  "Bv-  +  Cw2  +  2A.'vw  -*•  2BW  +  2C'uv 


+  2j9  (LM 
+  2q  (Ii'u 


Rr2  +  2P'qr  +  2Q'rp  +  2R'pq 
+  Nw) 
't>  +  N'w) 


(2), 


where  the  21  coefficients  A,  B,  C,  &c.  are  certain  constants 
determined  by  the  form  and  position  of  the  surface  relative  to  the 
coordinate  axes.  Thus,  for  example, 


=  p  II  (f>.2ndS  =  p  II 


p  =  ~ 


ds  = 


(3), 


the  transformations  depending  on  Art.  115  (3)  and  on  a  particular 
case  of  Green's  Theorem  (Art.  44  (2)).  These  expressions  for 
the  coefficients  were  given  by  Kirchhoff. 

The  actual  values  of  the  coefficients  in  the  expression  for  2T  have  been 
found  in  the  preceding  chapter  for  the  case  of  the  ellipsoid,  viz.  we  have 
from  Arts.  Ill,  112 
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with  similar  expressions  for  B,  0,  Q,  R.     The  remaining  coefficients,  as  will 
appear  presently,  in  this  case  all  vanish.     We  note  that 

2(oo-0o) 


so  that  if  a>b>c,  then  A<B<0,  as  might  have  been  anticipated. 

The  formulae  for  an  ellipsoid  of  revolution  may  be  deduced  by  putting 
b=c;  they  may  also  be  obtained  independently  by  the  method  of  Arts.  101- 
106.  Thus  for  a  circular  disk  («  =  0,  b  =  c)  we  have 

A=|pc3,  B  =  C=0,       } 

'  (m). 


The  kinetic  energy,  Tj  say,  of  the  solid  alone  is  given  by  an 
expression  of  the  form 

2Tj  =  m  (u*  +  v2  +  w*) 

+  Pip2  +  Qi?2  +  Rir2  +  ZPSqr  +  2Q1'rp  +  2R/pg 

+  2m  {p  (0w  -yv)  +  q  (yu  -  aw)  +  r  (av  -  flu)}  ......  (4). 

Hence  the  total  energy  T  +  Tlf  of  the  system,  which  we  shall 
denote  by  T,  is  given  by  an  expression  of  the  same  general  form  as 
(2),  say  ' 

2T  =  Au*  +  Bv*  +  CV  +  ZA'vw  +  Wwu  +  Zffuv 

+  Pp*  +  Qq*  +  Rr*  +  ZP'qr  +  ZQ'rp  +  2R'pq 
+  2p  (Lu  +  Mv  +  Nw) 


}  ..............................  (5), 

where  the  coefficients  are  printed  in  uniform  type,  although  six  of 
them  have  of  course  the  same  values  as  in  (4). 

119.  The  values  of  the  several  components  of  the  impulse  in 
terms  of  the  velocities  u,  v,  w,  p,  q,  r  can  now  be  found  by  a  well- 
known  dynamical  method  *.  Let  a  system  of  indefinitely  great  forces 
(X,  Y,  Z,  L,  M,  N)  act  for  an  indefinitely  short  time  r  on  the  solid, 
so  as  to  change  the  impulse  from  (f,  77,  £  X,  p,  v)  to 

AT;,   ?+  A?,  X  +  AX,  /*  +  A/*,  v  +  A*/). 


*  See  Thomson  and  Tait,  Natural  Philosophy,  Art.  313,  or  Maxwell,  Electricity 
and  Magnetism,  Part  iv.  ,  c.  v, 
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The  work  done  by  the  force  X  is 

(T  Xudt, 
J  o 

which  lies  between 

uj7  Xdt  and  uJTXdt, 

JO  ]Q 

where  u^  and  u2  are  the  greatest  and  least  values  of  u  during  the 
time  T,  i.e.  it  lies  between  %  Af  and  i«2  Af.  If  we  now  introduce  the 
supposition  that  Af,  A?;,  Af,  AX,  A/t,  Ai>  are  infinitely  small,  u^  and 
uz  are  each  equal  to  u,  and  the  work  done  is  wAf.  In  the  same 
way  we  may  calculate  the  work  done  by  the  remaining  forces 
and  couples.  The  total  result  must  be  equal  to  the  increment  of 
the  kinetic  energy,  whence 


=A27=-r  -^- 

ai^  av          aw  ap  ag  ar 

Now  if  the  velocities  be  all  altered  in  any  given  ratio,  the 
impulses  will  be  altered  in  the  same  ratio.     If  then  we  take 

Aw  _  AV  __  Aw  _  Ap  _  A</  _  Ar  _  , 
u       v        w       p        q        r 
it  will  follow  that 

A|_A77_A?=AX_A/z_Az/  =  ^ 

?     "    V"     (T    ""     X     ""     fA     "     V 

Substituting  in  (11),  we  find 
+  rv 


^+ 

du 
T 

dT 

V~dv^ 

dT 

W  -=  h 

dw 

pdp  + 

dT 
qdq  + 

dT 
T  dr 

(2), 

since  T  is  a  homogeneous  quadratic  function.  Now  performing 
the  arbitrary  variation  A  on  the  first  and  last  members  of  (2),  and 
omitting  terms  which  cancel  by  (1),  we  find 


f  Aw  4-  7?Av  +  f  Aw  +  XAp  +  yuAg  +  v&r  =  A  T, 
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Since  the  variations  Aw,  Aw,  Aw,  Ap,  A^,  Ar  are  all  independent, 
this  gives  the  required  formulae 

dT  dT       fc     dT\ 

dw' 

(3). 


dT 


V  = 


dT 
dr 


It  may  be  noted  that  since  f ,  t],  f, . . .  are  linear  functions  of 
u,  v,  w,...,  the  latter  quantities  may  also  be  expressed  as  linear 
functions  of  the  former,  and  thence  T  may  be  regarded  as  a  homo- 
geneous quadratic  function  of  f,  rj,  £  \,  //,,  v.  When  expressed  in 
this  manner  we  may  denote  it  by  T'.  The  equation  (1)  then 
gives  at  once 


whence 


drj 

_dT 
=  df 

dT' 

^=dX 


" 


dT' 


dT7 


x.  ,  < 

IT'  A       dT' 

AA,  +  - 
1 

j  —  A//,  +  -j—  2 
fyu,                 dv 

dT'  \ 

dr 

dT' 

dv 

(4), 


formulaB  which  are  in  a  sense  reciprocal  to  (3). 

We  can  utilize  this  last  result  to  obtain  another  integral  of  the 
equations  of  motion,  in  the  case  where  no  extraneous  forces  act,  in 
addition  to  those  obtained  in  Art.  117.  Thus 


___ 
dt  ~  df 


-.*+...  +  .. 


dX 
dX 


...  +  ..., 


which  vanishes  identically,  by  Art.  117  (1).     Hence  we  have  the 
equation  of  energy 

T'=const (5). 

120.     If  in  the  formula  (3)  we  put,  in  the  notation  of  Art.  118, 

rp rri    •    rn 

it  is  known  from  the  dynamics  of  rigid  bodies  that  the  terms  in  T! 
represent  the  linear  and  angular  momentum  of  the  solid  by  itself. 
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Hence  the  remaining  terms,  involving  T,  must  represent  the 
system  of  impulsive  pressures  exerted  by  the  surface  of  the  solid  on 
the  fluid,  in  the  supposed  instantaneous  generation  of  the  motion 
from  rest. 

This  is  easily  verified.     For  example,  the  ^-component  of  the 
above  system  of  impulsive  pressures  is 


=  Au  +  G'v  +  "B'w  +  L£>  +  I*'q  -f  I/V 


du 


•(6), 


by  the  formulae  of  Arts.  115,  118.     In  the  same  way,  the  moment 
of  the  impulsive  pressures  about  Ox  is 


(ny  - 


dS 


-f  Nw  +  Pp  +  JL'q  +  QV 


dp 


.(7). 


121.     The  equations  of  motion  may  now  be  written 
d  dT       dT       dT 


dt  du 

dv      y  dw 

ddT 

dt  dv 

dT       dT 
^  dw        du 

T, 

ddT 

dtdw 

dT       dT  + 

~  y  du     ™  dv 

ddT 
dtdp 

wdT 

W  dv 

dT       dT 

—  v^  —  \-r  -^  < 
dw        dq 

dT+L 

ddT 
dt  dq 

dT 

=  u  -j— 
aw 

dT       dT 

du        dr 

rdT     M 
Tdp*      ' 

ddT 
dt  dr 

dT 

—  v  -j-  ' 
du 

dT       dT 

-u--j-  +  q-j  j 
dv      *  dp 

°  dq  +  N 

} (1)*. 


*  See  KirchhoflF,  I.e.  ante  p.  167  ;  also  Sir  W.  Thomson,  "Hydrokinetic  Solutions 
and  Observations,"  Phil.  Mag.,  Nov.  1871, 
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If  in  these  we  write  T=T  +  Tl,  and  separate  the  terms  due  to 
T  and  Tl  respectively,  we  obtain  expressions  for  the  forces  exerted 
on  the  moving  solid  by  the  pressure  of  the  surrounding  fluid  ;  thus 
the  total  component  (X,  say)  of  the  fluid  pressure  parallel  to  x  is 

dd-r      dT_  dr 

~dtdu  +  rdv      qdw  • 
and  the  moment  (L)  of  the  same  pressures  about  sc  is 

d  dT         dT        dT        dT        dT 
L  =  -IT-I—  +  w—7  ----  V-J-  +  T—J  ---  q-r-  .......  (3)*. 

dt  dp          dv         dw        dq      *  dr 

For  example,  if  the  solid  be  constrained  to  move  with  a  constant 
velocity  (u,  v,  w),  without  rotation,  we  have 


3 

t  =  o, 

Y  = 

0, 

z  =  o, 

dT 

dT 

dT 

^T     1\ 

c?T 

idT 

dv 

dw  ' 

dw 

cfot  ' 

1  =v  ^  1 
du 

dv 
(4 

where      2T  =  A^2  +  Bv2  +  Cw2  +  2A?vw  +  VB'wu  4-  2G'uv. 


Hence  the  fluid  pressures  reduce  to  a  couple,  which  moreover 
vanishes  if 

dT  dT          dT 

-^—  :  u  =  -7—  :  v  =  -j—  :  w, 
du  dv  dw 

i.e.  provided  the  velocity  (u,  v,  w)  be  in  the  direction  of  one  of  the 
principal  axes  of  the  ellipsoid 

A#2  +  B?/2  +  Oz2  +  ZA!yz  +  2B'^  +  ZG'xy  =  const..  .  .(5). 

Hence,  as  was  first  pointed  out  by  Kirchhoff,  there  are,  for  any 
solid,  three  mutually  perpendicular  directions  of  permanent  trans- 
lation ;  that  is  to  say,  if  the  solid  be  set  in  motion  parallel  to  one 
of  these  directions,  without  rotation,  and  left  to  itself,  it  will  continue 
so  to  move.  It  is  evident  that  these  directions  are  determined 
solely  by  the  configuration  of  the  surface  of  the  body.  It  must  be 
observed  however  that  the  impulse  necessary  to  produce  one  of 

*  The  forms  of  these  expressions  being  known,  it  is  not  difficult  to  verify  them 
by  direct  calculation  from  the  pressure-equation,  Art.  21  (4).  See  a  paper  "  On  the 
Forces  experienced  by  a  Solid  moving  through  a  Liquid,"  Quart.  Journ.  Math., 
t.  xix.  (1883). 
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these  permanent  translations  does  not  in  general  reduce  to  a  single 
force  ;  thus  if  the  axes  of  coordinates  be  chosen,  for  simplicity, 
parallel  to  the  three  directions  in  question,  so  that  A',  B'  ',  G'  =  0, 
we  have,  corresponding  to  the  motion  u  alone, 

g  =  Au,     77  =  0,         ?=0, 
X  =  Lu,    p,  =  L'u,     v  =  L"u, 
so  that  the  impulse  consists  of  a  wrench  of  pitch  L/A. 

With  the  same  choice  of  axes,  the  components  of  the  couple 
which  is  the  equivalent  of  the  fluid  pressures  on  the  solid,  in  the 
case  of  a  uniform  translation  (u,  v,  w),  are 


Hence  if  in  the  ellipsoid 

A#2  +  B?/2  +  Cz2  =  const  ...................  (7), 

we  draw  a  radius-vector  r  in  the  direction  of  the  velocity  (u,  v,  w) 
and  erect  the  perpendicular  h  from  the  centre  on  the  tangent 
plane  at  the  extremity  of  r,  the  plane  of  the  couple  is  that 
of  h  and  r,  its  magnitude  is  proportional  to  sin(/i,  r)jht  and  its 
tendency  is  to  turn  the  solid  in  the  direction  from  h  to  r.  Thus  if 
the  direction  of  (u,  v,  w)  differs  but  slightly  from  that  of  the  axis  of 
x,  the  tendency  of  the  couple  is  to  diminish  the  deviation  when  A 
is  the  greatest,  and  to  increase  it  when  A  is  the  least,  of  the 
three  quantities  A,  B,  C,  whilst  if  A  is  intermediate  to  B  and  C 
the  tendency  depends  on  the  position  of  r  relative  to  the  circular 
sections  of  the  above  ellipsoid.  It  appears  then  that  of  the  three 
permanent  translations  one  only  is  thoroughly  stable,  viz.  that 
corresponding  to  the  greatest  of  the  three  coefficients  A,  B,  C. 
For  example,  the  only  stable  direction  of  motion  of  an  ellipsoid 
is  that  of  its  least  axis  ;  see  Art.  118*. 

122.  The  above,  although  the  simplest,  are  not  the  only 
steady  motions  of  which  the  body  is  capable,  under  the  action 
of  no  external  forces.  The  instantaneous  motion  of  the  body  at 
any  instant  consists,  by  a  well-known  theorem  of  Kinematics,  of  a 

*  The  physical  cause  of  this  tendency  of  a  flat-shaped  body  to  set  itself 
broadside-on  to  the  relative  motion  is  clearly  indicated  in  the  diagram  on  p.  94. 
A  number  of  interesting  practical  illustrations  are  given  by  Thomson  and  Tait, 
Art.  325. 
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twist  about  a  certain  screw;  and  the  condition  that  this  motion 
should  be  permanent  is  that  it  should  not  affect  the  configuration 
of  the  impulse  (which  is  fixed  in  space)  relatively  to  the  body. 
This  requires  that  the  axes  of  the  screw  and  of  the  corresponding 
impulsive  wrench  should  coincide.  Since  the  general  equations 
of  a  straight  line  involve  four  independent  constants,  this  gives  four 
linear  relations  to  be  satisfied  by  the  five  ratios  u  :  v  :  w  :  p  :  q  :  r. 
There  exists  then  for  every  body,  under  the  circumstances  here 
considered,  a  singly-infinite  system  of  possible  steady  motions. 

Of  these  the  next  in  importance  to  the  three  motions  of  permanent 
translation  are  those  in  which  the  impulse  reduces  to  a  couple.  The  equa- 
tions (1)  of  Art.  117  are  satisfied  by  £,  rj,  £=0,  and  X,  ^  v  constant,  provided 

*/P  =  plq  =  v/r,     =£,  say  ...........................  (i). 

If  the  axes  of  coordinates  have  the  special  directions  referred  to  in  the 
preceding  Art.,  the  conditions  £,  ?;,  £=0  give  us  at  once  u,  v,  w  in  terms 
of  p,  q,  r,  viz. 

u=- 


Substituting  these  values  in  the  expressions  for  X,  p,  v  obtained  from  Art. 
119  (3),  we  find 

.      dQ  dQ  dQ 


where         29  (p,  q,  r}  =  %?2  +  %2  +  %tr2  +  2$'gr  +  2<©Vp  +  ZVi'pq  .........  (iv)  ; 

the  coefficients  in  this  expression  being  determined  by  formulae  of  the  types 


A       B        C  ' 

JLJ  -Lj  JjJ.    JjjL 


A    '   ~B~     ~C 

These  formulae  hold  for  any  case  in  which  the  force-  constituent  of  the  impulse 
is  zero.  Introducing  the  conditions  (i)  of  steady  motion,  the  ratios  p  :  q  :  r 
are  to  be  determined  from  the  three  equations 


The  form  of  these  shews  that  the  line  whose  direction-ratios  are  p  :  q  :  r 
must  be  parallel  to  one  of  the  principal  axes  of  the  ellipsoid 

6(07,  y,  0)  =  const  ...............................  (vii). 
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There  are  therefore  three  permanent  screw-motions  such  that  the  correspond- 
ing impulsive  wrench  in  each  case  reduces  to  a  couple  only.  The  axes  of 
these  three  screws  are  mutually  at  right  angles,  but  do  not  in  general 
intersect. 

It  may  now  be  shewn  that  in  all  cases  where  the  impulse  reduces  to  a 
couple  only,  the  motion  can  be  completely  determined.  It  is  convenient, 
retaining  the  same  directions  of  the  axes  as  before,  to  change  the  origin. 
Now  the  origin  may  be  transferred  to  any  point  (#,  y,  z)  by  writing 

u  +  ry-qz,         v  +pz  -  rx,         w  +  qz  -py> 

for  u,  -y,  w  respectively.  The  coefficient  of  vr  in  the  expression  for  the  kinetic 
energy,  Art.  118  (7),  becomes  -Bx+M",  that  of  wq  becomes  Cx  +  N',  and  so 
on.  Hence  if  we  take 

N 


the  coefficients  in  the  transformed  expression  for  2  T  will  satisfy  the  relations 

M"IB=N'IC,        N/C=L"/A,        L'/A  =  M/B  ...............  (ix). 

If  we  denote  the  values  of  these  pairs  of  equal  quantities  by  a,  /3,  y  re- 
spectively, the  formulse  (ii)  may  now  be  written 

ctor  dtr  d* 

U=--j~.        t)=——-          W=  --  =-  .....................  (X), 

dp  '  dq  '  dr 

where  2¥(p,  q,  r)  =     P2  +       ^+~     r2+%aqr+2prp  +  2ypq  ......  (xi). 


The  motion  of  the  body  at  any  instant  may  be  conceived  as  made  up  of  two 
parts;  viz.  a  motion  of  translation  equal  to  that  of  the  origin,  and  one  of 
rotation  about  an  instantaneous  axis  passing  through  the  origin.  Since 
£,  17,  £=0  the  latter  part  is  to  be  determined  by  the  equations 

d\_  dp_  dv  _ 

which  express  that  the  vector  (X,  /u,  v)  is  constant  in  magnitude  and  has  a  fixed 
direction  in  space.  Substituting  from  (iii), 

d  de      de      de 


d  de       de       dQ 


d^de_  de_    de 

dt  dr~q  dp    P  dq 


(xii). 


These  are  identical  in  form  with  the  equations  of  motion  of  a  rigid  body 
about  a  fixed  point,  so  that  we  may  make  use  of  Poinsot's  well-known  solution 
of  the  latter  problem.  The  angular  motion  of  the  body  is  therefore  obtained 
by  making  the  ellipsoid  (vii),  which  is  fixed  in  the  body,  roll  on  the  plane 

\x  -f  py  +  vz  —  const. , 
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which  is  fixed  in  space,  with  an  angular  velocity  proportional  to  the  length  01 
of  the  radius  vector  drawn  from  the  origin  to  the  point  of  contact  /.  The 
representation  of  the  actual  motion  is  then  completed  by  impressing  on  the 
whole  system  of  rolling  ellipsoid  and  plane  a  velocity  of  translation  whose 
components  are  given  by  (x).  This  velocity  is  in  the  direction  of  the 
normal  OM  to  the  tangent  plane  of  the  quadric 


at  the  point  P  where  01  meets  it,  and  is  equal  to 
e3 

OP  ojfxangular  velocity  °f 

When  01  does  not  meet  the  quadric  (xiii),  but  the  conjugate  quadric  obtained 
by  changing  the  sign  of  e,  the  sense  of  the  velocity  (xiv)  is  reversed*. 

123.  The  problem  of  the  integration  of  the  equations  of 
motion  of  a  solid  in  the  general  case  has  engaged  the  attention  of 
several  mathematicians,  but,  as  might  be  anticipated  from  the 
complexity  of  the  question,  the  meaning  of  the  results  is  not 
easily  grasped. 

In  what  follows  we  shall  in  the  first  place  inquire  what 
simplifications  occur  in  the  formula  for  the  kinetic  energy,  for 
special  classes  of  solids,  and  then  proceed  to  investigate  one  or 
two  particular  problems  of  considerable  interest  which  can  be 
treated  without  difficult  mathematics. 

1°.  If  the  solid  has  a  plane  of  symmetry,  as  regards  both  its 
form  and  the  distribution  of  matter  in  its  interior,  then,  taking  this 
plane  as  that  of  xy,  it  is  evident  that  the  energy  of  the  motion  is 
unaltered  if  we  reverse  the  signs  of  w,  p,  q,  the  motion  being 
exactly  similar  in  the  two  cases.  This  requires  that  A',  B',  P',  Q', 
L,  M,  Lf,  M',  N"  should  vanish.  One  of  the  directions  of  perma- 
nent translation  is  then  parallel  to  z.  The  three  screws  of  Art.  122 
are  now  pure  rotations  ;  the  axis  of  one  of  them  is  parallel  to  z  ; 
the  axes  of  the  other  two  are  at  right  angles  in  the  plane  xy,  but 
do  not  in  general  intersect  the  first. 

2°.  If  the  body  have  a  second  plane  of  symmetry,  at  right 
angles  to  the  former  one,  let  this  be  taken  as  the  plane  of  zx. 
We  find,  in  the  same  way,  that  in  this  case  the  coefficients 

*  The  substance  of  this  Art.  is  taken  from  a  paper,  "  On  the  Free  Motion  of  a 
Solid  through  an  Infinite  Mass  of  Liquid,"  Proc.  Lond.  Math.  Soc.t  t.  viii.  (1877). 
Similar  results  were  obtained  independently  by  Craig,  "  The  Motion  of  a  Solid  in  a 
Fluid,"  Amer.  Journ.  of  Math.,  t.  ii.  (1879). 
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C',  R',  N,  L"  also  must  vanish,  so  that  the  expression  for  2T 
assumes  the  form 


r  ...........................  (1). 

The  directions  of  permanent  translation  are  now  parallel  to  the 
three  axes  of  coordinates.  The  axis  of  x  is  the  axis  of  one  of  the 
permanent  screws  (now  pure  rotations)  of  Art.  122,  and  those  of 
the  other  two  intersect  it  at  right  angles  (being  parallel  to  y  and  z 
respectively),  though  not  necessarily  in  the  same  point. 

3°.     If  the  body  have  a  third  plane  of  symmetry,  viz.  that  of 
yz,  at  right  angles  to  the  two  former  ones,  we  have 


Rr*  ...........................  (2). 

The  axes  of  coordinates  are  in  the  directions  of  the  three  perma- 
nent translations  ;  they  are  also  the  axes  of  the  three  permanent 
screw-motions  (now  pure  rotations)  of  Art.  122. 

4°.  If,  further,  the  solid  be  one  of  revolution,  about  #,  say,  the 
value  (1)  of  2T  must  be  unaltered  when  we  write  v,  q,  —  w,  —  r  for 
w,  r,  vt  q,  respectively  ;  for  this  is  merely  equivalent  to  turning  the 
axes  of  y,  z  through  a  right  angle.  Hence  we  must  have  B  =  C, 
Q  =  R,  M"  =  —  N'.  If  we  further  transfer  the  origin  to  the  point 
defined  by  Art.  122  (viii)  we  have  M"  =  N'.  Hence  we  must  have 


and  2T  =  Au*  +  B(v*  +  w2) 

(3). 


The  same  reduction  obtains  in  some  other  cases,  for  example 
when  the  solid  is  a  right  prism  whose  section  is  any  regular 
polygon*.  This  is  seen  at  once  from  the  consideration  that,  the 
axis  of  x  coinciding  with  the  axis  of  the  prism,  it  is  impossible  to 
assign  any  uniquely  symmetrical  directions  to  the  axes  of  y  and  z. 

*  See  Larmor,  "On  Hydrokinetic   Symmetry,"  Quart.  Jo/urn.  Math.,   t.  xx. 
(1885). 
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5°.  If,  in  the  last  case,  the  form  of  the  solid  be  similarly 
related  to  each  of  the  coordinate  planes  (for  example  a  sphere,  or  a 
cube),  the  expression  (3)  takes  the  form 

2T  =  ^(^2  +  ?;2+  w2)  +  P(^2  +  22  +  r2)  ...............  (4). 

This  again  may  be  extended,  for  a  like  reason,  to  other  cases, 
for  example  any  regular  polyhedron.  Such  a  body  is  practically 
for  the  present  purpose  '  isotropic,'  and  its  motion  will  be  exactly 
that  of  a  sphere  under  similar  conditions. 

6°.  We  may  next  consider  another  class  of  cases.  Let  us 
suppose  that  the  body  has  a  sort  of  skew  symmetry  about  a  certain 
axis  (say  that  of  a?),  viz.  that  it  is  identical  with  itself  turned 
through  two  right  angles  about  this  axis,  but  has  not  necessarily  a 
plane  of  symmetry*.  The  expression  for  2T  must  be  unaltered 
when  we  change  the  signs  of  v,  w,  q,  r,  so  that  the  coefficients 
B',  C',  Q',  R',  M,  N,  L',  L"  must  all  vanish.  We  have  then 

2T=  An?  +  Bv2  +  Cw*  +  2A  'vw 
+  Pp2  +  Qq2  4  Rr*  +  2P'qr 
+  2Lpu 

+  2q  (M'v  +  N'w) 
+  2r(M"v  +  N"w}  ........................  (5). 

The  axis  of  x  is  one  of  the  directions  of  permanent  translation  ; 
and  is  also  the  axis  of  one  of  the  three  screws  of  Art.  122,  the  pitch 
being  —  L/A.  The  axes  of  the  two  remaining  screws  intersect  it 
at  right  angles,  but  not  in  general  in  the  same  point. 

7°.  If,  further,  the  body  be  identical  with  itself  turned  through 
one  right  angle  about  the  above  axis,  the  expression  (5)  must  be 
unaltered  when  v,  q,  —w,  —  r  are  written  for  w,  r,  v,  q,  respectively. 
This  requires  that  B  =  G,  A'  =  0,  Q  =  R,  P'=0,  M*  =  N"t 
N'  =  —  M".  If  further  we  transfer  the  origin  to  the  point  chosen 
in  Art.  122  we  must  have  N'  =  M",  and  therefore  N'  =  0,  M"  =  0. 
Hence  (5)  reduces  to 


q  +  wr)  ...........................  (6).f 

*  A  two-bladed  screw-propeller  of  a  ship  is  an  example  of  a  body  of  this  kind. 
f  This  result  admits  of  the  same  kind  of  generalization  as  (3),  e.g.  it  applies  to 
a  body  shaped  like  a  screw-propeller  with  three  symmetrically-disposed  blades. 
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The  form  of  this  expression  is  unaltered  when  the  axes  of  y,  z 
are  turned  in  their  own  plane  through  any  angle.  The  body  is 
therefore  said  to  possess  helicoidal  symmetry  about  the  axis  of  x. 

8°.  If  the  body  possess  the  same  properties  of  skew  symmetry 
about  an  axis  intersecting  the  former  one  at  right  angles,  we 
must  evidently  have 


+  2L  (pu  +  qv  +  rw)  .....................  (7). 

Any  direction  is  now  one  of  permanent  translation,  and  any  line 
drawn  through  the  origin  is  the  axis  of  a  screw  of  the  kind  con- 
sidered in  Art.  122,  of  pitch  -  L/A.  The  form  of  (7)  is  unaltered 
by  any  change  in  the  directions  of  the  axes  of  coordinates.  The 
solid  is  therefore  in  this  case  said  to  be  '  helicoidally  isotropic.' 

124.     For  the  case  of  a  solid  of  revolution,  or  of  any  other  form 
to  which  the  formula 


.(1) 

applies,  the  complete  integration  of  the  equations  of  motion  was 
effected  by  Kirchhoff  *  in  terms  of  elliptic  functions. 

The  particular  case  where  the  solid  moves  without  rotation 
about  its  axis,  and  with  this  axis  always  in  one  plane,  admits  of 
very  simple  treatment  "f,  and  the  results  are  very  interesting. 

If  the  fixed  plane  in  question  be  that  of  xy  we  have  p,  q,  w  =  0, 
so  that  the  equations  of  motion,  Art.  121  (1),  reduce  to 

dU  -  -dV=-T^U,l 

(2). 


Let  x,  y  be  the  coordinates  of  the  moving  origin  relative  to 
fixed  axes  in  the  plane  (xy)  in  which  the  axis  of  the  solid  moves, 

*  I.e.  ante  p.  167. 

t  See  Thomson  and  Tait,  Natural  Philosophy,  Art.  322;  and  Greenhill,  "On 
the  Motion  of  a  Cylinder  through  a  Frictionless  Liquid  under  no  Forces,"  Mess,  of 
Math.,  t.  ix.  (1880). 
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the  axis  of  x  coinciding  with  the  line  of  the  resultant  impulse 
(/,  say)  of  the  motion  ;  and  let  6  be  the  angle  which  the  line  Ox 
(fixed  in  the  solid)  makes  with  x.  We  have  then 


The  first  two  of   equations  (2)  merely  express  the  fixity  of  the 
direction  of  the  impulse  in  space  ;  the  third  gives 

=  0  ..................  (3). 


We  may  suppose,  without  loss  of  generality,  that  A  >  B.     If 
we  write  20  =  S-,  (3)  becomes 


which  is  the  equation  of  motion  of  the  common  pendulum.  Hence 
the  angular  motion  of  the  body  is  that  of  a  'quadrantal 
pendulum/  i.e.  a  body  whose  motion  follows  the  same  law  in 
regard  to  a  quadrant  as  the  ordinary  pendulum  does  in  regard  to 
a  half-circumference.  When  6  has  been  determined  from  (3)  and 
the  initial  conditions,  x,  y  are  to  be  found  from  the  equations 

x  =  u  cos  6  -  v  sin  6  =  -   cos2  6  +  -   sin2  0, 


the  latter  of  which  gives 

y  =  -?-0 (6), 

as  is  otherwise  obvious,  the  additive  constant  being  zero  since  the 
axis  of  x  is  taken  to  be  coincident  with,  and  not  merely  parallel 
to,  the  line  of  the  impulse  /. 

Let  us  first  suppose  that  the  body  makes  complete  revolutions, 
in  which  case  the  first  integral  of  (3)  is  of  the  form 

02  =  w2  (1  -  k*  sin2  0)  (7), 

,                                        72     A-B  I2 
Where  k-ABQ'^ (8)" 

Hence,  reckoning  t  from  the  position  6  —  0,  we  have 
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in  the  usual  notation  of  elliptic  integrals.  If  we  eliminate  t 
between  (5)  and  (9),  and  then  integrate  with  respect  to  6, 
we  find 


the  origin  of  x  being  taken  to  correspond  to  the  position  6  =  0. 
The  path  can  then  be  traced,  in  any  particular  case,  by  means  of 
Legendre's  Tables.  See  the  curve  marked  I  in  the  figure. 

If,  on  the  other  hand,  the  solid  does  not  make  a  complete 
revolution,  but  oscillates  through  an  angle  a  on  each  side  of  the 
position  6  —  0,  the  proper  form  of  the  first  integral  of  (3)  is 


,                                       .  „        ABQ    ft>2  ,10X 

where  Bmia=_J|._ (12). 

If  we  put  sin  6  =  sin  a  sin  -\Jr, 

this  gives  &  =   .        (1  —  sin2  a  sin2  -vlr), 

sin2  a v 

whence  —  =  F(sma,  ty) (13). 

Transforming  to  i/r  as  independent  variable,  in  (5),  and  integrating, 
we  find 

x  =  •=-  sin  a .  F(sm  a,  ty)  —  -^-cosec  a  .  E(siu  a,  -^r 
Qco 

--- 


The  path  of  the  point  0  is  here  a  sinuous  curve  crossing  the  line 
of  the  impulse  at  intervals  of  time  equal  to  a  half-period  of  the 
angular  motion.  This  is  illustrated  by  the  curves  III  and  IV  of  the 
figure. 

There  remains  a  critical  case  between  the  two  preceding,  where 
the  solid  just  makes  a  half-revolution,  6  having  as  asymptotic 
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limits  the  two  values  +  JTT.    This  case  may  be  obtained  by  putting 
k  =  1  in  (7),  or  a  =  £TT  in  (11)  ;  and  we  find 

0  =  co  cos  6  .................................  (15), 

^=logtan(i7r+|(9)  ..................  (16), 


x  =  -      log  tan  (ITT  +  J0)  -  -       sin  0, 


See  the  curve  II  of  the  figure*. 

It  is  to  be  observed  that  the  above  investigation  is  not  restricted 
to  the  case  of  a  solid  of  revolution  ;  it  applies  equally  well  to  the 
case  of  a  body  with  two  perpendicular  planes  of  symmetry,  moving 
parallel  to  one  of  these  planes,  provided  the  origin  be  properly 
chosen.  If  the  plane  in  question  be  that  of  xy,  then  on  transferring 
the  origin  to  the  point  (M"/B,  0,  0)  the  last  term  in  the  formula 
(1)  of  Art.  123  disappears,  and  the  equations  of  motion  take  the 
form  (2)  above.  On  the  other  hand,  if  the  motion  be  parallel  to 
zx  we  must  transfer  the  origin  to  the  point  (—  N'/C,  0,  0). 

The  results  of  this  Article,  with  the  accompanying  diagrams, 
serve  to  exemplify  the  statements  made  near  the  end  of  Art.  121. 
Thus  the  curve  IV  illustrates,  with  exaggerated  amplitude,  the 
case  of  a  slightly  disturbed  stable  steady  motion  parallel  to  an 
axis  of  permanent  translation.  The  case  of  a  slightly  disturbed 
unstable  steady  motion  would  be  represented  by  a  curve  con- 
tiguous to  II,  on  one  side  or  the  other,  according  to  the  nature  of 
the  disturbance. 

125.  The  mere  question  of  the  stability  of  the  motion  of  a 
body  parallel  to  an  axis  of  symmetry  may  of  course  be  more  simply 
treated  by  approximate  methods.  Thus,  in  the  case  of  a  body 

*  In  order  to  bring  out  the  peculiar  features  of  the  motion,  the  curves  have 
been  drawn  for  the  somewhat  extreme  case  of  A  =5B.  In  the  case  of  an  infinitely 
thin  disk,  without  inertia  of  its  own,  we  should  have  A/B  =  cc-,  the  curves  would 
then  have  cusps  where  they  meet  the  axis  of  y.  It  appears  from  (5)  that  i  has 
always  the  same  sign,  so  that  loops  cannot  occur  in  any  case. 

In  the  various  cases  figured  the  body  is  projected  always  with  the  same  impulse, 
but  with  different  degrees  of  rotation.  In  the  curve  I,  the  maximum  angular 
velocity  is  J2  times  what  it  is  in  the  critical  case  II  ;  whilst  the  curves  III  and 
IV  represent  oscillations  of  amplitude  45°  and  18°  respectively. 
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with  three  planes  of  symmetry,  as  in  Art.  123,  3°,  slightly  dis- 
turbed from  a  state  of  steady  motion  parallel  to  x,  we  find, 
writing  u  =  u0  +  u'}  and  assuming  u,  v,  w,  p,  q,  r  to  be  all  small, 

...a). 


Hence 


with  a  similar  equation  for  r,  and 

0*5+4  <±^Wo  ...............  (2), 

with  a  similar  equation  for  q.    The  motion  is  therefore  stable  only 
when  A  is  the  greatest  of  the  three  quantities  A,  B,  C. 

It  is  evident  from  ordinary  Dynamics  that  the  stability  of  a 
body  moving  parallel  to  an  axis  of  symmetry  will  be  increased,  or 
its  instability  (as  the  case  may  be)  will  be  diminished,  by 
communicating  to  it  a  rotation  about  this  axis.  This  question 
has  been  examined  by  Greenhill*. 

Thus  in  the  case  of  a  solid  of  revolution  slightly  disturbed  from  a  state  of 
motion  in  which  u  and  p  are  constant,  while  the  remaining  velocities  are 
zero,  if  we  neglect  squares  and  products  of  small  quantities,  the  first  and 
fourth  of  equations  (1)  of  Art.  121  give 


whence  u  =  u0,  P=Po  ...........................  (i)> 

say,  where  u0t  p0  are  constants.     The  remaining  equations  then   take,   on 
substitution  from  Art.  123  (3),  the  forms 


fdv 
\di  ~ 


"       °r' 


*  "Fluid   Motion   between   Confocal  Elliptic   Cylinders,  &c.,"  Quart.   Journ. 
Math.,  t.  xvi.  (1879). 
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If  we  assume  that  v,  w,  q,  r  vary  as  e?xt,  and  eliminate  their  ratios,  we  find 


The  condition  that  the  roots  of  this  should  be  real  is  that 


should  be  positive.     This  is  always  satisfied  when  A>B,  and  can  be  satisfied 
in  any  case  by  giving  a  sufficiently  great  value  to  jo0. 

This  example  illustrates  the  steadiness  of  flight  which  is  given  to  an 
elongated  projectile  by  rifling. 

126.  In  the  investigation  of  Art.  122  the  term  'steady'  was 
used  to  characterize  modes  of  motion  in  which  the  '  instantaneous 
screw  '  preserved  a  constant  relation  to  the  moving  solid.  In  the 
case  of  a  solid  of  revolution,  however,  we  may  conveniently  use  the 
term  in  a  somewhat  wider  sense,  extending  it  to  motions  in  which 
the  velocities  of  translation  and  rotation  are  constant  in  magnitude, 
and  make  constant  angles  with  the  axis  of  symmetry  and  with 
each  other,  although  their  relation  to  particles  of  the  solid  not  on 
the  axis  may  continually  vary. 

The  conditions  to  be  satisfied  in  this  case  are  most  easily  obtained  from 
the  equations  of  motion  of  Art.  121,  which  become,  on  substitution  from 
Art.  123  (3), 


=     (A-B}uv  +  (P-Q)pq 
/ 

It  appears  that  p  is  in  any  case  constant,  and  that  q2  +  r2  will  also  be  constant 

provided 

vlq  =  ie/r,     =£,  say (ii). 

This  makes  du/dt  =  0,  and 

It  follows  that  k  will  also  be  constant;  and  it  only  remains  to  satisfy  the 
equations 
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which  will  be  consistent  provided 


whence  u/p=kBP/{AQ-k2B(A-B)}  ........................  (iii). 

Hence  there  are  an  infinite  number  of  possible  modes  of  steady  motion,  of  the 
kind  above  defined.  In  each  of  these  the  instantaneous  axis  of  rotation  and 
the  direction  of  translation  of  the  origin  are  in  one  plane  with  the  axis  of  the 
solid.  It  is  easily  seen  that  the  origin  describes  a  helix  about  the  resultant 
axis  of  the  impulse. 

These  results  are  due  to  Kirchhoff. 

127.  The  only  case  of  a  body  possessing  helicoidal  property, 
where  simple  results  can  be  obtained,  is  that  of  the  'isotropic 
helicoid'  denned  by  Art.  123  (7).  Let  0  be  the  centre  of  the 
body,  and  let  us  take  as  axes  of  coordinates  at  any  instant,  a  line 
Ox,  parallel  to  the  axis  of  the  impulse,  a  line  Oy  drawn  outwards 
from  this  axis,  and  a  line  Oz  perpendicular  to  the  plane  of  the 
two  former.  If  /  and  G  denote  the  force-  and  couple-constituents 
of  the  impulse,  we  have 


Aw  +  Lr  =  f  =  0,      Pr  +  Lw  =  v  =  I™ 
where  ^  denotes  the  distance  of  0  from  the  axis  of  the  impulse. 

Since  AP  —  L2  4=  0,  the  second  and  fifth  of  these  equations 
shew  that  v  =  0,  q  =  0.  Hence  -cr  is  constant  throughout  the 
motion,  and  the  remaining  quantities  are  constant  ;  in  particular 


The  origin  0  therefore  describes  a  helix  about  the  axis  of  the 
impulse,  of  pitch 

G/I-P/L. 

This  example  is  due  to  Lord  Kelvin*. 

*  I.e.  ante  p.  176.  It  is  there  pointed  out  that  a  solid  of  the  kind  here  in 
question  may  be  constructed  by  attaching  vanes  to  a  sphere,  at  the  middle  points  of 
twelve  quadrantal  arcs  drawn  so  as  to  divide  the  surface  into  octants.  The  vanes 
are  to  be  perpendicular  to  the  surface,  and  are  to  be  inclined  at  angles  of  45°  to  the 
respective  arcs. 

For  some  further  investigations  in  this  field  see  a  paper  by  Miss  Fawcett,  "  On 
the  Motion  of  Solids  in  a  Liquid,"  Quart.  Journ.  Math.,  t.  xxvi.  (1893). 
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128.  Before  leaving  this  part  of  the  subject  we  remark  that 
the  preceding  theory  applies,  with  obvious  modifications,  to  the 
acyclic  motion  of  a  liquid  occupying  a  cavity  in  a  moving  solid.  If 
the  origin  be  taken  at  the  centre  of  inertia  of  the  liquid,  the 
formula  for  the  kinetic  energy  of  the  fluid  motion  is  of  the  type 

2T  =  m  O2  +  v*  +  w2) 

+  Pp2  +  Qq*  +  Rr2  +  2P  'qr  +  2QVp  +  VR'pq  ......  (1). 

For  the  kinetic  energy  is  equal  to  that  of  the  whole  fluid  mass 
(m),  supposed  concentrated  at  the  centre  of  mass  and  moving 
with  this  point,  together  with  the  kinetic  energy  of  the  motion 
relative  to  the  centre  of  mass.  The  latter  part  of  the  energy  is 
easily  proved  by  the  method  of  Arts.  115,  118  to  be  a  homo- 
geneous quadratic  function  of  p,  q,  r. 

Hence  the  fluid  may  be  replaced  by  a  solid  of  the  same 
mass,  having  the  same  centre  of  inertia,  provided  the  principal 
axes  and  moments  of  inertia  be  properly  assigned. 

The  values  of  the  coefficients  in  (1),  for  the  case  of  an  ellipsoidal  cavity, 
may  be  calculated  from  Art.  107.  Thus,  if  the  axes  of  x,  y,  z  coincide  with 
the  principal  axes  of  the  ellipsoid,  we  find 


P'=0,    Q'=0,    R'  =  0. 

Case  of  a  Perforated  Solid. 

129.  If  the  moving  solid  have  one  or  more  apertures  or  per- 
forations, so  that  the  space  external  to  it  is  multiply-connected, 
the  fluid  may  have  a  motion  independent  of  that  of  the  solid,  viz. 
a  cyclic  motion  in  which  the  circulations  in  the  several  irreducible 
circuits  which  can  be  drawn  through  the  apertures  may  have  any 
given  constant  values.  We  will  briefly  indicate  how  the  foregoing 
methods  may  be  adapted  to  this  case. 

Let  K,  K,  K",...  be  the  circulations  in  the  various  circuits,  and 
let  Scr,  Scr',  8cr",...  be  elements  of  the  corresponding  barriers, 
drawn  as  in  Art.  48.  Further,  let  I,  m,  n  denote  direction-cosines 
of  the  normal,  drawn  towards  the  fluid,  at  any  point  of  the  surface 
of  the  solid,  or  drawn  on  the  positive  side  at  any  point  of  a  barrier. 
The  velocity-potential  is  then  of  the  form 
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where 

<  =  n  >. 

' 


The  functions  ^^  </>2,  </>3,  %15  ^2,  ^3  are  determined  by  the  same 
conditions  as  in  Art.  115.  To  determine  &>,  we  have  the  condi- 
tions :  (1°)  that  it  must  satisfy  V2o)  =  0  at  all  points  of  the  fluid  ; 
(2°)  that  its  derivatives  must  vanish  at  infinity;  (3°)  that  dco/dn=Q 
at  the  surface  of  the  solid  ;  and  (4°)  that  o>  must  be  a  cyclic  function, 
diminishing  by  unity  whenever  the  point  to  which  it  refers  com- 
pletes a  circuit  cutting  the  first  barrier  once  only  in  the  positive 
direction,  and  recovering  its  original  value  whenever  the  point 
completes  a  circuit  not  cutting  this  barrier.  It  appears  from 
Art.  52  that  these  conditions  determine  o>  save  as  to  an  additive 
constant.  In  like  manner  the  remaining  functions  o>',  a>",  .  .  .  are 
determined. 

By  the  formula  (5)  of  Art.  55,  twice  the  kinetic  energy  of  the 
fluid  is  equal  to 


-  ......  (2). 

Since  the  cyclic  constants  of  <£  are  zero,  we  have,  by  Art.  54  (4), 


which   vanishes,   since   dfa/dn  =  0   at   the   surface   of  the   solid. 
Hence  (2)  reduces  to 

"-  ......  (3)- 


Substituting  the  values  of  <£,  <£0  from  (1),  we  find  that  the  kinetic 
energy  of  the  fluid  is  equal  to 

T  +  #  ..............................  (4), 

where  T  is  a  homogeneous  quadratic  function  of  u,  v,  w,  p,  q,  r  of 
the  form  defined  by  Art.  118  (2),  (3),  and 


13 
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where,  for  example, 


do>'  ,  dio 


The  identity  of  the  two  forms  of  (K,  K)  follows  from  Art.  54  (4). 
Hence  the  total  energy  of  fluid  and  solid  is  given  by 

T=®  +  K)  ........................  (7), 

where  ®  is  a  homogeneous  quadratic  function  of  u,  v,  w,  p,  q,  r 
of  the  same  form  as  Art.  118  (5),  and  K  is  denned  by  (5)  and 
(6)  above. 

130.  The  'impulse'  of  the  motion  now  consists  partly  of 
impulsive  forces  applied  to  the  solid,  and  partly  of  impulsive 
pressures  p/c,  p/c',  pic"  ...  applied  uniformly  (as  explained  in  Art.  54) 
over  the  several  membranes  which  are  supposed  for  a  moment  to 
occupy  the  positions  of  the  barriers.  Let  us  denote  by  fl5  77^  fl5 
Xj,  /AJ,  i>!  the  components  of  the  extraneous  impulse  applied  to  the 
solid.  Expressing  that  the  ^-component  of  the  momentum  of  the 
solid  is  equal  to  the  similar  component  of  the  total  impulse  acting 
on  it,  we  have 


where,  as  before,  Tx  denotes  the  kinetic  energy  of  the  solid,  and  T 
that  part  of  the  energy  of  the  fluid  which  is  independent  of  the 
cyclic  motion.  Again,  considering  the  angular  momentum  of  the 
solid  about  th,e  axis  of  x, 

~l  =  \l-pfj(<f>  +  4>a)  (ny  -  mz)  dS 
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Hence,  since  &  —  T  +  Tlf  we  have 


By  virtue  of  Lord  Kelvin's  extension  of  Green's  theorem,  al- 
ready referred  to,  these  may  be  written  in  the  alternative  forms 


(4). 
dp    '  ^JJ  dn-   r^J/^" 

Adding  to  these  the  terms  due  to  the  impulsive  pressures 
applied  to  the  barriers,  we  have,  finally,  for  the  components  of  the 
total  impulse  of  the  motion, 

m 


MS,  ^  d® 

x=dp-+x"   *-^r 

where,  for  example, 

f^d*  +  p*[((l  + 

dnj  JJ\       dn 

X0  =  pK  II I ny -  mz  +  -%± j  da  -f  pK'     I (ny  -mz+  -^M  do-'  4- . . . 

It  is  evident  that  the  constants  f0,  770 ,  f0,  X0,  /^OJ  .^o  are  the 
components  of  the  impulse  of  the  cyclic  fluid  motion  which 
remains  when  the  solid  is,  by  forces  applied  to  it  alone,  brought 
to  rest. 

By  the  argument  of  Art.  116,  the  total  impulse  is  subject  to 
the  same  laws  as  the  momentum  of  a  finite  dynamical  system. 
Hence  the  equations  of  motion  of  the  solid  are  obtained  by  substi- 
tuting from  (5)  in  the  equations  (1)  of  Art.  117*. 

*  This  conclusion   may  be  verified  by  direct   calculation   from  the  pressure- 
formula  of  Art.  21 ;  see  Bryan,  "  Hydrodynamical  Proof  of  the  Equations  of  Motion 

of  a  Perforated  Solid, ,"  Phil.  Mag.,  May,  1893. 

13—2 
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131.  As  a  simple  example  we  may  take  the  case  of  an  annular 
solid  of  revolution.  If  the  axis  of  x  coincide  with  that  of  the  ring, 
we  see  by  reasoning  of  the  same  kind  as  in  Art.  123,  4°  that  if 
the  situation  of  the  origin  on  this  axis  be  properly  chosen  we 
may  write 


_l_  /.-      .-\   ...2  /I  \ 

~T~\K>  K)K v1;- 

Hence  f  =  J.w  +  f0>        r)  =  Bv,        £=Bw,} 

A,  =  Pp,  p  =  Qq,         v=Qr  j " 

Substituting  in  the  equations  of  Art.  117,  we  find  dp/dt=Q,  or 
p  =  const.,  as  is  obviously  the  case.  Let  us  suppose  that  the  ring 
is  slightly  disturbed  from  a  state  of  motion  in  which  v,  w,  p,  q,  r 
are  zero,  i.e.  a  state  of  steady  motion  parallel  to  the  axis.  In 
the  beginning  of  the  disturbed  motion  v,  w,  p,  q,  r  will  be  small 
quantities  whose  products  we  may  neglect.  The  first  of  the 
equations  referred  to  then  gives  du/dt  =  0,  or  u  =  const.,  and  the 
remaining  equations  become 


Q^=     [(A-B)u  +  S},     "'(3)' 
Eliminating  r,  we  find 

Exactly  the  same  equation  is  satisfied  by  w.  It  is  therefore 
necessary  and  sufficient  for  stability  that  the  coefficient  of  v  on  the 
right-hand  side  of  (4)  should  be  negative ;  and  the  time  of  a  small 
oscillation,  in  the  case  of  disturbed  stable  motion,  is 

BQ 


We  may  also  notice  another  case  of  steady  motion  of  the  ring,  viz.  where 
the  impulse  reduces  to  a  couple  about  a  diameter.  It  is  easily  seen  that  the 
equations  of  motion  are  satisfied  by  £,  rj,  {,  X,  /n  =  0,  and  v  constant  ;  in  which 
case 

u  =  -      A     r  =  const. 


Sir  W.  Thomson,  1.  c.  ante  p.  176. 


131-132]  MOTION   OF   A   RING.  197 

The  ring  then  rotates  about  an  axis  in  the  plane  yz  parallel  to  that  of  z,  at  a 
distance  u/r  from  it. 

For  further  investigations  on  the  motion  of  a  ring  we  refer  to  papers  by 
Basset*,  who  has  discussed  in  detail  various  cases  where  the  axis  moves  in 
one  plane,  and  Miss  Fawcettf. 


Equations  of  Motion  in  Generalized  Coordinates. 

132.  When  we  have  more  than  one  moving  solid,  or  when  the 
fluid  is  bounded,  wholly  or  in  part,  by  fixed  walls,  we  may  have 
recourse  to  Lagrange's  method  of  '  generalized  coordinates.'  This 
was  first  applied  to  hydrodynamical  problems  by  Thomson  and 
Tait§. 

In  any  dynamical  system  whatever,  if  f,  ij,  %  be  the  Cartesian 
coordinates  at  time  t  of  any  particle  m,  and  X,  Y,  Z  be  the  com- 
ponents of  the  total  force  acting  on  it,  we  have  of  course 

raf  =  X,    mij=Y,    m%  =  Z (1). 

Now  let  f  +  Af,  rj  +  A?;,  ?4-Af  be  the  coordinates  of  the  same 
particle  in  any  arbitrary  motion  of  the  system  differing  infinitely 
little  from  the  actual  motion,  and  let  us  form  the  equation 

2m  (f  Af  +  7/Aij  +  £A?)  =  2  (ZAf  +  FAT?  +  ZAf) (2), 

where  the  summation  5)  embraces  all  the  particles  of  the  system. 
This  follows  at  once  from  the  equations  (1),  and  includes  these,  on 
account  of  the  arbitrary  character  of  the  variations  A£,  A??,  Af. 
Its  chief  advantages,  however,  consist  in  the  extensive  elimination 
of  internal  forces  which,  by  imposing  suitable  restrictions  on  the 
values  of  Af,  A?;,  Af  we  are  able  to  effect,  and  in  the  facilities 
which  it  affords  for  transformation  of  coordinates. 

If  we  multiply  (2)  by  Bt  and  integrate  between  the  limits  t0 
and  ti,  then  since 


*  "On  the  Motion  of  a  Ring  in  an  Infinite  Liquid,"  Proc.  Gamb.  Phil.  Soc., 
t.  vi.  (1887). 

t  1.  c.  ante  p.  191. 

§  Natural  Philosophy  (1st  ed.),  Oxford,  1867,  Art.  331. 
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we  find 

[5»i  (f  Af  +  *}AT;  +  ?A£)7  -  j*1  %m  (f  Af  +  rj^  +  £A?)  dt 

=  f  '  2  (ZAf  +  FAT;  +  ZAf)  d*. 
Jt. 

If  we  put,  as  usual, 

2r  =  2m( 
this  may  be  written 

{AT  +  2  (ZAf  +  FAT;  + 

...............  (4). 


If  we  now  introduce  the  condition  that  in  the  varied  motion 
the  initial  and  final  positions  (at  times  t0  and  ti)  shall  be  respec- 
tively the  same  for  each  particle  as  in  the  actual  motion,  the 
quantities  Af,  AT;,  Af  vanish  at  both  limits,  and  the  above 
equation  reduces  to 

t  =  0  ......  (5). 


This  formula  is  especially  valuable  in  the  case  of  a  system 
whose  freedom  is  limited  more  or  less  by  constraints.  If 
the  variations  Af,  AT;,  Af  be  such  as  are  consistent  with  these 
constraints,  some  of  the  internal  forces  of  the  system  disappear  as 
a  rule  from  the  sum 


for  example,  all  the  internal  reactions  between  the  particles  of  a 
rigid  body,  and  (as  we  shall  prove  presently)  the  mutual  pressures 
between  the  elements  of  an  incompressible  perfect  fluid. 

In  the  case  of  a  '  conservative  system,'  we  have 

(6), 


where  V  is  the  potential  energy,  and  the  equation  (5)  takes  the 
form 


(7)* 


*  Sir  W.  K,  Hamilton,  "On  a  General  Method  in  Dynamics,"  Phil.   Trans. 
1834,  1835. 
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133.  In  the  systems  ordinarily  considered  in  books  on  Dyna- 
mics, the  position  of  every  particle  at  any  instant  is  completely 
determined  by  the  values  of  certain  independent  variables  or 
'generalized  coordinates'  qlt  q^,  ...,  so  that 


The  kinetic  energy  can  then  be  expressed  as  a  homogeneous 
quadratic  function  of  the  '  generalized  velocity-components  ' 
qlt  £,,...,  thus 

2T=Allq1*  +  A22q22+...  +  2Alzqlq2  +  ............  (9), 

where,  for  example, 


A    -s™  +  + 

^112  —  2,m  <-j—  -j-    +  -j  ---  ^  ----  h  ~7~   j~    > 

[ogj  rtg2     dqi  dq2     dql  dqz) 

The  quantities  Au,  A^,...,  A13,...  are  called  the  'inertia-coeffi- 
cients '  of  the  system  ;  they  are,  of  course,  in  general  functions  of 
the  coordinates  qlt  q^,  ....... 

Again,  we  have 

2X*Af+FAi7  +  ZA?)=Q1A01  +  Q8Afc+  ......  (11), 

where,  for  example, 


^     i      Y 

dq1         dq^  ^  "  dql 

The  quantities  Qlf  Q2)...  are  called  the  'generalised  components  of 
force.'     In  the  case  of  a  conservative  system  we  have 


If  X',  F',  J^'  be  the  components  of  impulsive  force  by  which  the  actual 
motion  of  the  particle  m  could  be  produced  instantaneously  from  rest,  we 
have  of  course 


and  therefore 
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Now,  from  (8)  and  (10), 


_  dT          dT 

by  (9).     Again 

where,  for  example, 


It  is  evident,  on  comparison  with  (12),  that  $/,  Q2',...  are  the  time- 
integrals  of  Qlt  Q2,...  taken  over  the  infinitely  short  duration  of  the  impulse, 
in  other  words  they  are  the  generalized  components  of  the  impulse.  Equating 
the  right-hand  sides  of  (iii)  and  (v)  we  have,  on  account  of  the  independence 
of  the  variations  A< 


dT    n,  dT 

a§rft'  s§ 

The  quantities 

dT  dT 


are  therefore  called  the  *  generalized  components  of  momentum  '  of  the  system, 
they  are  usually  denoted  by  the  symbols  plt  p2,....  Since  T  is,  by  (9),  a 
homogeneous  quadratic  function  of  g15  q2,...,  it  follows  that 


(vii). 


In  terms  of  the  generalized  coordinates  qlt  g2,...  the  equation 
(5)  becomes 


g1  +  Q2Ag2  +  ...)^  =  0  .........  (14), 

to 

where 

AT=^TAg1  +  ^Ag2+...+|^A^1 
dql  dq2  dql 

Hence,  by  a  partial  integration,  and  remembering  that,  by  hypo- 
thesis, A^j,  A^a,...  all  vanish  at  the  limits  t0,  tl}  we  find 

dT     n\A         fddT     dT 

i  --  ft)  Aft  +  (^j^--  3  -- 

dql     **)     ^      \cttdq2      dq2 

.........  (16). 

Since  the  values  of  A^,  A^,...  within  the  limits  of  integration 
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are  still  arbitrary,  their  coefficients  must  separately  vanish.     We 
thus  obtain  Lagrange's  equations 


__ 
dtdq,     dqi 

d^dT  _dT 
dt  dq2      dq, 


(17)* 


134.  Proceeding  now  to  the  hydrodynamical  problem,  let 
<?i>  ^2v  be  a  system  of  generalised  coordinates  which  serve  to 
specify  the  configuration  of  the  solids.  We  will  suppose,  for  the 
present,  that  the  motion  of  the  fluid  is  entirely  due  to  that  of  the 
solids,  and  is  therefore  irrotational  and  acyclic. 

In  this  case  the  velocity-potential  at  any  instant  will  be  of  the 
form 


where  fa,  fa,...  are  determined  in  a  manner  analogous  to  that  of 
Art.  115.     The  formula  for  the  kinetic  energy  of  the  fluid  is  then 


...  +  2A]2g^2  +  .........  (2), 

where,  for  example, 


the  integrations  extending  over  the  instantaneous  positions  of  the 
bounding  surfaces  of  the  fluid.  The  identity  of  the  two  forms  of 
A12  follows  from  Green's  Theorem.  The  coefficients  An,  A12,...  will, 
of  course,  be  in  general  functions  of  the  coordinates  ql}  q2,.... 

*  The  above  sketch  is  introduced  with  the  view  of  rendering  more  intelligible 
the  hydrodynamical  investigations  which  follow.  Lagrange's  proof,  directly  from 
the  variational  equation  of  Art.  132  (2),  is  reproduced  in  most  treatises  on 
Dynamics.  Another  proof,  by  direct  transformation  of  coordinates,  not  involving 
the  method  of  '  variations,'  was  given  in  the  first  instance  by  Hamilton,  Phil.  Trans. 
1835,  p.  96  ;  the  same  method  was  employed  by  Jacobi,  Vorlesungen  iiber  Dynamik 
(ed.  Clebsch),  Berlin,  1864,'p.  64,  Werke,  Supplementband,  p.  64;  by^Bertrand  in  the 
notes  to  his  edition  of  the  Mecanique  Analytique,  Paris,  1853  ;  and  more  recently  by 
Thomson  and  Tait,  Natural  Philosophy,  (2nd  ed.)  Art.  318. 
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If  we  add  to  (2)  twice  the  kinetic  energy,  T1}  of  the  solids 
themselves,  we  get  an  expression  of  the  same  form,  with  altered 
coefficients,  say 

2T  =  4u212  +  ^22222+...  +  2^1?2  + (4). 

.  It  remains  to  shew  that  the  equations  of  motion  of  the  solids 
can  be  obtained  by  substituting  this  value  of  T  in  the  Lagrangian 
equations,  Art.  133  (17).  We  cannot  assume  this  without  further 
consideration,  for  the  positions  of  the  various  particles  of  the 
fluid  are  evidently  not  determined  by  the  instantaneous  values 
ql9  q-2,-"  of  the  coordinates  of  the  solids. 

Going  back  to  the  general  formula 


(AT  +  2  (XAf  +  FAT?  +  ZAf)}  dt 

to 


(5), 


let  us  suppose  that  in  the  varied  motion,  to  which  the  symbol  A 
refers,  the  solids  undergo  no  change  of  size  or  shape,  and  that  -the 
fluid  remains  incompressible,  and  has,  at  the  boundaries,  the  same 
displacement  in  the  direction  of  the  normal  as  the  solids  with 
which  it  is  in  contact.  It  is  known  that  under  these  conditions 
the  terms  due  to  the  internal  forces  of  the  solids  will  disappear 
from  the  sum 


The  terms  due  to  the  mutual  pressures  of  the  fluid  elements  are 
equivalent  to 


or  jfp  (JAf  +  mA,  +  nAf)  dS+jffp  (^  +  ^  +  ^/)  dxdydt, 

where  the  former  integral  extends  over  the  bounding  surfaces, 
I,  m,  n  denoting  the  direction-cosines  of  the  normal,  drawn  towards 
the  fluid.  The  volume-integral  vanishes  by  the  condition  of 
incompressibility, 


| 


dx        dy        dz 
The  surface-integral  vanishes  at  a  fixed  boundary,  where 
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and  in  the  case  of  a  moving  solid  it  is  cancelled  by  the  terms  due 
to  the  pressure  exerted  by  the  fluid  on  the  solid.  Hence  the 
symbols  X,  Y,  Z  may  be  taken  to  refer  only  to  the  extraneous 
forces  acting  on  the  system,  and  we  may  write 

.........  (6), 


where  Qlt  Q.2)...  now  denote  the  generalized  components  of  ex- 
traneous force. 

We  have  still  to  consider  the  right-hand  side  of  (5).  Let  us 
suppose  that  in  the  arbitrarily  varied  motion  the  initial  and  final 
positions  of  the  solids  are  respectively  the  same  as  in  the  actual 
motion.  For  every  particle  of  the  solids  we  shall  then  have 


at  both  limits,  but  the  same  will  not  hold  as  a  rule  with  regard  to 
the  particles  of  the  fluid.     The  corresponding  part  of  the  sum 


will  however  vanish  ;  viz.  we  have 


=  pfj<l>  (JAf  +  wAiy  +  w 


of  which  the  second  term  vanishes  by  the  condition  of  incom- 
pressibility,  and  the  first  term  vanishes  at  the  limits  t0  and  t1} 
since  we  then  have,  by  hypothesis, 


at  the  surfaces  of  the  solids.     Hence,  under  the  above  conditions, 
the  right-hand  side  of  (5)  vanishes,  and  therefore 


The  varied  motion  of  the  fluid  has  still  a  high  degree  of 
generality.  We  will  now  further  limit  it  by  supposing  that 
whilst  the  solids  are,  by  suitable  forces  applied  to  them,  made  to 
execute  an  arbitrary  motion,  subject  to  the  conditions  that  Ag1} 
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A£,,...=O  for  t=t0  and  t  =  tl,  the  fluid  is  left  to  take  its  own 
course  in  consequence  of  this.  The  varied  motion  of  the  fluid 
will  now  be  irrotational,  and  therefore  T+&T  will  be  the  same 
function  of  the  varied  coordinates  q  +  Ag,  and  the  varied  velocities 
q  +  A£,  that  T  is  of  q  and  q.  Hence  we  may  write,  in  (7), 

'++-"+*+A9<+  ......  (8)*' 


The    derivation    of    the   Lagrangian   equations   then   follows 
exactly  as  before. 

It  is  a  simple  consequence  of  Lagrange's  equations,  thus  established  for 
the  present  case,  that  the  generalized  components  of  the  impulse  by  which 
the  actual  motion  at  any  instant  could  be  generated  instantaneously  from 
rest  are 

dT        dT 

d&      d&~" 

If  we  put  7T=T  +  T1,  we  infer  that  the  terms 

^T       dT 
dqS     d&~ 

must  represent  the  impulsive  pressures  which  would  be  exerted  by  the  solids 
on  the  fluid  in  contact  with  them. 

This  may  be  verified  as  follows.  If  A£,  Ai;,  A£  denote  arbitrary  variations 
subject  only  to  the  condition  of  incompressibility,  and  to  the  condition  that 
the  fluid  is  to  remain  in  contact  with  the  solids,  it  is  found  as  above  that, 
considering  the  fluid  only, 


(i). 
Now  by  the  kinematical  condition  to  be  satisfied  at  the  surface,  we  have 


and  therefore 


by  (1),  (2),  (3)  above.     This  proves  the  statement. 

With  the  help  of  equation  (iii)  the  reader  may  easily  construct  a  proof  of 
Lagrange's  equations,  for  the  present  case,  analogous  to  that  usually  given  in 
text-books  of  Dynamics. 

*  This  investigation  is  amplified  from  Kirchhoff,  I.e.  ante  p.  167. 
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135.  As  a  first  application  of  the  foregoing  theory  we  may 
take  an  example  given  by  Thomson  and  Tait,  where  a  sphere  is 
supposed  to  move  in  a  liquid  which  is  limited  only  by  an  infinite 
plane  wall. 

Taking,  for  brevity,  the  case  where  the  centre  moves  in  a 
plane  perpendicular  to  that  of  the  wall,  let  us  specify  its  position 
at  time  t  by  rectangular  coordinates  a;,  y  in  this  plane,  of  which  y 
denotes  the  distance  from  the  wall.  We  have 

2T=Ax*  +  By*  ........................  (1), 

where  A  and  B  are  functions  of  y  only,  it  being  plain  that  the 
term  xy  cannot  occur,  since  the  energy  must  remain  unaltered 
when  the  sign  of  x  is  reversed.  The  values  of  A,  B  can  be 
written  down  from  the  results  of  Arts.  97,  98,  viz.  if  in  denote  the 
mass  of  the  sphere,  and  a  its  radius,  we  have 


(2), 
J 


approximately,  if  y  be  great  in  comparison  with  a. 
The  equations  of  motion  give 


(3} 

J  /  J  A  JT>  '     ^    '* 

a  x-o.x      -,  fdA  .    .  aB  ., 


where  X,  T  are  the  components  of  extraneous  force,  supposed  to 
act  on  the  sphere  in  a  line  through  the  centre. 

If  there  be  no  extraneous  force,  and  if  the  sphere  be  projected 
in  a  direction  normal  to  the  wall,  we  have  x  =  0,  and 

J$if-  =  const (4). 

Since  B  diminishes  as  y  increases,  the  sphere  experiences   an 
acceleration  from  the  wall. 

Again,  if  the  sphere  be  constrained  to  move  in  a  line  parallel  to 
the  wall,  we  have  y  =  0,  and  the  necessary  constraining  force  is 


«*if 

Since  dA/dy  is  negative,  the  sphere  appears  to  be  attracted  by  the 
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wall.  The  reason  of  this  is  easily  seen  by  reducing  the  problem  to 
one  of  steady  motion.  The  fluid  velocity  will  evidently  be  greater, 
and  the  pressure,  therefore,  will  be  less,  on  the  side  of  the  sphere 
next  the  wall  than  on  the  further  side ;  see  Art.  24. 

The  above  investigation  will  also  apply  to  the  case  of  two 
spheres  projected  in  an  unlimited  mass  of  fluid,  in  such  a  way 
that  the  plane  y  =  0  is  a  plane  of  symmetry  as  regards  the  motion. 

136.  Let  us  next  take  the  case  of  two  spheres  moving  in  the 
line  of  centres. 

The  kinematical  part  of  this  problem  has  been  treated  in  Art.  97.  If  we 
now  denote  by  #,  y  the  distances  of  the  centres  A,  B  from  some  fixed  origin  0 
in  the  line  joining  them,  we  have 


where  the  coefficients  Z,  J/,  N  are  functions  of  c,  =y  -  x.   Hence  the  equations 

of  motion  are 

/7  \f          ,7  AT 


dt 
d_ 
dt(        "  '"*'     *\dc~      "  dc 

where  JT,  Y  are  the  forces  acting  on  the  spheres  along  the  line  of  centres.  If 
the  radii  a,  b  are  both  small  compared  with  c,  we  have,  by  Art.  97  (xv), 
keeping  only  the  most  important  terms, 

,-.3  A3 

•(iii) 


approximately,  where  m,  m'  are  the  masses  of  the  two  spheres.     Hence  to 
this  order  of  approximation 

dL  dM  a?V      dN 

~j~  =  "j         ~~T~   =   ~  Virp  —  T~  i       —  T~  ==  "• 

dc  dc  c4    '      do 

If  each  sphere  be  constrained  to  move  with  constant  velocity,  the  force 
which  must  be  applied  to  A  to  maintain  its  motion  is 

dM  .  dM  . 


This  tends  towards  B,  and  depends  only  on  the  velocity  of  B.  The  spheres 
therefore  appear  to  repel  one  another  ;  and  it  is  to  be  noticed  that  the  apparent 
forces  are  not  equal  and  opposite  unless  #=  +y. 

Again,  if  each  sphere  make  small  periodic  oscillations  about  a  mean 
position,  the  period  being  the  same  for  each,  the  mean  values  of  the  first  terms 
in  (ii)  will  be  zero,  and  the  spheres  therefore  will  appear  to  act  on  one  another 

with  forces  equal  to 

a3  ft3 
GTTP  —^  [ay]  ..............................  (v), 
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where  \xy'\  denotes  the  mean  value  of  xy.  If  x,  y  differ  in  phase  by  less  than  a 
quarter-period,  this  force  is  one  of  repulsion,  if  by  more  than  a  quarter-period 
it  is  one  of  attraction. 

Next,  let  B  perform  small  periodic  oscillations,  while  A  is  held  at  rest.   The 
mean  force  which  must  be  applied  to  A  to  prevent  it  from  moving  is 


where  [j/2]  denotes  the  mean  square  of  the  velocity  of  B.  To  the  above  order  of 
approximation  dJV/dc  is  zero,  but  on  reference  to  Art.  97  (xv)  we  find  that 
the  most  important  term  in  it  is  -  127rpa366/c7,  so  that  the  force  exerted  on 
A  is  attractive,  and  equal  to 

tte^rW  ..............................  (vii). 

This  result  comes  under  a  general  principle  enunciated  by  Lord  Kelvin. 
If  we  have  two  bodies  immersed  in  a  fluid,  one  of  which  (A)  performs  small 
vibrations  while  the  other  (B)  is  held  at  rest,  the  fluid  velocity  at  the  surface 
of  B  will  on  the  whole  be  greater  on  the  side  nearer  A  than  on  that  which  is 
more  remote.  Hence  the  average  pressure  on  the  former  side  will  be  less 
than  that  on  the  latter,  so  that  B  will  experience  on  the  whole  an  attraction 
towards  A.  As  practical  illustrations  of  this  principle  we  may  cite  the 
apparent  attraction  of  a  delicately-suspended  card  by  a  vibrating  tuning-fork, 
and  other  similar  phenomena  studied  experimentally  by  Guthrie*  and 
explained  in  the  above  manner  by  Lord  Kelvin  f. 

Modification  of  Lagranges  Equations  in  the  case  of 
Cyclic  Motion. 

137.  We  return  to  the  investigation  of  Art.  134,  with  the 
view  of  adapting  it  to  the  case  where  the  fluid  has  cyclic  irrota- 
tional  motion  through  channels  in  the  moving  solids,  or  (it  may  be) 
in  an  enclosing  vessel,  independently  of  the  motion  of  the  solids 
themselves. 

If  K,  K,  tc",  ...,  be  the  circulations  in  the  various  independent 
circuits  which  can  be  drawn  in  the  space  occupied  by  the  fluid,  the 
velocity-potential  will  now  be  of  the  form 


where  £  =  gri<k  +  &&+  ........................  (1), 

*  "On  Approach  caused  by  Vibration,"  Proc.  Roy.  Soc.,  t.  xix.,  (1869);  Phil. 
Mag.,Ko\.  1870. 

t  Reprint  of  Papers  on  Electrostatics,  &c.,  Art.  741.  For  references  to  further 
investigations,  both  experimental  and  theoretical,  by  Bjerknes  and  others  on  the 
mutual  influence  of  oscillating  spheres  in  a  fluid,  see  Hicks,  "Keport  on  Eecent 
^Researches  in  Hydrodynamics,"  Brit.  Ass.  Rep.,  1882,  pp.  52...;  Winkelmann, 
Handbuch  der  Physik,  Breslau,  1891...,  t.  i.,  p.  435. 
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the  functions  fa,  fa,  ...,  being  determined  by  the  same  conditions 
as  in  Art.  134,  and 

fa  =  ica)  +  K'G>f  +  ........................  (2), 

a,  a/,  ...  ,  being  cyclic  velocity-potentials  determined  as  in  Art.  129. 
Let  us  imagine  barrier-surfaces  to  be  drawn  across  the  several 
channels.  In  the  case  of  channels  in  a  containing  vessel  we  shall 
suppose  these  ideal  surfaces  to  be  fixed  in  space,  and  in  the  case  of 
channels  in  a  moving  solid  we  shall  suppose  them  to  be  fixed 
relatively  to  the  solid.  Let  us  denote  by  %0>  %</>  •->  the  portions 
of  the  fluxes  across  these  barriers  which  are  due  to  the  cyclic  motion 
alone,  and  which  would  therefore  remain  if  the  solids  were  held  at 
rest  in  their  instantaneous  positions,  so  that,  for  example, 


where  So;  3cr',  ...  are  elements  of  the  several  barriers.  The  total 
fluxes  across  the  respective  barriers  will  be  denoted  by  %  4-  %0  , 
X  +  %<>'>  •  •  •  '  so  that  %>  X>  •  •  •  would  be  the  surface-integrals  of  the 
normal  velocity  of  the  fluid  relative  to  the  barriers,  if  the  motion  of 
the  fluid  were  entirely  due  to  that  of  the  solids,  and  therefore 
acyclic. 

The  expression  of  Art.  55  for  twice  the  kinetic  energy  of  the 
fluid  becomes,  in  our  present  notation, 


This  reduces,  exactly  as  in  Art.  129,  to  the  sum  of  two  homogene- 
ous quadratic  functions  of  qlt  q2}  ...,  and  of  tc,  K',  ...,  respectively*. 
Thus  the  kinetic  energy  of  the  fluid  is  equal  to 

T  +  K  ..............................  (5), 

with  2T  =  Aufc"  +  A^2  +  ...  +  2A12  £  &  +  .........  (6), 

and          2K  =  (K,  K)  K*  +  (K,  K)  K2  +  .  .  .  +  2  (*,  K')  KK  +  ......  (7), 

where,  for  example, 


*  An  example  of  this  reduction  is  furnished  by  the  calculation  of  Art.  99. 
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and  (*,  *)=-p  /T-j-  dv, 

..............  (9). 

dot'  ' 


It  is  evident  that  K  is  the  energy  of  the  cyclic  motion  which 
remains  when  the  solids  are  maintained  at  rest  in  the  configuration 
(?i,  &,  ..-)•  We  note  that,  by  (3),  (7),  and  (9), 

dK  dK 


+ (11). 

If  we  add  to  (5)  the  kinetic  energy  of  the  solids  themselves,  we 
obtain  for  the  total  kinetic  energy  of  the  system  an  expression  of 
the  form 

where  2^  =  Anq-f  +  A^+  ...  -\-^A^q^  + (13), 

the  coefficients  being  in  general  functions  of  qlf  q2, 

To  obtain  the  equations  of  motion  we  have  recourse  as  before 
to  the  formula 

tl  {AT+  2  (XAf  +  FAr;  +  £Af)}  dt 


The  only  new  feature  is  in  the  treatment  of  the  expression  on 
the  right-hand  side.  By  the  usual  method  of  partial  integration 
we  find 


=  p 

+  pK  I  |(/Af  +  roA);  +  nAf  )  dir+pie'  |  |(/Af  +  mA??  +  nAf  )  da  +,.. 

...............  (15), 

where   /,  m,  n  are  the  direction-cosines  of  the  normal  to  any 

element  $S  of  a  bounding  surface,  drawn  towards  the  fluid,  or 

L.  H 
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(as  the  case  may  be)  of  the  normal  to  a  barrier,  drawn  in  the 
direction  in  which  the  circulation  is  estimated. 

Let  us  now  suppose  that  the  slightly  varied  motion,  to  which 
A  refers,  is  arbitrary  as  regards  the  solids,  except  only  that  the 
initial  and  final  configurations  are  to  be  the  same  as  in  the  actual 
motion,  whilst  the  fluid  is  free  to  take  its  own  course  in  accordance 
with  the  motion  of  the  solids.  On  this  supposition  we  shall  have, 
both  at  time  t0  and  at  time  tl} 

/Af  +  mAi;  +  wA?  =  0 

for  the  fluid  in  contact  with  an  element  BS  of  the  surface  of  a 
solid,  and,  at  the  barriers, 


The  right-hand  side  of  (14)  therefore  reduces,  under  the  present 
suppositions,  to 

UcA  (x  +  Xo)  +  pKf  A  (xf  +  %0')  +  .  .  .  J  \ 
and  the  equation  may  be  put  into  the  form 


f>r- 

J  t0 


QaA22+...}<ft  =  0  ......  (16)*, 

which  now  takes  the  place  of  Art.  134  (7). 

Since   the   variation   A   does  not  affect   the  cyclic  constants 
K,  K,  ...,  we  have  by  (11), 


and  therefore,  by  (12), 

-  pK&x  -  p/c'&x  -  .  .  .  - 


...}^  =  0  ......  (17). 

It  is  easily  seen  that  x,  x,  ...  are  linear  functions  of  qlf  q.2,  ..., 
say 


where  the  coefficients  are  in  general  functions  of  qlt  q.2). ...  If  we  write 

*  Cf.  Larmor,  "On  the  Direct  Application  of  the  Principle  of  Least  Action  to 
the  Dynamics  of  Solid  and  Fluid  Systems,"  Proc.  Lond.  Math.  Soc.,  t.  xv.  (1884). 
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for  shortness, '  fa  =  p/c^  +  p/e'a/  +  . . . 

.(19), 


the  formula  (17)  becomes 


......  (20). 

Selecting   the   terms   in    A^,  A^    from    the    expression   to    be 
integrated,  we  have 


Hence  by  a  partial  integration,  remembering  that  A^,  Aga, ... 
vanish  at  both  limits,  and  equating  to  zero  the  coefficients  of 
A^1?  Af/2,...  which  remain  under  the  integral  sign,  we  obtain 
the  first  of  the  following  symmetrical  system  of  equations : 

d  d®     d®  .  dK 


d 


We  have  here  introduced  the  notation 


and  it  is  important  to  notice  that  (r,  5)  =  —  (s,  r). 

138.  The  foregoing  investigation  has  been  adopted  as  leading 
directly,  and  in  conformity  with  our  previous  work,  to  the  desired 
result  ;  but  it  may  be  worth  while  to  give  another  treatment  of 
the  question,  which  will  bring  out  more  fully  the  connection  with 
the  theory  of  '  gyrostatic  '  systems,  and  the  method  of  '  ignoration 
of  coordinates.' 

*  These  equations  were  first  given  in  a  paper  by  Sir  W.  Thomson,  "On  the 
Motion  of  Eigid  Solids  in  a  Liquid  circulating  irrotationally  through  perforations 
in  them  or  in  a  Fixed  Solid,"  Phil.  Mag.  ,  May  1873.  See  also  C.  Neumann,  Hydro- 
dynamische  Untersuchungen  (1883). 

14—2 
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It  will  be  necessary  to  modify,  to  some  extent,  our  previous 
notation.  Let  us  now  denote  by  %,  %',  %",  ...  the  total  fluxes 
relative  to  the  several  barriers  of  the  region,  which  we  shall  as 
before  regard  as  ideal  surfaces  fixed  relatively  to  the  solid  surfaces 
on  which  they  abut  ;  and  let  ^,  %',  %",  ...  be  the  time-integrals 
of  these  fluxes,  reckoned  each  from  an  arbitrary  epoch.  We 
shall  shew,  in  the  first  place,  that  the  Lagrangian  equations 
(Art.  133  (17))  will  still  hold  in  the  case  of  cyclic  motion,  provided 
these  quantities  ^,  ^',  ^",  ...  are  treated  as  additional  generalized 
coordinates  of  the  system. 

Let  qlt  ^2,  ...  be,  as  before,  the  system  of  generalized  coordi- 
nates which  specify  the  positions  of  the  moving  solids.  The 
motion  of  the  fluid  at  any  instant  is  completely  determined  by 
the  values  of  the  velocities  q^  q.2,  ...,  and  of  the  fluxes  %,%',•••,  as 
above  defined.  For  if  there  were  two  types  of  irrotational  motion 
consistent  with  these  values,  then,  in  the  motion  which  is  the 
difference  of  these,  the  bounding  surfaces,  and  therefore  also  the 
barriers,  would  be  at  rest,  and  the  flux  across  each  barrier  would 
be  zero.  The  formula  (5)  of  Art.  55  shews  that  the  kinetic  energy 
of  such  a  motion  would  be  zero,  and  the  velocity  therefore  every- 
where null. 

It  follows  that  the  velocity-potential  (4>,  say)  of  the  fluid 
motion  can  be  expressed  in  the  form 

+  ............  (1), 


where  <f>1}  for  example,  is  the   velocity-potential    of  the  motion 
corresponding  to 

&  =  1,     #>  =  0,     gs  =  0,..., 

x  =  o,  %=o,  jp-o,..., 

which  we  have  just  seen  to  be  determinate. 

The  kinetic  energy  of  the  fluid  is  given  by  the  expression 


Substituting  the  value  of  <E>  from  (1),  and  adding  the  energy  of 
motion  of  the  solids,  we  see  that  the  total  kinetic  energy  of  the 
system  (T,  say)  is  a  homogeneous  quadratic  function  of  the  quan- 
tities qlt  q2,  ...,  %,  %',  ...,  with  coefficients  which  are  functions  of 
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We  now  recur  to  the  formula  (4)  of  Art.  132.  The  variations 
Af,  A?;,  A f  being  subject  to  the  condition  of  incompressibility,  the 
part  of  the  sum 

2m(fAf  +  ?}A?7  +  £A£) (3) 

which  is  due  to  the  fluid  is,  in  the  present  notation, 

J  J  J  \  cLx  (by  (Hz       / 

n&£)dS 


where  the  surface-integral  extends  over  the  bounding  surfaces 
of  the  fluid,  and  the  symbols  K,  K',  ...  denote  as  usual  the  cyclic 
constants  of  the  actual  motion.  We  will  now  suppose  that 
the  varied  motion  of  the  solids  is  subject  to  the  condition  that 
Agl5  Ag2,  ...  —  0,  at  both  limits  (t0  and  ^),  that  the  varied  motion 
of  the  fluid  is  irrotational  and  consistent  with  the  motion  of  the 
solids,  and  that  the  (varied)  circulations  are  adjusted  so  as  to  make 
A^,  AX', . . .  also  vanish  at  the  limits.  Under  these  circumstances 
the  right-hand  side  of  the  formula  cited  is  zero,  and  we  have 

0 (5). 


If  we  assume  that  the  extraneous  forces  do  on  the  whole  no 
work  when  the  boundary  of  the  fluid  is  at  rest,  whatever  relative 
displacements  be  given  to  the  parts  of  the  fluid,  the  generalized 
components  of  force  corresponding  to  the  coordinates  %,  %',...  will 
be  zero,  and  the  formula  may  be  written 


h...}cft  =  0 (6), 

where 

dT  A        dT  A  dT  A        dT  A  dT  A       d?7 

Al  =-T-T  Afl^H — pr  Ao'a-f-. ..  +  ^ —  Atfj-f-  •-= ,     A^-f. ..  +   7     Ay-| r/  Av 

a^!  a^  c^^i  ^^2  ^%  c^% 

+ (7). 

139.  If  we  now  follow  out  the  process  indicated  at  the  end  of 
Art.  133,  we  arrive  at  the  equations  of  motion  for  the  present 
case,  in  the  forms 

J    jrn         jm  -j     -jrn         jm 

CL  d-L        tt-L        .-  d  CLJL        a,2         ~ 

dtdfr      dq±       •'      dtdq2     dq.2        2' 


L_ 
dtdx  dtdtf 
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Equations  of  this  type  present  themselves  in  various  problems 
of  ordinary  Dynamics,  e.g.  in  questions  relating  to  gyrostats,  where 
the  coordinates  %,  %',  .  .  .  ,  whose  absolute  values  do  not  affect  the 
kinetic  and  potential  energies  of  the  system,  are  the  angular 
coordinates  of  the  gyrostats  relative  to  their  frames.  The  general 
theory  of  systems  of  this  kind  has  been  treated  independently  by 
Routh*  and  by  Thomson  and  Tait  •(•.  It  may  be  put,  briefly,  as 
follows. 

We  obtain  from  (1),  by  integration, 
dT  dT 

d*=°'    W  = 

where,  in  the  language  of  the  general  theory,  C,  C",  ...  are  the 
constant  momenta  corresponding  to  the  coordinates  %,  %',.... 
In  the  hydrodynamical  problem,  they  are  equal  to  pK,  pK.',...,  as 
will  be  shewn  later,  but  we  retain  for  the  present  the  more 
general  notation. 
Let  us  write 


The  equations  (2)  when  written  in  full,  determine  ;£,  %',...  as 
linear  functions  of  0,  C',  ...  and  qlt  q.2)  ...;  and  by  substitution  in 
(3)  we  can  express  ©  as  a  quadratic  function  of  qlt  g2,  ...,  C,  C'  ..... 
On  this  supposition  we  have,  performing  the  arbitrary  variation  A 
on  both  sides  of  (3),  and  omitting  terms  which  cancel,  by  (2), 
d®  '  d®  d 


where,  for  brevity,  only  one  term  of  each  kind  is  exhibited. 
Hence 

d®  _  dT       d®_<W 
dqi     dqi '      dq%     dq2 ' 


_  _ 

dC~        )     dC'~         >" 

*  On  the  Stability  of  a  given  State  of  Motion  (Adams  Prize  Essay),  London,  1877. 
t  Natural  Philosophy,  2nd  edition,  Art.  319  (1879). 

See  also  von  Helmholtz,  "Principien  der  Statik  monocyclischer  Systeme,"  Crelle, 
t.  xcvii.  (1884). 
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Hence  the  equations  (1)  now  take  the  form 
d  d!O     d®      ~ 


c^d®_d&_        •  .....................  (6)*, 

dtdq,      %~        | 


from  which  the  velocities  %,  %,  ...  corresponding  to  the  '  ignored  ' 
coordinates  ^,  ^',  ...  have  been  eliminated. 

In  the  particular  case  where 

0=0,   C"  =  0,..., 

these  equations  are  of  the  ordinary  Lagrangian  form,  O  being  now 
equal  to  T,  with  the  velocities  %,  %',•••  eliminated  by  means  of  the 
relations 


so  that  (B)  is  now  a  homogeneous  quadratic  function  of  qlt  q.2,  — 
Of.  Art.  134  (4). 

In  the  general  case  we  proceed  as  follows.     If  we  substitute  in 
(3)  from  the  last  line  of  (5)  we  obtain 


Now,  remembering   the   composition  of  ®,  we  may  write,  for  a 
moment 


where  @2>0  is  a  homogeneous  quadratic  function  of  (ji>  <?2>"-> 
without  C,  C',...\  Blfl  is  a  bilinear  function  of  these  two  sets 
of  quantities;  and  ®0)2  is  a  homogeneous  quadratic  function 
of  (7,  C',...,  without  q1}  q.,,....  Substituting  in  (7),  we  find 


or,  to  return  to  our  previous  notation, 

T=®  +  K  ...........................  (10), 

where  *&  and  K  are  homogeneous  quadratic  functions  of  ql}  q2,  ... 

*  Bouth,  L  c. 
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and  of  (7,  C',...,  respectively.     Hence  (8)  may  be  written  in  the 
form 

®  =  ^-K- 13^  —  ft#2- (11), 

where  ft,  ft, ...  are  linear  functions  of  (7,  (7,  ...,  say 

ft-o.C+ce,'* 

.(12). 


The  meaning  of  the  coefficients  a1}  a2>  •  •  •>  a/>  «a'> .......  appears  from 

the  last  line  of  (5),  viz.  we  have 

dK  . 


.,    dK 


.(13). 


Compare  Art.  137  (18). 

If  we  now  substitute  from  (11)  in  the  equations  (6)  we  obtain 
the  general  equations  of  motion  of  a  '  gyrostatic  system/  in  the  form 


dK 


wnere 


The  equations  (21)  of  Art.  137  are  a  particular  case  of  these.    To  complete 
the  identification  it  remains  to  shew  that,  in  the  hydrodynamical  application, 

C=pK,     C'  =  pK',  ...,  ..............................  (i). 

For  this  purpose  we  may  imagine  that  in  the  instantaneous  generation  of 
the  actual  motion  from  rest,  the  positions  of  the  various  barriers  are 
occupied  for  a  moment  by  membranes  to  which  uniform  impulsive  pressures 
pK,  pic',  ...  are  applied  as  in  Art.  54,  whilst  impulsive  forces  are  simultaneously 
applied  to  the  respective  solids,  whose  force  and  couple  resultants  are 
equal  and  opposite  to  those  of  the  pressures  f.  In  this  way  we  obtain  a 
system  of  generalized  components  of  impulsive  force,  corresponding  to  the 

*  These  equations  were  obtained,  in  a  different  manner,  by  Thomson  and  Tait, 
L  c.  ante  p.  214. 

t  Sir  W.  Thomson,  L  c.  ante  p.  211. 
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coordinates  ^,  ^',  ...,  viz.  the  virtual  moment  of  this  system  is  zero  for  any 
infinitely  small  displacements  of  the  solids,  so  long  as  ^,  x',  •••  do  not  vary. 
We  may  imagine,  for  example,  that  the  impulses  are  communicated  to  the 
membranes  by  some  mechanism  attached  to  the  solids  and  reacting  on  these  *. 
Denoting  these  components  by  X,  X',  ...,  and  considering  an  arbitrary  variation 
of  x,  x',  ...  only,  we  easily  find,  by  an  adaptation  of  the  method  employed  near 
the  end  of  Art.  134,  that 


X'+  ..................  (ii), 

whence  the  results  (i)  follow. 

The  same  thing  may  be  proved  otherwise  as  follows.     From  the  equations 
(2)  and  (1)  of  Art.  138,  we  find 

da> 


since  v2o>  =  0.     The  conditions  by  which  o>  is  determined  are  that  it  is  the 
value  of  3>  when 

&  =  0,     ft  =  0,    ...,     x  =  l,     x'  =  0,    ...,  ..................  (iv), 

i.e.  o)  is  the  velocity-potential  of  a  motion  in  which  the  boundaries,  and 
therefore  also  the  barriers,  are  fixed,  whilst 

-//£*-*•  -//£*'-*•-  ...............  w- 

Hence  the  right-hand  side  of  (iii)  reduces  to  p*,  as  was  to  be  proved. 

140.  A  simple  application  of  the  equations  (21)  of  Art.  137 
is  to  the  case  of  a  sphere  moving  through  a  liquid  which  circulates 
irrotationally  through  apertures  in  a  fixed  solid. 

If  the  radius  (a,  say)  of  the  sphere  be  small  compared  with  its  least 
distance  from  the  fixed  boundary,  then  C,  the  kinetic  energy  of  the  system 
when  the  motion  of  the  fluid  is  acyclic,  is  given  by  Art.  91,  viz. 

2&=m(x2+f+?)  ..............................  (i), 

where  m  now  denotes  the  mass  of  the  sphere  together  with  half  that  of  the 
fluid  displaced  by  it,  and  x,  y,  z  are  the  Cartesian  coordinates  of  the  centre. 
And  by  the  investigation  of  Art.  99,  or  more  simply  by  a  direct  calculation, 
we  have,  for  the  energy  of  the  cyclic  motion  by  itself, 

2^=  const.  -27rpa3^2  +  v2  +  ^2)  .....................  (ii). 

Again  the  coefficients  alt  a2,  a3  of  Art.  137  (18)  denote  the  fluxes  across 
the  first  barrier,  when  the  sphere  moves  with  unit  velocity  parallel  to  #,  y,  z, 
respectively.     If  we  denote  by  O  the  flux  across  this  barrier  due  to  a  unit 
simple-source  at  (,r,  y,  2),  then  remembering  the  equivalence  of  a  moving 
sphere  to  a  double-source  (Art.  91),  we  have 

fll  =  |a3  dQ/dxy     a2  =  %asdQ/dy,     a3  =  %a3dQ/dz  ...............  (iii), 

*  Burton,  Phil.  Mag.,  May,  1893. 
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so  that  the  quantities  denoted  by  (2,  3),  (3,  1),  (1,  2)  in  Art.  137  (21)  vanish 
identically.     The  equations  therefore  reduce  in  the  present  case  to 

,    dW  r    dW  ,    dW 


where  W=7rpa?(u?+v2  +  w*}  ..............................  (v), 

and  A',  Y,  Z  are  the  components  of  extraneous  force  applied  to  the  sphere. 

By  an  easy  generalization  it  is  seen  that  the  equations  (iv)  must  apply  to 
any  case  where  the  liquid  is  in  steady  (irrotational)  motion  except  in  so  far  as 
it  is  disturbed  by  the  motion  of  the  small  sphere.  It  is  not  difficult,  moreover, 
to  establish  the  equations  by  direct  calculation  of  the  pressures  exerted  on  the 
sphere  by  the  fluid. 

When  X,  F,  Z=Q,  the  sphere  tends  to  move  towards  places  where  the 
undisturbed  velocity  of  the  fluid  is  greatest. 

For  example,  in  the  case  of  cyclic  motion  round  a  fixed  circular  cylinder 
(Arts.  28,  64),  the  fluid  velocity  varies  inversely  as  the  distance  from  the  axis. 
The  sphere  will  therefore  move  as  if  under  the  action  of  a  force  towards  this 
axis  varying  inversely  as  the  cube  of  the  distance.  The  projection  of  its  path 
on  a  plane  perpendicular  to  the  axis  will  therefore  be  a  Cotes'  spiral*. 

141.  If  in  the  equations  (21)  of  Art.  137  we  put  qi=Q, 
<j2=  0,...,  we  obtain  the  generalized  components  of  force  which  are 
required  in  order  to  maintain  the  solids  at  rest,  viz. 

Q-**     Q-dK  m 

y'    %'    y'    %' 

We  are  not  dependent,  of  course,  for  this  result,  on  the 
somewhat  intricate  investigation  which  precedes.  If  the  solids 
be  guided  from  rest  in  the  configuration  (ql}  q.2l...)  to  rest  in  the 
configuration  (q1  +  A^,  q2  +  Aq2,...),  the  work  done  on  them 
is  ultimately  equal  to 


which  must  therefore  be  equal  to  the  increment  AK  of  the  kinetic 
energy.     This  gives  at  once  the  equations  (1). 

The  forces  representing  the  pressures  of  the  fluid  on  the 
solids  (at  rest)  are  obtained  by  reversing  the  sign  in  (1),  viz. 
they  are 

dK          dK 
~dqi'     -£•• 

The   solids   tend  therefore  to  move   so   that  the  kinetic  energy 
of  the  cyclic  motion  diminishes. 

*  Sir  W.  Thomson,  I.e.  ante  p.  211. 
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It  appears  from  Art.  137  (10),  that  under  the  present  circum- 
stances the  fluxes  through  the  respective  apertures  are  given  by 

.      dK         .      dK 


By  solving  these  equations,  the  circulations  K,  K',...  can  be  ex- 
pressed as  linear  functions  of  %0>  %<>'>  — 

If  these  values  of  #,#',...  be  substituted  in  K  we  obtain 
a  homogeneous  quadratic  function  of  %o>  %</>••••  When  so  ex- 
pressed, the  kinetic  energy  of  the  cyclic  motion  may  be  denoted 
by  TQ.  We  have  then,  exactly  as  in  Art.  119, 

T0+K=2K  =  PKx*  +  pK'Xo'  +  .....................  (4), 

so  that  if,  for  the  moment,  the  symbol  A  be    used    to   indicate 
a  perfectly  general  variation  of  these  functions,  we  have 

dT0  .          dTn  .  .  ,  dTn  .         dTtt  A 


dK  .          dK  .  dK  .         dK 

,-  A*    +  -J-;  A/c'    +  ...  +  -j-  Aft  +   ,     Ag2  + 
d/c  d/c  dq:  dq.2 


Omitting  terms  which  cancel  by  (3),  and  equating  coefficients 
of  the  variations  A^0,  A^0',  ...,  A^,  Ag2,...,  which  form  an  inde- 
pendent system,  we  find 


r™ 
dT0_ 

dK 

dT0 

%o 

dK 

dq1 

dq,  ' 

dq, 

dq2  ' 

0  0 

and  ——  =  ---         -  —  =  _    —          ............  (7). 

dq1          dql         dq.2          dq2 

Hence  the  generalized  components  (2)  of  the  pressures  exerted  by 
the  fluid  on  the  solids  when  held  at  rest  may  also  be  expressed  in 
the  forms 


dT0       dT0 


,  . 


It  will  be  shewn  in  Art.  152  that  the  energy  K  of  the  cyclic  fluid 
motion  is  proportional  to  the  energy  of  a  system  of  electric  current-sheets 
coincident  with  the  surfaces  of  the  fixed  solids,  the  current-lines  being 
orthogonal  to  the  stream-lines  of  the  fluid. 
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The  electromagnetic  forces  between  conductors  carrying  these  currents 
are  proportional*  to  the  expressions  (2)  with  the  signs  reversed.  Hence  in 
the  hydrodynamical  problem  the  forces  on  the  solids  are  opposite  to  those 
which  obtain  in  the  electrical  analogue.  In  the  particular  case  where  the 
fixed  solids  reduce  to  infinitely  thin  cores,  round  which  the  fluid  circulates, 
the  current-sheets  in  question  are  practically  equivalent  to  a  system  of 
electric  currents  flowing  in  the  cores,  regarded  as  wires,  with  strengths  *,  «', ... 
respectively.  For  example,  two  thin  circular  rings,  having  a  common  axis, 
will  repel  or  attract  one  another  according  as  the  fluid  circulates  in  the 
same  or  in  opposite  directions  through  themf.  This  might  have  been 
foreseen  of  course  from  the  principle  of  Art.  24. 

Another  interesting  case  is  that  of  a  number  of  open  tubes,  so  narrow  as 
not  sensibly  to  impede  the  motion  of  the  fluid  outside  them.  If  flow  be 
established  through  the  tubes,  then  as  regards  the  external  space  the  extremi- 
ties will  act  as  sources  and  sinks.  The  energy  due  to  any  distribution  of 
positive  or  negative  sources  mlt  wi2,  ...  is  given,  so  far  as  it  depends  on  the 
relative  configuration  of  these,  by  the  integral 


taken  over  a  number  of  small  closed  surfaces  surrounding  m^  w2,  ...  respec- 
tively. If  0i,  02>  •••  be  the  velocity-potentials  due  to  the  several  sources,  the 
part  of  this  expression  which  is  clue  to  the  simultaneous  presence  of  mlt  m2  is 


which  is  by  Green's  Theorem  equal  to 


Since  the  surface-integral  of  d<f>2/dn  is  zero  over  each  of  the  closed  surfaces 
except  that  surrounding  w2,  we  may  ultimately  confine  the  integration  to  the 
latter,  and  so  obtain 


J  J 


Since  the  value  of  0X  at  m2  is  wij/r^,  where  r12  denotes  the  distance  between 
ml  and  ?w2,  we  obtain,  for  the  part  of  the  kinetic  energy  which  varies  with  the 
relative  positions  of  the  sources,  the  expression 


*  Maxwell,  Electricity  and  Magnetism,  Art.  573. 

t  The  theorem  of  this  paragraph  was  given  by  Kirchhoff,  1.  c.  ante  p.  59.  See 
also  Sir  W.  Thomson,  "On  the  Forces  experienced  by  Solids  immersed  in  a  Moving 
Liquid,"  Proc.  R.  S.  Edin.,  1870;  Reprint,  Art.  xli.;  and  Boltzmann,  "  Ueber  die 
Druckkrafte  welche  auf  Kinge  wirksam  sind  die  in  bewegte  Fliissigkeit  tauchen," 
Crelle,  t.  Ixxiii.  (1871), 
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The  quantities  m^  w2,  ...  are  in  the  present  problem  equal  to  l/4?r  times 
the  fluxes  £0,  x0',  ...  across  the  sections  of  the  respective  tubes,  so  that  (v) 
corresponds  to  the  form  T0  of  the  kinetic  energy.  The  force  apparently  ex- 
erted by  m1  on  w2,  tending  to  increase  r]2,  is  therefore,  by  (8), 

d     r»A=_  4        ™» 
P^M      »M  ri22 

Hence  two  sources  of  like  sign  attract,  and  two  of  unlike  sign  repel,  with 
forces  varying  inversely  as  the  square  of  the  distance*.  This  result,  again, 
is  easily  seen  to  be  in  accordance  with  general  principles.  It  also  follows, 
independently,  from  the  electric  analogy,  the  tubes  corresponding  to  Ampere's 
'  solenoids.' 

We  here  take  leave  of  this  somewhat  difficult  part  of  our 
subject.  To  avoid  the  suspicion  of  vagueness  which  sometimes 
attaches  to  the  use  of  'generalized  coordinates/  an  attempt  has 
been  made  in  this  Chapter  to  make  the  treatment  as  definite  as 
possible,  even  at  some  sacrifice  of  generality  in  the  results.  There 
can  be  no  doubt,  for  example,  that  with  proper  interpretations  the 
equations  of  Art.  137  will  apply  to  the  case  of  flexible  bodies 
surrounded  by  an  irrotationally  moving  fluid,  and  even  to  cases  of 
isolated  vortices  (see  Chap.  VII.),  but  the  justification  of  such 
applications  belongs  rather  to  general  Dynamics^. 

*  Sir  W.  Thomson,  Reprint,  Art.  xli. 

t  For  further  investigations  bearing  on  the  subject  of  this  Chapter  see  J.  Purser, 
"  On  the  Applicability  of  Lagrange's  Equations  in  certain  Cases  of  Fluid  Motion," 
Phil.  Mag.,  Nov.  1878 ;  Larmor,  I.e.  ante  p.  210  ;  Basset,  Hydrodynamics,  Cam- 
bridge, 1888,  c.  viii. 


CHAPTER  VII. 

VORTEX   MOTION. 

142.  OUR  investigations  have  thus  far  been  confined  for  the 
most  part  to  the  case  of  irrotational  motion.  We  now  proceed  to 
the  study  of  rotational  or  '  vortex  '  motion.  This  subject  was  first 
investigated  by  von  Helmholtz*;  other  and  simpler  proofs  of  some 
of  his  theorems  were  afterwards  given  by  Lord  Kelvin  in  the  paper 
on  vortex  motion  already  cited  in  Chapter  in. 

We  shall,  throughout  this  Chapter,  use  the  symbols  f,  77,  f  to 
denote,  as  in  Chap,  ill.,  the  components  of  the  instantaneous 
angular  velocity  of  a  fluid  element,  viz. 

dw     dv\  .    du     dw\  dv     du\         . 


A  line  drawn  from  point  to  point  so  that  its  direction  is  every- 
where that  of  the  instantaneous  axis  of  rotation  of  the  fluid  is 
called  a  '  vortex-line.'  The  differential  equations  of  the  system  of 
vortex-lines  are 


dx  _  dy  _  dz 

~== 


If  through  every  point  of  a  small  closed  curve  we  draw  the 
corresponding   vortex-line,  we   obtain  a  tube,  which   we   call   a 

*  "Ueber  Integrate  der  hydrodynamischen   Gleichungen  welche  den  Wirbel- 
bewegungen  entsprechen,"  Crelle,  t.  lv.  (1858);  Ges.  Abh.,  t.  i.,  p.  101. 
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'  vortex-tube.'     The  fluid  contained  within  such  a  tube  constitutes 
what  is  called  a  '  vortex-filament/  or  simply  a  '  vortex.' 

Let  ABC,  A'B'C'  be  any  two  circuits  drawn  on  the  surface  of  a 
vortex-tube  and  embracing  it,  and  let  AA'  be  a  connecting  line 
also  drawn  on  the  surface.  Let  us  apply  the  theorem  of  Art.  33  to 
the  circuit  A  EGA  A'C'B'AA  and  the  part  of  the  surface  of  the 


tube  bounded  by  it.     Since  /£  4-  m?j  +  n£  is  zero  at  every  point  of 
this  surface,  the  line-integral 

f(udx  +  vdy  +  wdz), 

taken   round  the  circuit,  must   vanish;   i.e.  in   the   notation   of 
Art.  32 


which  reduces  to 


Hence  the  circulation  is  the  same  in  all  circuits  embracing  the 
same  vortex-tube. 

Again,  it  appears  from  Art.  32  that  the  circulation  round  the 
boundary  of  any  cross-section  of  the  tube,  made  normal  to  its 
length,  is  2o)cr,  where  o>,  =  (f2  +  rf  +  £2)*>  is  the  angular  velocity  of 
the  fluid,  and  a  the  infinitely  small  area  of  the  section. 

Combining  these  results  we  see  that  the  product  of  the  angular 
velocity  into  the  cross-  section  is  the  same  at  all  points  of  a  vortex. 
This  product  is  conveniently  termed  the  'strength  '  of  the  vortex. 

The  foregoing  proof  is  due  to  Lord  Kelvin  ;  the  theorem  itself  was  first 
given  by  von  Helmholtz,  as  a  deduction  from  the  relation 
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which  follows  at  once  from  the  values  of  £,  77,  f  given  by  (1).  In  fact,  writing 
in  Art.  42  (1),  &  77,  (  for  U,  V,  W,  respectively,  we  find 

SS(l£  +  mi  +  nQdS=0 (ii), 

where  the  integration  extends  over  any  closed  surface  lying  wholly  in  the 
fluid.  Applying  this  to  the  closed  surface  formed  by  two  cross-sections  of  a 
vortex-tube  and  the  portion  of  the  tube  intercepted  between  them,  we  find 
(»1o-1=o)2o-2,  where  olt  o>2  denote  the  angular  velocities  at  the  sections  crlt  o-2, 
respectively. 

Lord  Kelvin's  proof  shews  that  the  theorem  is  true  even  when  £,  77,  £  are 
discontinuous  (in  which  case  there  may  be  an  abrupt  bend  at  some  point  of  a 
vortex),  provided  only  that  u,  v,  w  are  continuous. 

An  important  consequence  of  the  above  theorem  is  that  a 
vortex-line  cannot  begin  or  end  at  any  point  in  the  interior  of 
the  fluid.  Any  vortex-lines  which  exist  must  either  form  closed 
curves,  or  else  traverse  the  fluid,  beginning  and  ending  on  its 
boundaries.  Compare  Art.  37. 

The  theorem  of  Art.  33  (4)  may  now  be  enunciated  as  follows : 
The  circulation  in  any  circuit  is  equal  to  twice  the  sum  of  the 
strengths  of  all  the  vortices  which  it  embraces. 

143.  It  was  proved  in  Art.  34  that,  in  a  perfect  fluid  whose 
density  is  either  uniform  or  a  function  of  the  pressure  only,  and 
which  is  subject  to  extraneous  forces  having  a  single-valued 
potential,  the  circulation  in  any  circuit  moving  with  the  fluid  is 
constant. 

Applying  this  theorem  to  a  circuit  embracing  a  vortex-tube  we 
find  that  the  strength  of  any  vortex  is  constant. 

If  we  take  at  any  instant  a  surface  composed  wholly  of  vortex- 
lines,  the  circulation  in  any  circuit  drawn  on  it  is  zero,  by  Art.  33, 
for  we  have  2£-f-mty+ji£=0  at  every  point  of  the  surface.  The 
preceding  article  shews  that  if  the  surface  be  now  supposed  to 
move  with  the  fluid,  the  circulation  will  always  be  zero  in  any 
circuit  drawn  on  it,  and  therefore  the  surface  will  always  consist 
of  vortex-lines.  Again,  considering  two  such  surfaces,  it  is  plain 
that  their  intersection  must  always  be  a  vortex-line,  whence 
we  derive  the  theorem  that  the  vortex-lines  move  with  the 
fluid. 

.  This  remarkable  theorem  was  first  given  by  von  Helmholtz  for 
the  case  of  liquids ;  the  preceding  proof,  by  Lord  Kelvin,  shews 
that  it  holds  for  all  fluids  subject  to  the  conditions  above  stated. 
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One  or  two  independent  proofs  of  the  theorem  may  be  briefly  indicated. 

Of  these  perhaps  the  most  conclusive  is  based  upon  a  slight  generalization 
of  some  equations  given  originally  by  Cauchy  in  his  great  memoir  on  Waves*, 
and  employed  by  him  to  demonstrate  Lagrange's  velocity-potential  theorem. 

The  equations  (2)  of  Art.  15,  yield,  on  elimination  of  the  function  x  by 
cross-differentiation, 

du  dx     du  dx  t  dv  dy     dv  dy  §  dw  dz     dw  dz      dwQ  dvQ 

db  dc      dc  db      db  dc  ' 


(where  u,  v,  w  have  been  written  in  place  of  dxjdt,  dyldt^  dz/dt,  respectively), 
with  two  symmetrical  equations.  If  in  these  equations  we  replace  the 
differential  coefficients  of  u,  -y,  w  with  respect  to  a,  b,  c,  by  their  values  in 
terms  of  differential  coefficients  of  the  same  quantities  with  respect  to  .r,  y,  2, 
we  obtain 


.(i). 


d(a,  b)        d(a,  b} 

If  we  multiply  these  by  dx/da,  dxjdb,  dxjdc^  in  order,  and  add,  then,  taking 
account  of  the  Lagrangian  equation  of  continuity  (Art.  14(1))  we  deduce  the 
first  of  the  following  three  symmetrical  equations  : 


p0 


+ 
da          db          do 


=  +  + 

p     p0  da     p0  db     pQ  dc  '  J    ' 

C  =  io  dz_  +  50  ^£  +  &  d?_ 
p     p0  da     pQ  db     PQ  dc   ) 

In  the  particular  case  of  an  incompressible  fluid  (p  =  p0)  these  differ  only  in 
the  use  of  the  notation  £,  77,  £  from  the  equations  given  by  Cauchy.  They 
shew  at  once  that  if  the  initial  values  £0,  7/0,  £0  of  the  component  rotations 
vanish  for  any  particle  of  the  fluid,  then  £,  77,  £  are  always  zero  for  that 
particle.  This  constitutes  in  fact  Cauchy's  proof  of  Lagrange's  theorem. 

To  interpret  (ii)  in  the  general  case,  let  us  take  at  time  t  =  0  B,  linear 
element  coincident  with  a  vortex-line,  say 


where  €  is  infinitesimal.  If  we  suppose  this  element  to  move  with  the  fluid, 
the  equations  (ii)  shew  that  its  projections  on  the  coordinate  axes  at  any  other 
time  will  be  given  by 

8tf  =  e£/p,          8y  =  07/p,         8z  =  e(/p, 

*  L  c.  ante  p.  18. 
L.  15 
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i.e.  the  element  will  still  form  part  of  a  vortex-line,  and  its  length  (8s,  say)  will 
vary  as  o>/p,  where  o>  is  the  resultant  angular  velocity.  But  if  a-  be  the  cross- 
section  of  a  vortex-filament  having  8s  as  axis,  the  product  parSs  is  constant  with 
regard  to  the  time.  Hence  the  strength  <ao-  of  the  vortex  is  constant*. 

The  proof  given  originally  by  von  Helmholtz  depends  on  a  system  of  three 
equations  which,  when  generalized  so  as  to  apply  to  any  fluid  in  which  p  is  a 
function  of  p  only,  become 


J>_(?\_tdu  .vdu     (du 
Dt\p)~pdx     pdy     pcfe' 


Dt 


£  dv      77  dv      f  dv 
p  dx     p  dy     p  dz  ' 


(dw 
~ 


(m)t. 


These  may  be  obtained  as  follows.     The  dynamical  equations  of  Art.  6 
may  be  written,  when  a  force-potential  Q  exists,  in  the  forms 


provided 


where  q2  =  u2  +  v2  +  w2.    From  the  second  and  third  of  these  we  obtain,  elimina- 
ting x  by  cross-differentiation, 

du 


Remembering  the  relation 


and  the  equation  of  continuity 
Dp 


du     dv     dw 

++ 


(vn)' 


we  easily  deduce  the  first  of  equations  (iii). 

To  interpret  these  equations  we  take,  at  time  t,  a  linear  element  whose 
projections  on  the  coordinate  axes  are 

&r  =  e£/p,         dy  =  «7/p,         &z  =  c{/p  ..................  (viii), 

where  e  is  infinitesimal.     If  this  element  be  supposed  to  move  with  the  fluid, 

*  See  Nanson,  Mess,  of  Math.  t.  iii.,  p.  120  (1874);  Kirchhoff,  Mechanik,  Leipzig. 
1876  ...,  c.  xv.;  Stokes,  Math,  and  Phys.  Papers,  t.  ii.,  p.  47  (1883). 
t  Nanson,  I.  c, 
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the  rate  at  which  da  is  increasing  is  equal  to  the  difference  of  the  values  of  u 
at  the  two  ends,  whence 


It  follows,  by  (iii),  that 


£  du        r]  du        £  du 
—jFr~  —  f  --  7  —  he  —  7  —  h  c  -  -j-  • 
Dt         /j  dx       p  dy       p  dz 


Von  Helmholtz  concludes  that  if  the  relations  (viii)  hold  at  time  t,  they  will 
hold  at  time  t  +  8t,  and  so  on,  continually.  The  inference  is,  however,  not  quite 
rigorous  ;  it  is  in  fact  open  to  the  criticisms  which  Sir  G.  Stokes*  has  directed 
against  various  defective  proofs  of  Lagrange's  velocity-potential  theorem  f. 

By  way  of  establishing  a  connection  with  Lord  Kelvin's  investigation  we 
may  notice  that  the  equations  (i)  express  that  the  circulation  is  constant  in 
each  of  three  infinitely  small  circuits  initially  perpendicular,  respectively,  to 
the  three  coordinate  axes.  Taking,  for  example,  the  circuit  which  initially 
bounded  the  rectangle  86  Sc,  and  denoting  by  A,  S,  C  the  areas  of  its  pro- 
jections at  time  t  on  the  coordinate  planes,  we  have 


d(b,c)  d(b,c) 

so  that  the  first  of  the  equations  referred  to  is  equivalent  to 


144.  It  is  easily  seen  by  the  same  kind  of  argument  as  in 
Art.  41  that  no  irrotational  motion  is  possible  in  an  incompressible 
fluid  filling  infinite  space,  and  subject  to  the  condition  that  the 
velocity  vanishes  at  infinity.  This  leads  at  once  to  the  following 
theorem  : 

The  motion  of  a  fluid  which  fills  infinite  space,  and  is  at 
rest  at  infinity,  is  determinate  when  we  know  the  values  of  the 

*  I.  c.  ante  p.  18. 

t  It  may  be  mentioned  that,  in  the  case  of  an  incompressible  fluid,  equations  some- 
what similar  to  (iii)  had  been  established  by  Lagrange,  Miscell.  Taw:,  t.  ii.  (1760), 
Oeuvres,  t.  i.,  p.  442.  The  author  is  indebted  for  this  reference,  and  for  the  above 
criticism  of  von  Helmholtz'  investigation,  to  Mr  Larmor.  Equations  equivalent  to 
those  given  by  Lagrange  were  obtained  independently  by  Stokes,  I  c.,  and  made  the 
basis  of  a  rigorous  proof  of  the  velocity-potential  theorem. 

t  Nanson,  Mess,  of  Math.,  t.  vii.,  p.  182  (1878).  A  similar  interpretation  of 
von  Helmholtz'  equations  was  given  by  the  author  of  this  work  in  the  Mess,  of 
Math.,  t.  vii.,  p.  41  (1877). 

Finally  we  may  note  that  another  proof  of  Lagrange's  theorem,  based  on  ele- 
mentary dynamical  principles,  without  special  reference  to  the  hydrokinetic  equa- 
tions, was  indicated  by  Stokes  (Camb.  Trans.,  t.  viii.  ;  Math,  and  Phys.  Papers,  t.  i., 
p.  113),  and  carried  out  by  Lord  Kelvin,  in  his  paper  on  Vortex  Motion. 

15—2 
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expansion  (0,  say)  and  of  the  component  angular  velocities  f,  97,  f, 
at  all  points  of  the  region. 

For,  if  possible,  let  there  be  two  sets  of  values,  ult  vlt  wl) 
and  u2,  v.2)  w2,  of  the  component  velocities,  each  satisfying 

the  equations 

du     dv^     dw  _  fi 
dx  +  dy  +  dz~ 

dw     dv  du     dw_          dv      du  _ 

dy'Tz'^    dz~Tx~^    dx'Ty- 

throughout  infinite  space,  and  vanishing  at  infinity.   The  quantities 
u'—u^  —  u2,     v'  =  vl  —  v2,     w/  =  wl  —  w2, 

will  satisfy  (1)  and  (2)  with  6,  f,  77,  £  each  put  =0,  and  will  vanish 
at  infinity.  Hence,  in  virtue  of  the  result  above  stated,  they  will 
everywhere  vanish,  and  there  is  only  one  possible  motion  satisfying 
the  given  conditions. 

In  the  same  way  we  can  shew  that  the  motion  of  a  fluid  occupying  any 
limited  simply  -connected  region  is  determinate  when  we  know  the  values  of 
the  expansion,  and  of  the  component  rotations,  at  every  point  of  the  region, 
and  the  value  of  the  normal  velocity  at  every  point  of  the  boundary.  In  the 
case  of  a  multiply-connected  region  we  must  add  to  the  above  data  the  values 
of  the  circulations  in  the  several  independent  circuits  of  the  region. 

145.  If,  in  the  case  of  infinite  space,  the  quantities  0,  f,  rj,  £ 
all  vanish  beyond  some  finite  distance  of  the  origin,  the  complete 
determination  of  u,  v,  w  in  terms  of  them  can  be  effected  as 
follows*. 

The  component  velocities  (ul}  v1}  wl}  say)  due  to  the  ex- 
pansion can  be  written  down  at  once  from  Art.  56  (1),  it  being 
evident  that  the  expansion  &  in  an  element  §x'§y"&z'  is  equivalent 
to  a  simple  source  of  strength  l/4?r  .  0'Sx'Sy'Sz'.  We  thus  obtain 


(2), 


*  The  investigation  which  follows  is  substantially  that  given  by  von  Helmholtz. 
The  kinematical  problem  in  question  was  first  solved,  in  a  slightly  different 
manner,  by  Stokes,  "On  the  Dynamical  Theory  of  Diffraction,"  Camb.  7Var?.<?., 
t.  ix.  (1849),  Math,  and  Phys.  Papers,  t.  ii.,  pp.  254.... 
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r  denoting  the  distance  between  the  point  (xf,  y' ',  z)  at  which  the 
volume-element  of  the  integral  is  situate  and  the  point  (x,  y,  z) 
at  which  the  values  of  ul}  vlt  wl  are  required,  viz. 

r  =  {(x  -  xj  +  (y-  yj  +(z-  /)»}*, 

and  the  integration  including  all  parts  of  space  at  which  6'  differs 
from  zero. 

To  verify  this  result,  we  notice  that  the  above  values  of  ul}  vlt  wl 
make 

<^+j,1+<^=_v 

dx      ay      dz 
by  the  theory  of  Attractions,  and  also  vanish  at  infinity. 

To   find   the  velocities  (uz,  v.2,  w2,  say)  due  to  the   vortices, 

we  assume 

dH     dG  dF    dH  dG     dF         /QN 

U»  =  — J 7-,        V2  =  -T 7—,        W2=-J If—  | (O), 

2      dy       dz  dz      dx'  dx      dy 

and   seek   to  determine  F,  G,  H  so  as  to  satisfy  the  required 
conditions.     In  the  first  place,  these  formulae  make 
du2     dv2     dw2  _  n 

~~T 1 if r   ~J ") 

dx      dy      dz 

and  so  do  not  interfere  with  the  result  contained  in  (1).  Also,  they 
give 

2£  =  ^2  _  —2  =  —  (d—  +  —  +  — 1  -  V*F 
*      dy      dz      dx  \dx      dy       dz ) 

Hence  our  problem  will  be  solved  if  we  can  find  three  functions 
F,  G}  H  satisfying 

dF  +  dG  +  dH_=Q  4) 

dx      dy      dz 

and  V2.P=-2f,     V*G  =  -2rj,     V*H  =  -2£ (5). 

These  latter  equations  are  satisfied  by  making  F,  G,  H  equal  to  the 
potentials  of  distributions  of  matter  whose  volume-densities  at  the 
point  (x,  y,  z)  are  f/2?r,  7//27T,  f/27r,  respectively  ;  thus 


.(6), 
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where  the  accents  attached  to  f,  77,  f  are  used  to  distinguish  the 
values  of  these  quantities  at  the  point  (xr,  y,  z'),  and 

r  =  {(a>  -  xj  +  (y  -  yj  +  (z  -  /)'}*, 

as  before.     The  integrations  are  to  include,  of  course,  all  places  at 
which  f  ,  77,  f  differ  from  zero. 

It  remains  to  shew  that  the  above  values  of  F,  G,  H  really 
satisfy  (4),     Since  djdx  .  r~l  =  —  d/dx'  .  r~l,  we  have 

dF     dG     dH         1    /•/•/•/«  d        ,  d       „  d  \  1 

j-  +  -j-  +  -r-  =  -5-    I  (  ?  -j-/  +  V  j-<  +  ?  j->  - 
cfo?       d         cfo          2?r  Jj  J  V    d#          c  dz/r 


by  the  usual  method  of  partial  integration.  The  volume-integral 
vanishes,  by  Art.  142  (i),  and  the  surface-integral  also  vanishes, 
since  ££  +  my  +  n%  =  0  at  the  bounding  surfaces  of  the  vortices. 
Hence  the  formulae  (3)  and  (6)  lead  to  the  prescribed  values  of 
f,  17,  f,  and  give  a  zero  velocity  at  infinity. 

The   complete   solution   of  our   problem   is  now  obtained  by 
superposition  of  the  results  contained  in  the  formula?  (1)  and  (3), 

viz.  we  have 

d®     dH     dG 

U- 


j 
dz 

where  <3>;  F,  G,  H  have  the  values  given  in  (2)  and  (6). 

When  the  region  occupied  by  the  fluid  is  not  unlimited,  but  is  bounded  (in 
whole  or  in  part)  by  surfaces  at  which  the  normal  velocity  is  given,  and  when 
further  (in  the  case  of  a  cyclic  region)  the  value  of  the  circulation  in  each  of 
the  independent  circuits  of  the  region  is  prescribed,  the  problem  may  by  a 
similar  analysis  be  reduced  to  one  of  irrotational  motion,  of  the  kind  con- 
sidered in  Chap,  in.,  and  there  proved  to  be  determinate.  This  may  be  left 
to  the  reader,  with  the  remark  that  if  the  vortices  traverse  the  region, 
beginning  and  ending  on  the  boundary,  it  is  convenient  to  imagine  them 
continued  beyond  it,  or  along  its  surface,  in  such  a  manner  that  they  form 
re-entrant  filaments,  and  to  make  the  integrals  (6)  refer  to  the  complete  system 
of  vortices  thus  obtained.  On  this  understanding  the  condition  (4)  will  still 
be  satisfied. 
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146.  There  is  a  remarkable  analogy  between  the  analytical 
relations  above  developed  and  those  which  obtain  in  the  theory  of 
Electro-magnetism.  If,  in  the  equations  (1)  and  (2)  of  Art.  144, 
we  write 

«>  &  7>     P>  P>        q,          r 

for  u,  v,  w,     0/4-7T,     f/2?r,  ^/27r,  £/27r, 

respectively,  we  obtain 

da.     d@  ,  <*y      , 
dx     dy     dz        p' 

dy     dj3  da     dy  d/3      da, 

~ 


,     -j       -  ,  j 

ay      dz  dz     dx  dx     dy 

which  are  the  fundamental  relations  of  the  subject  referred  to  ; 
viz.  a,  /3,  7  are  the  components  of  magnetic  force,  p,  q,  r  those  of 
electric  current,  and  p  is  the  volume-density  of  the  imaginary 
magnetic  matter  by  which  any  magnetization  present  in  the  field 
may  be  represented.  Hence,  if  we  disregard  constant  factors,  the 
vortex-filaments  correspond  to  electric  circuits,  the  strengths  of 
the  vortices  to  the  strengths  of  the  currents  in  these  circuits, 
sources  and  sinks  to  positive  and  negative  magnetic  poles,  and, 
finally,  fluid  velocity  to  magnetic  force  •(•. 

The  analogy  will  of  course  extend  to  all  results  deduced  from 
the  fundamental  relations  ;  thus,  in  equations  (8)  of  the  preceding 
Art.,  <l>  corresponds  to  the  magnetic  potential  and  F,  G,  H  to  the 
components  of  '  electro-magnetic  momentum.' 

147.  To  interpret  the  result  contained  in  Art.  145  (8),  we 
may  calculate  the  values  of  u,  v,  w  due  to  an  isolated  re-entrant 
vortex-filament  situate  in  an  infinite  mass  of  incompressible  fluid 
which  is  at  rest  at  infinity. 

Since  0  =  0,  we  shall  have  4>  =  0.  Again,  to  calculate  the 
values  of  F,  G,  H,  we  may  replace  the  volume-element  Sa'BtfSz 
by  a'Ss',  where  Ss'  is  an  element  of  the  length  of  the  filament,  and 
<r'  its  cross-section.  Also,  we  have 

^        ,  dx'         ,        ,  dy'        .,,        ,  dz' 
t  =  «ds"     *  =  a>  Is"      ?=(°d?' 

*  Cf.  Maxwell,  Electricity  and  Magnetism,  Art.  607. 

t  This  analogy  was  first  pointed  out  by  von  Helmholtz  ;  it  has  been  extensively 
Utilized  by  Lord  Kelvin  in  his  papers  on  Electrostatics  and  Magnetism. 
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where  o>'  is  the  angular  velocity  of  the  fluid.     Hence  the  formulas 
(6)  of  Art.  145  become 


„  _  m  [dx'       r,_m'  (dy'  _  m  [dz' 

~  STT  J  V  '          ~  ZTT]  T  '          ~  **)    r 


where  m,  =  o>V,  measures  the  strength  of  the  vortex,  and  the 
integrals  are  to  be  taken  along  the  whole  length  of  the  filament. 

Hence,  by  Art.  145  (8),  we  have 

m'  (f  d  1     ,  ,      dl        ,\ 
U  =  ^j(dyr'dz-dzr'dy)> 

with  similar  results  for  v,  w.     We  thus  find 

f  z  —  z'     dz'  x  —  x\  ds 


_  m 
~ 


.(2)*. 


_  m  Udz'  x  —  x'     dx'  y  —  y' 
SZirJ\d8'     r     "df~r 

_  m  fi  dx'  y  —  y      dy'  z  —  z'\  ds' 
"f  ~r         ds7    r    )  ^ 


If  &u,  Aw,  Aty  denote  the  parts  of  these  expressions  which  corre- 
spond to  the  element  Ss'  of  the  filament,  it  appears  that  the 
resultant  of  Aw,  Aw,  Aw  is  a  velocity  perpendicular  to  the  plane 
containing  the  direction  of  the  vortex- line  at  (#',  y',  z')  and  the 
line  r,  and  that  its  sense  is  that  in  which  the  point  (x,  y,  z)  would 
be  carried  if  it  were  attached  to  a  rigid  body  rotating  with  the 
fluid  element  at  (at ',  y',  /).  For  the  magnitude  of  the  resultant 
we  have 


where  %  is  the  angle  which  r  makes  with  the  vortex-line  at  (xf,  y,  z). 

With  the  change  of  symbols  indicated  in  the  preceding  Art. 
this  result  becomes  identical  with  the  law  of  action  of  an  electric 
current  on  a  magnetic  polef. 


*  These  are  equivalent  to  the  forms  obtained  by  Stokes,  1.  c.  ante  p.  228. 

t  Ampere,  Theorie  mathematique  des  phenoimnes  electro-dynamiques,  Paris,  1826. 
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Velocity  -Potential  due  to  a  Vortex. 

148.  At  points  external  to  the  vortices  there  exists  of  course  a 
velocity-potential,  whose  value  may  be  obtained  as  follows.  Taking 
for  shortness  the  case  of  a  single  re-entrant  vortex,  it  was  found 
in  the  preceding  Art.  that,  in  the  case  of  an  incompressible  fluid, 


m'  (/  d  1     ,  ,      d  1     ,  ,\  ,  . 

=cr  \\T-'--dy  -  j  ~,-.dz  )  ............  (1). 

27rJ  \dz  r  d    r       J 


j  ~, 
dy 

By  Stokes'  Theorem  (Art.  33  (5))  we  can  replace  a  line-integral  ex- 
tending round  a  closed  curve  by  a  surface-integral  taken  over  any 
surface  bounded  by  that  curve  ;  viz.  we  have,  with  a  slight  change 
of  notation, 


m,  (dR     dQ\         (dP     dR\        /dQ     dP\] 

=       -U  (x~/-T^  )  +  m(j->-  j->)  +  »(  T?-  j->) 

J  J  {  \dy      dz  /         \dz      dx)        \dx'     dy  )} 
If  we  put 


we  find 


dR  _  dQ  _  _  /  d2      ^\  1  _  d?_  1 
dy'     dz'  ~      \dyf*  +  dz2)  r  ~  dx'*  r'  ' 

dP_dR_  _!?     ! 

dz'     dx'  dx'dy'  r'  ' 


_^  _        _ 

dx      dy'  ~  dx'dz  r  ' 

so  that  (1)  may  be  written 

d  d  d  \    d   1 

—       --   -     - 


,         j,  ,       t          . 

x          dy         dz  J  dx  r 

Hence,  and  by  similar  reasoning,  we  have,  since 
dldx'  .  r-1  =  -  d/dx  .  r~\ 

dd>  dd>  dd>  /ox 

u  =  --f,     v  =  -  -^  ,    w  =  --^  ,  ...............  (2), 

dx  dy  dz 

where 

m'  /Y/7  d  d  d\  1  ,0,  /QA 

(/,  =  --      u  1-7  +  m  -j-f  -I-  ?i  -y-,  )  -  a^S  ............  (3). 

27rjj\  ote          c^2/         ^/  ^ 

Here  £,  m,  n  denote  the  direction-cosines  of  the  normal  to  the 
element  SS'  of  any  surface  bounded  by  the  vortex-filament. 
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The  formula  (3)  may  be  otherwise  written 

dS'..  ..(4), 


where  ^  denotes  the  angle  between  r  and  the  normal  (I,  ra,  n). 
Since  cos  OSS'/'r2  measures  the  elementary  solid  angle  subtended 
by  SS'  at  (#,  y,  z\  we  see  that  the  velocity-potential  at  any  point, 
due  to  a  single  re-entrant  vortex,  is  equal  to  the  product  of  ra'/27r 
into  the  solid  angle  which  any  surface  bounded  by  the  vortex 
subtends  at  that  point. 

Since  this  solid  angle  changes  by  4?r  when  the  point  in 
question  describes  a  circuit  embracing  the  vortex,  we  verify  that 
the  value  of  <f>  given  by  (4)  is  cyclic,  the  cyclic  constant  being 
twice  the  strength  of  the  vortex.  Cf.  Art.  142. 

Comparing  (4)  with  Art.  56  (4)  we  see  that  a  vortex  is,  in 
a  sense,  equivalent  to  a  uniform  distribution  of  double  sources  over 
any  surface  bounded  by  it.  The  axes  of  the  double  sources  must  be 
supposed  to  be  everywhere  normal  to  the  surface,  and  the  density 
of  the  distribution  to  be  equal  to  the  strength  of  the  vortex 
divided  by  2?r.  It  is  here  assumed  that  the  relation  between 
the  positive  direction  of  the  normal  and  the  positive  direction 
of  the  axis  of  the  vortex-filament  is  of  the  'right-handed'  type. 
See  Art.  32. 

Conversely,  it  may  be  shewn  that  any  distribution  of  double  sources  over 
a  closed  surface,  the  axes  being  directed  along  the  normals,  may  be  replaced 
by  a  system  of  closed  vortex-filaments  lying  in  the  surface*.  The  same  thing 
will  appear  independently  from  the  investigation  of  the  next  Art. 

Vortex-Sheets. 

149.  We  have  so  far  assumed  ?/,  v,  w  to  be  continuous.  We 
will  now  shew  how  cases  where  surfaces  present  themselves  at 
which  these  quantities  are  discontinuous  may  be  brought  within 
the  scope  of  our  theorems. 

The  case  of  a  surface  where  the  normal  velocity  is  discon- 
tinuous has  already  been  treated  in  Art.  58.  If  u,  v,  w  denote  the 
component  velocities  on  one  side,  and  u',  v',  w'  those  on  the  other, 

*  Cf.  Maxwell,  Electricity  and  Magnetism,  Arts.  485,  652. 
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it  was  found   that  the   circumstances   could  be   represented  by 
imagining  a  distribution  of  simple-sources,  with  surface  density 

-  —  [I  (uf  —  u)  +  m  (v  —  v)  +  n  (wf  —  w)}, 

47T 

where  I,  m,  n  denote  the  direction-cosines  of  the  normal  drawn 
towards  the  side  to  which  the  accents  refer. 

Let  us  next  consider  the  case  where  the  tangential  velocity 
(only)  is  discontinuous,  so  that 

l(u'  —  u)  +  m(v  —  v)  +  w  (w'  —  w)  =  0  ............  (1). 

We  will   suppose   that   the    lines  of  relative  motion,  which   are 
defined  by  the  differential  equations 

dx         d  dz 


u  —  u     v'  —  v     w'  —  w 


are  traced  on  the  surface,  and  that  the  system  of  orthogonal 
trajectories  to  these  lines  is  also  drawn.  Let  PQ,  P'Q'  be  linear 
elements  drawn  close  to  the  surface,  on  the  two  sides,  parallel  to 
a  line  of  the  system  (2),  and  let  PPr  and  QQ'  be  normal  to  the 
surface  and  infinitely  small  in  comparison  with  PQ  or  P'Q'. 
The  circulation  in  the  circuit  P'Q'QP  will  then  be  equal  to 
(qr  —  q)  PQ,  where  q,  q'  denote  the  absolute  velocities  on  the  two 
sides.  This  is  the  same  as  if  the  position  of  the  surface  were 
occupied  by  an  infinitely  thin  stratum  of  vortices,  the  orthogonal 
trajectories  above-mentioned  being  the  vortex-lines,  and  the 
angular  velocity  w  and  the  (variable)  thickness  Sn  of  the  stratum 
being  connected  by  the  relation  2&>  .  PQ  .  &n  —  (q  —  q)  PQ,  or 

mSn  =  l(q'-q)  ........................  (3). 

The  same  result  follows  from  a  consideration  of  the  discontinuities  which 
occur  in  the  values  of  ut  v,  w  as  determined  by  the  formulae  (3)  and  (6)  of 
Art.  145,  when  we  apply  these  to  the  case  of  a  stratum  of  thickness  8n 
within  which  £,  77,  £  are  infinite,  but  so  that  £8n,  r)8n,  £8n  are  finite*. 

It  was  shewn  in  Arts.  144,  145  that  any  continuous  motion  of 
a  fluid  filling  infinite  space,  and  at  rest  at  infinity,  may  be 
regarded  as  due  to  a  proper  arrangement  of  sources  and  vortices 
distributed  with  finite  density.  We  have  now  seen  how  by 
considerations  of  continuity  we  can  pass  to  the  case  where  the 
sources  and  vortices  are  distributed  with  infinite  volume-density, 

*  Helmholtz,  1.  c.  ante  p.  222. 
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but  finite  surface-density,  over  surfaces.  In  particular,  we  may 
take  the  case  where  the  infinite  fluid  in  question  is  incompressible, 
and  is  divided  into  two  portions  by  a  closed  surface  over  which  the 
normal  velocity  is  continuous,  but  the  tangential  velocity  dis- 
continuous, as  in  Art.  58  (12).  This  is  equivalent  to  a  vortex- 
sheet;  and  we  infer  that  every  continuous  irrotational  motion, 
whether  cyclic  or  not,  of  an  incompressible  substance  occupying 
any  region  whatever,  may  be  regarded  as  due  to  a  certain  distri- 
bution of  vortices  over  the  boundaries  which  separate  it  from  the 
rest  of  infinite  space.  In  the  case  of  a  region  extending  to 
infinity,  the  distribution  is  confined  to  the  finite  portion  of  the 
boundary,  provided  the  fluid  be  at  rest  at  infinity. 

This   theorem   is   complementary  to  the  results  obtained  in 
Art.  58. 

The  foregoing  conclusions  may  be  illustrated  by  means  of  the  results  of 
Art.  90.  Thus  when  a  normal  velocity  Sn  was  prescribed  over  the  sphere 
r  =  a,  the  values  of  the  velocity-potential  for  the  internal  and  external  space 
were  found  to  be 


« /An  CY          i  «     A»Y 

<f>  =  -  ( -  )  S     and  <f>  = (  -  ) 

*     n\aj  n  +  l  \rj 


respectively.  Hence  if  dc  be  the  angle  which  any  linear  element  drawn  on 
the  surface  subtends  at  the  centre,  the  relative  velocity  estimated  in  the 
direction  of  this  element  will  be 

dSn 


The  resultant  relative  velocity  is  therefore  tangential  to  the  surface,  and 
perpendicular  to  the  contour  lines  (Sn  =  const.)  of  the  surface-harmonic  $n, 
which  are  therefore  the  vortex-lines. 

For  example,  if  we  have  a  thin  spherical  shell  filled  with  and  surrounded 
by  liquid,  moving  as  in  Art.  91  parallel  to  the  axis  of  #,  the  motion  of  the 
fluid,  whether  internal  or  external,  will  be  that  due  to  a  system  of  vortices 
arranged  in  parallel  circles  on  the  sphere  ;  the  strength  of  an  elementary 
vortex  being  proportional  to  the  projection,  on  the  axis  of  #,  of  the  breadth 
of  the  corresponding  strip  of  the  surface*. 

Impulse  and  Energy  of  a  Vortex-System. 

150.  The  following  investigations  relate  to  the  case  of  a 
vortex-system  of  finite  dimensions  in  an  incompressible  fluid 
which  fills  infinite  space  and  is  at  rest  at  infinity. 

*  The  same  statements  hold  also  for  an  ellipsoidal  shell  moving  parallel  to  one  of 
its  principal  axes»  See  Art.  111. 
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If  X',  Y,  Z'  be  components  of  a  distribution  of  impulsive 
force  which  would  generate  the  actual  motion  (u,  v,  w)  instan- 
taneously from  rest,  we  have  by  Art.  12  (1) 

v,      1  der  T7,      1  dix  „,      1  d'SF  .  . 

X  ---  -j-  =  u,    7  ---  T-  =  V>    *  —  j  -=w   ......  (1), 

p  dx  p  dy  pdz 

where  OT  is  the  impulsive  pressure.  The  problem  of  finding  X',  F',  Z', 
OT  in  terms  of  u,  v,  w,  so  as  to  satisfy  these  three  equations,  is  clearly 
indeterminate;  but  a  sufficient  solution  for  our  purpose  may  be 
obtained  as  follows. 

Let  us  imagine  a  simply-connected  surface  8  to  be  drawn 
enclosing  all  the  vortices.  Over  this  surface,  and  through 
the  external  space,  let  us  put 

^  =  /><£  ..............................  (2), 

where  </>  is  the  velocity-potential  of  the  vortex-system,  determined 
as  in  Art.  148.  Inside  8  let  us  take  as  the  value  of  w  any 
single-valued  function  which  is  finite  and  continuous,  is  equal  to 
(2)  at  $,  and  also  satisfies  the  equation 


at  8,  where  &n  denotes  as  usual  an  element  of  the  normal.  It 
follows  from  these  conditions,  which  can  evidently  be  satisfied  in  an 
infinite  number  of  ways,  that  the  space-derivatives  d^/da),  div/dy, 
dtvjdz  will  be  continuous  at  the  surface  8.  The  values  of  X  ,  F,  Z' 
are  now  given  by  the  formulae  (1);  they  vanish  at  the  surface  8, 
and  at  all  external  points. 

The  force-  and  couple-equivalents  of  the  distribution  X't  F',  Z' 
constitute  the  '  impulse  '  of  the  vortex-system.  We  are  at  present 
concerned  only  with  the  instantaneous  state  of  the  system,  but  it 
is  of  interest  to  recall  that,  when  no  extraneous  forces  act,  this 
impulse  is,  by  the  argument  of  Art.  116,  constant  in  every  respect. 

Now,  considering  the  matter  inclosed  within  the  surface  $,  we 
find,  resolving  parallel  to  oc, 

fffpX'dxdydz  =  pfffudxdydz  -  pfJl<f>dS    ...............  (4), 

if  I,  ra,  n  be  the  direction-cosines  of  the  inwardly-directed  normal 
to  any  element  88  of  the  surface.  Let  us  first  take  the  case  of  a 
single  vortex-filament  of  infinitely  small  section.  The  fluid 
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velocity  being  everywhere  finite  and  continuous,  the  parts  of  the 
volume-integral  on  the  right-hand  side  of  (4)  which  are  due  to  the 
substance  of  the  vortex  itself  may  be  neglected  in  comparison 
with  those  due  to  the  remainder  of  the  space  included  within  S. 
Hence  we  may  write 

fjjudxdydz  =  -  f  |T^  dxdydz  =  jjtydS  +  '2m  ffldS'  . . .  (5), 

where  <j>  has  the  value  given  b}'  Art.  147  (4),  m  denoting  the 
strength  of  the  vortex  (so  that  2m'  is  the  cyclic  constant  of  <£),  and 
SS'  an  element  of  any  surface  bounded  by  it.  Substituting  in 
(4),  we  infer  that  the  components  of  the  impulse  parallel  to  the 
coordinate  axes  are 


2m'  pf/nutS*,     Zm'pffndS'  ...............  (6). 

Again,  taking  moments  about  Ox, 
H$p(yZ'-zY')  dxdydz 

~  zv)  dxdydz  —  pff(ny  —  mz)  (f>dS  .........  (7). 


For  the  same  reason  as  before,  we  may  substitute,  for  the  volume- 
integral  on  the  right-hand  side, 


=  ff(ny  -  me)  <f>dS  +  2mff(ny  -  mz)  dS'  .........  (8). 

Hence,  and  by  symmetry,  we  find,  for  the  moments  of  the  impulse 
about  the  coordinate  axes, 

2m'pff(ny-mz)dS',  2m'pff(lz-na;)d&,  2m'  pff(mx  -  ly)  dS'  ...(9). 

The  surface-integrals  contained  in  (6)  and  (9)  may  be  replaced 
by  line-integrals  taken  along  the  vortex.  In  the  case  of  (6)  it  is 
obvious  that  the  coefficients  of  mp  are  double  the  projections  on 
the  coordinate  axes  of  any  area  bounded  by  the  vortex,  so  that  the 
components  in  question  take  the  forms 


,.  ..(10). 

ds      J 
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For  the  similar  transformation  of  (9)  we  must  have  recourse 
to  Stokes'  Theorem  ;  we  obtain  without  difficulty  the  forms 


(11). 


From  (10)  and  (11)  we  can  derive  by  superposition  the  com- 
ponents of  the  force-  and  couple-  resultants  of  any  finite  system  of 
vortices.  Denoting  these  by  P,  Q,  R,  and  Z,  M,  N,  respectively, 
we  find,  putting 

m  —  a  a-', 

,dx      „        ,dy        ,        ,dz'     „ 


and  replacing  the  volume-element  o-'Ss'  by 

-  *?)  dxdydz,      L  =  pfff(f  +  *2)  f  dxdydz, 
-xQ  dxdydz,     M  =pfff(z*+  a?)  r)  dxdydz,   [...(12)*, 
R  =  pfff(xr)  —  y%)  dxdydz,    N  =  £/"JJ(#2  +  2/2)  f  dxdydz 
where  the  accents  have  been  dropped,  as  no  longer  necessary. 

151.  Let  us  next  consider  the  energy  of  the  vortex-system. 
It  is  easily  proved  that  under  the  circumstances  presupposed,  and 
in  the  absence  of  extraneous  forces,  this  energy  will  be  constant. 
For  if  T  be  the  energy  of  the  fluid  bounded  by  any  closed  surface 
S,  we  have,  putting  F  =  0  in  Art.  11  (5), 

DT 
~-  =  jj(lu  +  mv  +  nw)  pdS   ..................  (1). 

If  the  surface  8  enclose  all  the  vortices,  we  may  put 


and  it  easily  follows  from  Art.  148  (4)  that  at  a  great  distance  R 
from  the  vortices  p  will  be  finite,  and  lu  +  mv+nw  of  the  order 
R~3,  whilst  when  the  surface  8  is  taken  wholly  at  infinity, 

*  These  expressions  were  given  by  J.  J.  Thomson,  On  the  Motion  of  Vortex 
Eincfs  (Adams  Prize  Essay),  London,  1883,  pp.  5,  6. 
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the  elements  88  ultimately  vary  as  R2.     Hence,  ultimately,  the 
right-hand  side  of  (1)  vanishes,  and  we  have 

T  =  const  ...............................  (3). 

152.  We  proceed  to  investigate  one  or  two  important  kine- 
matical  expressions  for  T,  still  confining  ourselves,  for  simplicity, 
to  the  case  where  the  fluid  (supposed  incompressible)  extends  to 
infinity,  and  is  at  rest  there,  all  the  vortices  being  within  a  finite 
distance  of  the  origin. 

The  first  of  these  is  indicated  by  the  electro-magnetic  analogy 
pointed  out  in  Art.  146.  Since  0  =  0,  and  therefore  <l>  =  0,  we  have 

w2)  dxdydz 

dH 


by  Art.  145  (3).    The  last  member  may  be  replaced  by  the  sum  of 
a  surface  integral 

pff{F(mw  -nv)  +  G  (nu  -lw)  +  H  (Iv  -  mu)}  dS, 
and  a  volume  integral 

du     dw\  dv 


At  points  of  the  infinitely  distant  boundary,  F,  G,  H  are  ultimately 
of  the  order  R~2,  and  u,  v,  w  of  the  order  R~s,  so  that  the  surface- 
integral  vanishes,  and  we  have 


Gi,.+  HQ  dxdydz  ..................  (1), 

or,  substituting  the  values  of  F,  G,  H  from  Art.  145  (6), 

T  =  **  HISIF  +  7'  +  ^'  daAyde  dx'dyW  -(2)> 

where   each   volume-integration    extends   over  the   whole  space 
occupied  by  the  vortices. 

A  slightly  different  form  may  be  given  to  this  expression  as 
follows.  Regarding  the  vortex-system  as  made  up  of  filaments, 
let  Ss,  Ss'  be  elements  of  length  of  any  two  filaments,  cr,  a' 
the  corresponding  cross-sections,  and  CD,  co'  the  corresponding 
angular  velocities.  The  elements  of  volume  may  be  taken  to  be 
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o-Ss  and  o-'Ss',  respectively,  so  that  the  expression  following  the 
integral  signs  in  (2)  is  equivalent  to 

cos  e        ^       /  /ex  / 

—  -  .  Q)(TOS  .  (i)  (7  OS  . 

r 

where  e  is  the  angle  between  &s  and  8s'.  If  we  put  &>o-  =  m, 
wo-'  '  =  m'  ',  so  that  m  and  m'  denote  the  strengths  of  the  two 
elementary  vortices,  we  have 

(3), 


where  the  double  integral  is  to  be  taken  along  the  axes  of  the 
filaments,  and  the  summation  embraces  every  pair  of  such 
filaments  which  are  present. 

The  factor  of  p/w  in  (3)  is  identical  with  the  expression  for  the 
energy  of  a  system  of  electric  currents  flowing  along  conductors 
coincident  in  position  with  the  vortex-filaments,  with  strengths 
m,  m',...  respectively*.  The  above  investigation  is  in  fact  merely 
an  inversion  of  the  argument  given  in  treatises  on  Electro- 
magnetism,  whereby  it  is  proved  that 


dsds>  =  jLf/7  '(a*  +  p  +  y.)  dxdydz, 


i,  i'  denoting  the  strengths  of  the  currents  in  the  linear  conductors 
whose  elements  are  denoted  by  &s,  Ss',  and  a,  /3,  7  the  components 
of  magnetic  force  at  any  point  of  the  field. 

The  theorem  of  this  Art.  is  purely  kinematical,  and  rests  solely 
on  the  assumption  that  the  functions  u,  v,  w  satisfy  the  equation 
of  continuity, 

du     dv     dw_  ft 

dx     dy      dz 

throughout  infinite  space,  and  vanish  at  infinity.  It  can  therefore 
by  an  easy  generalization  be  extended  to  the  case  considered  in 
Art.  141,  where  a  liquid  is  supposed  to  circulate  irrotationally 
through  apertures  in  fixed  solids,  the  values  of  u,  v,  w  being  now 
taken  to  be  zero  at  all  points  of  space  not  occupied  by  the  fluid. 
The  investigation  of  Art.  149  shews  that  the  distribution  of  velocity 
thus  obtained  may  be  regarded  as  due  to  a  system  of  vortex-sheets 
coincident  with  the  surfaces  of  the  solids.  The  energy  of  this 
system  will  be  given  by  an  obvious  adaptation  of  the  formula  (3) 
above,  and  will  therefore  be  proportional  to  that  of  the  correspond- 

*  See  Maxwell,  Electricity  and  Magnetism,  Arts.  524,  637. 
L.  16 
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ing  system  of  electric  current-sheets.     This  proves  a  statement 
made  by  anticipation  in  Art.  141. 

153.     Under   the   circumstances  stated  at  the  beginning  of 
Art.  152,  we  have  another  useful  expression  for  T\  viz. 


~P\\\\ 


To  verify  this,  we  take  the  right-hand  member,  and  transform  it 
by  the  process  already  so  often  employed,  omitting  the  surface- 
integrals  for  the  same  reason  as  in  the  preceding  Art.  The  first 
of  the  three  terms  gives 

(dv      du\        fdu     dw\\    ,    ,    , 
y  \-j  ---  7-  }—z  I-,  ---  s-U  dxdydz 
U»     dyj        \dz      dx)\ 

~3 

Transforming  the  remaining  terms  in  the  same  way,  adding,  and 
making  use  of  the  equation  of  continuity,  we  obtain 

^  /  /  1  V     +  ^  +  W*  +  XU  cT  +  ^  IT  +  ZW  d)  dvdydz, 
or,  finally,  on  again  transforming  the  last  three  terms, 
ip  fff(u*  +  v2  +  w*)  dxdydz. 

In  the  case  of  a  finite  region  the  surface-integrals  must  be  retained.     This 
involves  the  addition  to  the  right-hand  side  of  (4)  of  the  term 

P  JJ  (Qu  +mv+nw)(xu+yv  +  zw')-%(lx+my+  nz)  q2}  dS, 
where  q2  =  u?+v2  +  iv2.     This  simplifies  in  the  case  of  &  fixed  boundary*. 

The  value  of  the  expression  (4)  must  be  unaltered  by  any  displacement  of 
the  origin  of  coordinates.     Hence  we  must  have 

JJJ  Otf-  i0j;)  dxdydz  =  Qj\ 

SHM-vQ  dxdyds=0,  [  ...........................  (i). 

JJJ  (^17  -  *y|)  dxdydz=Q  } 

These  equations,  which  may  easily  be  verified  by  partial  integration,  follow 

also  from  the  consideration  that  the  components  of  the  impulse  parallel  to  the 

coordinate  axes  must  be  constant.     Thus,  taking  first  the  case  of  a  fluid 

enclosed  in  a  fixed  envelope  of  finite  size,  we  have,  in  the  notation  of  Art.  150, 

P  =  pMudxdydz-ptil<j>dS  ........................  (ii), 

whence  *    =  dxddz  - 


Cf.  J.  J.  Thomson,  I.e. 
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by  Art.  143  (iv).  The  first  and  third  terms  of  this  cancel,  since  at  the 
envelope  we  have  -^  =  d^>ldt.  Hence  for  any  re-entrant  system  of  vortices 
enclosed  in  a  fixed  vessel,  we  have 

dP 

(iv), 


with  two  similar  equations.  If  now  the  containing  vessel  be  supposed 
infinitely  large,  and  infinitely  distant  from  the  vortices,  it  follows  from  the 
argument  of  Art.  116  that  P  is  constant.  This  gives  the  first  of  equations  (i). 

Conversely  from  (i),  established  otherwise,  we  could  infer  the  constancy  of 
the  components  P,  $,  R  of  the  impulse*. 

Rectilinear  Vortices. 

154.  When  the  motion  is  in  two  dimensions  xy  we  have  w  =  0, 
whilst  u,  v  are  functions  of  #,  y,  only.  Hence  £  =  0,  TJ  =  0,  so  that 
the  vortex-lines  are  straight  lines  parallel  to  z.  The  theory  then 
takes  a  very  simple  form. 

The  formulae  (8)  of  Art.  145  are  now  replaced  by 

d(j>     d^lr  d(b     dty 

u  =  — 7 7    ,    v  =  — 7 — r   7 — ( J  ), 

dx      dy  dy      dx 

the  functions  </>,  i|r  being  subject  to  the  equations 

V-fcj)  =  —  0,     VfA/r  =  2f (2), 

where  Vx2  =  d*/da?  +  d*/dy2, 

arid  to  the  proper  boundary-conditions. 

In  the  case  of  an  incompressible  fluid,  to  which  we  will  now 
confine  ourselves,  we  have 

dty  dty  /QN 

•"  =  -*P  "=d£  (8)> 

where  >|r  is  the  stream-function  of  Art.  59.  It  is  known  from  the 
theory  of  Attractions  that  the  solution  of 

V12i|r=2? (4), 

where  f  is  a  given  function  of  a?,  y,  is 
_  1 

7T. 
*  Cf.  J.  J.  Thomson,  Motion  of  Vortex  Rings,  p.  5. 

16—2 
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where  f  denotes  the  value  of  f  at  the  point  (#',  y'),  and  r  now 
stands  for 


The  '  complementary  function  '  fa  may  be  any  solution  of 

V^o-O  ...........................  (6); 

it  enables  us  to  satisfy  the  boundary-conditions. 

In  the  case  of  an  unlimited  mass  of  liquid,  at  rest  at  infinity, 
we  have  fa  =  const.     The  formulae  (3)  and  (5)  then  give 


(7). 


Hence  a  vortex-filament  whose  coordinates  are  #',  ty'  and  whose 
strength  is  ra'  contributes  to  the  motion  at  (oc,  y)  a  velocity  whose 
components  are 

m/  y~y'         ,  m'  x  —  x' 

--  .  -  —  /-  ,  and  —  .  —  —  . 

TT       r2  TT       r2 

This  velocity  is  perpendicular  to  the  line  joining  the  points  (#,  y), 
(a?',  y'\  and  its  amount  is  m'/rrr. 

Let  us  calculate  the  integrals  jju^dxdy,  and  ffv£dxdy,  where 
the  integrations  include  all  portions  of  the  plane  xy  for  which  f 
does  not  vanish.  We  have 

jfedxdy  =  -  IfjjfeljfMb  dx'dy', 

where  each  double  integration  includes  the  sections  of  all  the 
vortices.  Now,  corresponding  to  any  term 

^y^/'  dxdydx'dy' 


of  this  result,  we  have  another  term 


and  these  two  terms  neutralize  one  another.     Hence 

0  ...........................  (8), 
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and,  by  the  same  reasoning, 

ffv{da;dy  =  0  ...........................  (9). 

If  as  before  we  denote  the  strength  of  a  vortex  by  m,  these  results 
may  be  written 


0  ........................  (10). 

We  have  seen  above  that  the  strength  of  each  vortex  is  constant 
with  regard  to  the  time.  Hence  (10)  express  that  the  point  whose 
coordinates  are 


is  fixed  throughout  the  motion.  This  point,  which  coincides  with 
the  centre  of  inertia  of  a  film  of  matter  distributed  over  the  plane 
xy  with  the  surface-density  f,  may  be  called  the  '  centre  '  of  the 
system  of  vortices,  and  the  straight  line  parallel  to  z  of  which  it 
is  the  projection  may  be  called  the  '  axis  '  of  the  system. 

155.  Some  interesting  examples  are  furnished  by  the  case  of 
one  or  more  isolated  vortices  of  infinitely  small  section.  Thus  : 

1°.  Let  us  suppose  that  we  have  only  one  vortex-filament 
present,  and  that  the  rotation  f  has  the  same  sign  throughout  its 
infinitely  small  section.  Its  centre,  as  just  defined,  will  lie  either 
within  the  substance  of  the  filament,  or  at  all  events  infinitely 
close  to  it.  Since  this  centre  remains  at  rest,  the  filament  as  a 
whole  will  be  stationary,  though  its  parts  may  experience  relative 
motions,  and  its  centre  will  not  necessarily  lie  always  in  the  same 
element  of  fluid.  Any  particle  at  a  finite  distance  r  from  the 
centre  of  the  filament  will  describe  a  circle  about  the  latter  as 
axis,  with  constant  velocity  m/irr.  The  region  external  to  the 
filament  is  doubly-connected  ;  and  the  circulation  in  any  (simple) 
circuit  embracing  the  filament  is  2m.  The  irrotational  motion  of 
the  fluid  external  to  the  filament  is  the  same  as  in  Art.  28  (2). 

2°.  Next  suppose  that  we  have  two  vortices,  of  strengths  m1} 
wa,  respectively.  Let  A,  B  be  their  centres,  0  the  centre  of  the 
system.  The  motion  of  each  filament  as  a  whole  is  entirely  due 
to  the  other,  and  is  therefore  always  perpendicular  to  AB.  Hence 
the  two  filaments  remain  always  at  the  same  distance  from  one 
another,  and  rotate  with  constant  angular  velocity  about  0,  which 
is  fixed.  This  angular  velocity  is  easily  found;  we  have  only  to 
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divide  the  velocity  of  A  (say),  viz.  in.J(ir  .  AB),  by  the  distance  AO, 
where 


and  so  obtain 


7T.AB* 

for  the  angular  velocity  required. 

If  raj,  ra2  be  of  the  same  sign,  i.e.  if  the  directions  of  rotation 
in  the  two  filaments  be  the  same,  0  lies  between  A  and  B\  but 
if  the  rotations  be  of  opposite  signs,  0  lies  in  AB,  or  BA, 
produced. 

If  raj  =  —  ra2,  0  is  at  infinity;  in  this  case  it  is  easily  seen  that 
A,  B  move  with  constant  velocity  ra^Tr  .  AB)  perpendicular  to  AB, 
which  remains  fixed  in  direction.  The  motion  at  a  distance  from 
the  filaments  is  given  at  any  instant  by  the  formulae  of  Art.  64,  2°. 

Such  a  combination  of  two  equal  and  opposite  rectilinear  vortices 
may  be  called  a  '  vortex-pair.'  It  is  the  two-dimensional  analogue 
of  a  circular  vortex-ring  (Art.  162),  and  exhibits  many  of  the 
characteristic  properties  of  the  latter. 

The  motioD  at  all  points  of  the  plane  bisecting  AB  at  right 
angles  is  in  this  latter  case  tangential  to  that  plane.  We  may 
therefore  suppose  the  plane  to  form  a  fixed  rigid  boundary  of  the 
fluid  in  either  side  of  it,  and  so  obtain  the  solution  of  the  case 
where  we  have  a  single  rectilinear  vortex  in  the  neighbourhood  of 
a  fixed  plane  wall  to  which  it  is  parallel.  The  filament  moves 
parallel  to  the  plane  with  the  velocity  m/27rd,  where  d  is  the 
distance  of  the  vortex  from  the  wall. 

The  stream-lines  due  to  a  vortex-pair,  at  distances  from  the  vortices  great 
in  comparison  with  the  linear  dimensions  of  the  cross-sections,  form  a  system 
of  coaxal  circles,  as  shewn   in  the  diagram 
on  p.  80. 

We  can  hence  derive  the  solution  of  the 
case  where  we  have  a  single  vortex-filament 
in  a  mass  of  fluid  which  is  bounded,  either 
internally  or  externally,  by  a  fixed  circular 
cylinder.  Thus,  in  the  figure,  let  EPD  be 
the  section  of  the  cylinder,  A  the  position  of 

the  vortex  (supposed  in  this  case  external),  and  let  B  be  the  'image'  of  A 
with  respect  to  the  circle  EPD,  viz.  C  being  the  centre,  let 
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where  c  is  the  radius  of  the  circle.     If  P  be  any  point  on  the  circle,  we  have 
AP     AE     AD 


so  that  the  circle  occupies  the  position  of  a  stream-line  due  to  a  pair  of 
vortices,  whose  strengths  are  equal  and  opposite  iu  sign,  situated  at  A,  B  in 
an  unlimited  mass  of  fluid.  Since  the  motion  of  the  vortex  A  would  then  be 
perpendicular  to  AB,  it  is  plain  that  all  the  conditions  of  the  problem  will  be 
satisfied  if  we  suppose  A  to  describe  a  circle  about  the  axis  of  the  cylinder 
with  the  constant  velocity 

m       m.  CA 


where  m  denotes  the  strength  of  A. 

In  the  same  way  a  single  vortex  of  strength  m,  situated  inside  a  fixed 
circular  cylinder,  say  at  B,  would  describe  a  circle  with  constant  velocity 

m.CB 


It  is  to  be  noticed,  however*,  that  in  the  case  of  the  external  vortex  the 
motion  is  not  completely  determinate  unless,  in  addition  to  the  strength 
m  of  the  vortex,  the  value  of  the  circulation  in  a  circuit  embracing  the 
cylinder  (but  not  the  vortex)  is  prescribed.  In  the  above  solution,  this 
circulation  is  that  due  to  the  vortex-image  at  B  and  is  -2m.  This  may 
be  annulled  by  the  superposition  of  an  additional  vortex  +  m  at  (7,  in  which 
case  we  have,  for  the  velocity  of  A, 

m  .  CA  m  me2 


For  a  prescribed  circulation  K  we  must  add  to  this  the  term  K/2n  .  CA. 

3°.  If  we  have  four  parallel  rectilinear  vortices  whose  centres 
form  a  rectangle  ABB'  A',  the  strengths  being  m  for  the  vortices 
A',  B,  and  -  m  for  the  vortices  A,  B',  it  is  evident  that  the 
centres  will  always  form  a  rectangle.  Further,  the  various  rota- 
tions having  the  directions  indicated  in  the  figure,  we  see  that 


*  See  F.  A.   Tarleton,   "On  a  Problem  in  Vortex  Motion,"  Proc.  R.   L  A., 
December  12,  1892, 
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the  effect  of  the  presence  of  the  pair  A,  A'  on  B,  B'  is  to  separate 
them,  and  at  the  same  time  to  dimmish  their  velocity  perpen- 
dicular to  the  line  joining  them.  The  planes  which  bisect  AB, 
AA'  at  right  angles  may  (either  or  both)  be  taken  as  fixed  rigid 
boundaries.  We  thus  get  the  case  where  a  pair  of  vortices,  of 
equal  and  opposite  strengths,  move  towards  (or  from)  a  plane 
wall,  or  where  a  single  vortex  moves  in  the  angle  between  two 
perpendicular  walls. 

If  x,  y  be  the  coordinates  of  the  vortex  B'  relative  to  the  planes  of 
symmetry,  we  readily  find 


m     x  m 

*—    -'  *- 


where  r2  =  3?+y2.     By  division  we  obtain  the  differential   equation  of  the 
path,  viz. 

dx 


whence  a?(x2+y2) 

a  being  an  arbitrary  constant,  or,  transforming  to  polar  coordinates, 

Also  since  xi/-yx=ml<2,Tri 

the  vortex  moves  as  if  under  a  centre  of  force  at  the  origin.     This  force  is 
repulsive,  and  its  law  is  that  of  the  inverse  cube*. 

156.  When,  as  in  the  case  of  a  vortex-pair,  or  a  system  of 
vortex-pairs,  the  algebraic  sum  of  the  strengths  of  all  the  vortices 
is  zero,  we  may  work  out  a  theory  of  the  'impulse,'  in  two  di- 
mensions, analogous  to  that  given  in  Arts.  116,  149  for  the 
case  of  a  finite  vortex-system.  The  detailed  examination  of  this 
must  be  left  to  the  reader.  If  P,  Q  denote  the  components  of  the 
impulse  parallel  to  x  and  y,  and  N  its  moment  about  Oz,  all 
reckoned  per  unit  depth  of  the  fluid  parallel  to  zt  it  will  be  found 
that 


*  See  Greenhill,  "  On  plane  vortex-motion/'  Quart.  Journ.  Math.,  t.  xv.  (1877), 
where  some  other  interesting  cases  of  motion  of  rectilinear  vortex-filaments  are 
discussed. 

The  literature  of  special  problems  in  this  part  of  the  subject  is  somewhat 
extensive;  for  references  see  Hicks,  Brit.  Ass.  Rep.  1882,  pp.  41...;  Love,  "On 
Kecent  English  Eesearches  in  Vortex  Motion,"  Math.  Ann.,  t.  xxx.,  p.  326  (1887)  ; 
Winkelmann,  Handbuch  der  Physik,  t.  i.,  pp.  446-451. 
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For  instance,  in  the  case  of  a  single  vortex-pair,  the  strengths  of 
the  two  vortices  being  ±  m,  and  their  distance  apart  c,  the  impulse 
is  2mc,  in  a  line  bisecting  c  at  right  angles. 

The  constancy  of  the  impulse  gives 

^mx  =  const.,     ^my  =  const.,) 


(2) 
2m  (x*  +  2/-)  =  const. 

It  may  also  be  shewn  that  the  energy  of  the  motion  in  the 
present  case  is  given  by 

T=-pHWdxdy  =  -p?,m+ (3). 

When  2m  is  not  zero,  the  energy  and  the  moment  of  the 
impulse  are  both  infinite,  as  may  be  easily  verified  in  the  case  of 
a  single  rectilinear  vortex. 

The  theory  of  a  system  of  isolated  rectilinear  vortices  has  been  put  in  a 
very  elegant  form  by  KirchhofF*. 

Denoting  the  positions  of  the  centres  of  the  respective  vortices  by 
(xu  #i)»  0%  2/2))'"  and  their  strengths  by  m^  w2, ...,  it  is  evident  from 
Art.  154  that  we  may  write 

dx.         dW  dy,     dW 

m,  —f-  =  — i-  j      wii  -fr  =  -? —  * 
1  dt          dy±  '          1  dt       dxl ' 


M*  — i7  = i—  i         m<L    Jl  = 

2  dt          di/<> '          2  flfo 


where  W=-  2i 

7T 

if  rl2  denote  the  distance  between  the  vortices  mlt  mz. 

Since  W  depends  only  on  the  relative  configuration  of  the  vortices,  its 
value  is  unaltered  when  xltx2,.mm  are  increased  by  the  same  amount,  whence 
^dW/da:1  =  Ot  and,  in  the  same  way,  ^dWjdyl  =  Q.  This  gives  the  first  two  of 
equations  (2),  but  the  proof  is  not  now  limited  to  the  case  of  2m  =  0.  The 
argument  is  in  fact  substantially  the  same  as  in  Art.  154. 

Again,  we  obtain  from  (i) 


or  if  we  introduce  polar  coordinates  (rlf  0,),  (r2,  02),  ...  for  the  several  vortices, 


Mechanik.  c.  xx. 
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Since  W  is  unaltered  by  a  rotation  of  the  axes  of  coordinates  in  their  own 
plane  about  the  origin,  we  have  ^dW/d6  =  0,  whence 


(iv), 

which  agrees  with  the  third  of  equations  (2),  but  is  free  from  the  restriction 
there  understood. 

An  additional  integral  of  (i)  is  obtained  as  follows.     We  have 


Now  if  every  r  be  increased  in  the  ratio  1  -f  e,  where  c  is  infinitesimal,  the 
increment  of  W  is  equal  to  2er  .  d  W/dr.  The  new  configuration  of  the 
vortex-system  is  geometrically  similar  to  the  former  one,  so  that  the  mutual 
distances  r12  are  altered  in  the  same  ratio  1-f  e,  and  therefore,  from  (ii),  the 
increment  of  W  is  e^"1  .  2%w2.  Hence 

2wr2  -r  =  —  2w1w2  ..............................  (vi). 

,  Ctt         TT 

157.  The  results  of  Art.  155  are  independent  of  the  form  of 
the  sections  of  the  vortices,  so  long  as  the  dimensions  of  these 
sections  are  small  compared  with  the  mutual  distances  of  the 
vortices  themselves.  The  simplest  case  is  of  course  when  the 
sections  are  circular,  and  it  is  of  interest  to  inquire  whether  this 
form  is  stable.  This  question  has  been  examined  by  Lord  Kelvin*. 

Let  us  suppose,  as  in  Art.  28,  that  the  space  within  a  circle  /*  =  «,  having 
the  centre  as  origin,  is  occupied  by  fluid  having  a  uniform  rotation  £,  and  that 
this  is  surrounded  by  fluid  moving  irrotationally.  If  the  motion  be  continuous 
at  this  circle  we  have,  for  r<.a 

*=-K(«a-H')  ....................................  (i), 

while  for  /•>«, 

i/r=-fa2logc0-  ....................................  (ii). 

To  examine  the  effect  of  a  slight  irrotational  disturbance,  we  assume,  for 
r<a, 


and,  for  r>a,  ..................  (n'i)> 

\jf  =  -  £a2  log  -      +  A  —  cos  (sB  —  <rt) 

where  s  is  integral,  and  o-  is  to  be  determined.     The  constant  A  must  have 
the  same  value  in  these  two  expressions,  since  the  radial  component  of  the 

*  Sir  W.  Thomson,  "  On  the  Vibrations  of  a  Columnar  Vortex,"  Phil.  Mag., 
Sept.  1880. 
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velocity,  d\lr/rdd,  must  be  continuous  at  the  boundary  of  the  vortex,  for  which 
r  =  a,  approximately.  Assuming  for  the  equation  to  this  boundary 

r=a  +  acos(sd  —  o-£)  ..............................  (iv), 

we  have  still  to  express  that  the  tangential  component  (d^/dr)  of  the  velocity 
is  continuous.  This  gives 

£r  +  s  —  cos  (s6  -  <rt]  =  f  --  s  —  cos  (s6  -  a-t). 
a  T       a 

Substituting  from  (iv),  and  neglecting  the  square  of  a,  we  find 

Ca=-sA/a  ....................................  (v). 

So  far  the  work  is  purely  kinematical;  the  dynamical  theorem  that  the 
vortex-lines  move  with  the  fluid  shews  that  the  normal  velocity  of  a 
particle  on  the  boundary  must  be  equal  to  that  of  the  boundary  itself. 
This  condition  gives 

dr  d\jr      dty  dr 

~dt~  ~  rdd  ~  ~dr  Vd6  ' 

where  r  has  the  value  (iv),  or 

A  sa  ... 

o-a  =  *  -  +  £«•  —  .................................  (vi). 

Eliminating  the  ratio  A  /a  between  (v)  and  (vi)  we  find 

<r  =  («-l)f  ....................................  (vii). 

Hence  the  disturbance  represented  by  the  plane  harmonic  in  (iii)  consists 
of  a  system  of  corrugations  travelling  round  the  circumference  of  the  vortex 
with  an  angular  velocity 

a-/s=(s-  !)/«.£  .................................  (viii). 

This  is  the  angular  velocity  in  space;  relative  to  the  previously  rotating 
fluid  the  angular  velocity  is 


the  direction  being  opposite  to  that  of  the  rotation. 

When  s  =  2,  the  disturbed  section  is  an  ellipse  which  rotates  about  its 
centre  with  angular  velocity  ^£. 

The  transverse  and  longitudinal  oscillations   of  an   isolated  rectilinear 
vortex-  filament  have  also  been  discussed  by  Lord  Kelvin  in  the  paper  cited. 

158.     The  particular  case  of  an  elliptic  disturbance  can  be 
solved  without  approximation  as  follows*. 

Let  us  suppose  that  the  space  within  the  ellipse 


*  Kirchhoff,  Mechanik,   c.    xx.,   p.  261;   Basset,    Hydrodynamics,    Cambridge, 
1888,  t.  ii.,  p.  41. 
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is  occupied  by  liquid  having  a  uniform  rotation  £,  whilst  the  surround- 
ing fluid  is  moving  irrotationally.  It  will  appear  that  the  conditions 
of  the  problem  can  all  be  satisfied  if  we  imagine  the  elliptic  boundary  to 
rotate  without  change  of  shape  with  a  constant  angular  velocity  (n,  say),  to 
be  determined. 

The  formula  for  the  external  space  can  be  at  once  written  down  from 
Art.  72,  4°  ;   viz.  we  have 

,j,  =  %n(a  +  b)2e-^cos2T,  +  £ab£  .....................  (ii), 

where  £,  TJ  now  denote  the  elliptic  coordinates  of  Art.  71,  3°,  and  the  cyclic 
constant  K  has  been  put  =  27r«6£,  in  conformity  with  Art.  142. 

The  value  of  >//•  for  the  internal  space  has  to  satisfy 


with  the  boundary-condition 

ux     vy  x  'ii  ,.  ,. 

*+$—'*•  &+**•&  ...........................  (1V)- 

These  conditions  are  both  fulfilled  by 

+=t(Ax*  +  By*)  .................................  (v), 

provided  A  +  B 

.................................  (vi). 


=  1  ,  ) 

L 
=     (a?-V}) 


It  remains  to  express  that  there  is  no  tangential  slipping  at  the  boundary 
of  the  vortex;  i.e.  that  the  values  of  d\jf/d£  obtained  from  (ii)  and  (v) 
coincide.  Putting  x  —  c  cosh  £  cos »/,  y = c  sinh  £  sin  17,  where  c = (a2  -  62)^,  diffe- 
rentiating, and  equating  coefficients  of  cos  2rj,  we  obtain  the  additional  condition 

-  \n  (a  +  b)2  e~^  =  £c2  (A  -  B}  cosh  £  sinh  £, 
which  is  equivalent  to 

-4-B— if-T (vii)> 

since,  at  points  of  the  ellipse  (i),  cosh  £  =  a/ct  sinh  £  =  b/c. 
Combined  with  (vi)  this  gives 

Aa=Bb= -j  (viii), 

and  *  =  7TTiAa  f W- 


When  a  =  6,  this  agrees  with  our  former  approximate  result. 

The  component  velocities  x,  y  of  a  particle  of  the  vortex  relative  to  the 
principal  axes  of  the  ellipse  are  given  by 


3G                  11  *U             1C 

whence  we  find               -=  —  ?&y,  ^-—n-  ..............................  (x). 

a           b1  b        a 

Integrating,  we  find 

x  =  ka  cos  (nt  +  c  ),  y=ib8iu(nt+t)  .....................  (xi), 
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where  £,  e  are  arbitrary  constants,  so  that  the  relative  paths  of  the  particles  are 
ellipses  similar  to  the  section  of  the  vortex,  described  according  to  the  harmonic 
law.  If  of,  y'  be  the  coordinates  relative  to  axes  fixed  in  space,  we  find 

k  k 

x'  =37  cos  nt  -y  sin  nt  =  -(a  +  b)  cos  (2nt  +  e)  +  -  (a-  b)  cos  *, 

.(xii). 

k  k 

y'  =  x  sin  nt  +y  cos  nt  =  -(a  +  b)  sin  (2nt  -f  e)  -  ~  (a  -  b}  sin  e 
_  2i 


The  absolute  paths  are  therefore  circles  described  with  angular  velocity  2n*. 

159.  It  was  pointed  out  in  Art.  81  that  the  motion  of  an 
incompressible  fluid  in  a  curved  stratum  of  small  but  uniform 
thickness  is  completely  defined  by  a  stream  -function  ^,  so  that 
any  kinematical  problem  of  this  kind  may  be  transformed  by 
projection  into  one  relating  to  a  plane  stratum.  If,  further,  the 
projection  be  '  orthomorphic/  the  kinetic  energy  of  corresponding 
portions  of  liquid,  and  the  circulations  in  corresponding  circuits, 
are  the  same  in  the  two  motions.  The  latter  statement  shews  that 
vortices  transform  into  vortices  of  equal  strengths.  It  follows  at 
once  from  Art.  142  that  in  the  case  of  a  closed  simply-connected 
surface  the  algebraic  sum  of  the  strengths  of  all  the  vortices 
present  is  zero. 

Let  us  apply  this  to  motion  in  a  spherical  stratum.  The 
simplest  case  is  that  of  a  pair  of  isolated  vortices  situate  at 
antipodal  points  ;  the  stream-lines  are  then  parallel  small  circles, 
the  velocity  varying  inversely  as  the  radius  of  the  circle.  For 
a  vortex-pair  situate  at  any  two  points  A,  B,  the  stream-lines  are 
coaxal  circles  as  in  Art.  81.  It  is  easily  found  by  the  method  of 
stereographic  projection  that  the  velocity  at  any  point  P  is  the 
resultant  of  two  velocities  w/7ra  .  cot  %6^  and  m/7ra  .  cot  J#2>  per- 
pendicular respectively  to  the  great-circle  arcs  AP,  BP,  where 
01}  #2  denote  the  lengths  of  these  arcs,  a  the  radius  of  the  sphere, 
and  ±  ra  the  strengths  of  the  vortices.  The  centre  f  (see  Art.  154) 

*  For  further  researches  in  this  connection  see  Hill,  «  '  On  the  Motion  of  Fluid 
part  of  which  is  moving  rotationally  and  part  irrotationally,"  Phil.  Trans.,  1884; 
and  Love,  "  On  the  Stability  of  certain  Vortex  Motions,"  Proc.  Lond.  Math.  Soc., 
t.  xxv.,  p.  18  (1893). 

t  To  prevent  possible  misconception  it  may  be  remarked  that  the  centres  of 
corresponding  vortices  are  not  necessarily  corresponding  points.  The  paths  of  these 
centres  are  therefore  not  in  general  projective. 

The  problem  of  transformation  in  piano  has  been  treated  by  Kouth,  "Some 
Applications  of  Conjugate  Functions,"  Proc.  Lond.  Math.  Soc.,  t.  xii.,  p.  73  (1881). 
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of  either  vortex  moves  perpendicular  to  AB  with  a  velocity 
m/Tra.cot^AB.  The  two  vortices  therefore  describe  parallel 
and  equal  small  circles,  remaining  at  a  constant  distance  from 
each  other. 


Circular  Vortices. 

160.  Let  us  next  take  the  case  where  all  the  vortices  present 
in  the  liquid  (supposed  unlimited  as  before)  are  circular,  having 
the  axis  of  a?  as  a  common  axis.  Let  CT  denote  the  distance  of  any 
point  P  from  this  axis,  ^  the  angle  which  -cr  makes  with  the  plane 
xy,  v  the  velocity  in  the  direction  of  -cr,  and  co  the  angular 
velocity  of  the  fluid  at  P.  It  is  evident  that  u,  v,  co  are  functions 
of  x,  &  only,  and  that  the  axis  of  the  rotation  «  is  perpendicular 
to  X-GT.  We  have  then 

y  =     in  cos  ^,     £  =  -or  sin  ^,  } 

v=      ucos^,     w=usin^,    >  ...............  (1). 

f  =  0,     7j  =  —  co  sin  ^,      f  =  w  cos  ^    J 

The  impulse  of  the  vortex-system  now  reduces  to  a  force  along 
Ox.  Substituting  from  (1)  in  the  first  formula  of  Art.  150  (12) 
we  find 

(2), 


where  the  integration  is  to  extend  over  the  sections  of  all  the 
vortices.  If  we  denote  by  m  the  strength  a>&p8tz7  of  an  elementary 
vortex-filament  whose  coordinates  are  x,  OT,  this  may  be  written 

=  2-7T/3  .  2m  .  CTo2  .....................  (3), 


The  quantity  «rc,  thus  defined,  may  be  called  the  '  mean-radius  ' 
of  the  whole  system  of  circular  vortices.  Since  m  is  constant  for 
each  vortex,  the  constancy  of  the  impulse  requires  that  the  mean- 
radius  shall  be  constant  with  respect  to  the  time. 

The  formula  for  the  kinetic  energy  (Art.  153  (4))  becomes,  in 
the  present  case, 


T  =  4oFpff{*FU  —  xv)  vr(i)dxd'&  =  4nrp%m  (VFU  —  xv)  TV  ......  (5). 
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Let  us  introduce  a  symbol  #0,  defined  by 

....  .......................  (6). 


It  is  plain  that  the  position  of  the  circle  (a?0,  «TO)  will  depend  only 
on  the  strengths  and  the  configuration  of  the  vortices,  and  not  on 
the  position  of  the  origin  on  the  axis  of  symmetry.  This  circle 
may  be  called  the  'circular  axis'  of  the  whole  system  of  vortex 
rings  ;  we  have  seen  that  it  remains  constant  in  radius.  To  find 
its  motion  parallel  to  Ox,  we  have  from  (6)  and  (4), 

Sm  .  sr02   ,.°  =  Sratzr2^  +  2'Zmx'GTv  ...............  (7), 

since  u  and  v  are  the  rates  of  increase  of  x  and  -OT  for  any 
particular  vortex.  By  means  of  (5)  we  can  put  this  in  the  form 

dv         T 


.  t          ............  (8), 

cil 


which  will  be  of  use  to  us  later.     The  added  term  vanishes,  since 
2raCTu  =  0  on  account  of  the  constancy  of  the  mean  radius. 

161.  On  account  of  the  symmetry  about  Ox,  there  exists,  in 
the  cases  at  present  under  consideration,  a  stream-function  i/r, 
defined  as  in  Art.  93,  viz.  we  have 


(1), 


,  dv      du       1  (d^      d2^      1  d&\ 

whence  2to=-=--  -*—  =  —  (-r~  +  -j^~  --  T-  .........  (2). 

dx      dvr     TV  \  da?      dm2      tx  aW 

It  appears  from  Art.  148  (4)  that  at  a  great  distance  from  the 
vortices  u,  v  are  of  the  order  R~s}  and  therefore  *fy  will  be  of  the 
order  R-\ 

The  formula  for  the  kinetic  energy  may  therefore  be  written 
T  =  7r3w2  +  i/O  w  dxdv 


(3), 

by  a  partial  integration,  the  terms  at  the  limits  vanishing. 


256  VORTEX   MOTION.  [CHAP.  VII 

To  determine  ifr  in  terms  of  the  (arbitrary)  distribution  of 
angular  velocity  (&>),  we  may  make  use  of  the  formulae  of  Art.  145, 
which  give 

F=0, 


„          1    ff/Vcos^'     ,_,,  ,,    , 
H=     fiJJJ—r-  "<**"*-     I 


-W, 


where         r  =  {(x  -  #')2  +  ^2  +  ^'2  -  2«r«r'  cos  (S  -  &')}*. 

Since   2?njr   denotes   (Art.   93)   the  flux,  in  the  direction   of 
^-negative,  through  the  circle  (a?,  w),  we  have 


where  the  integration  extends  over  the  area  of  this  circle.     By 
Stokes'  Theorem,  this  gives 

2ir^  =  -f(Gdy  +  Hdz)  .....................  (6), 

the  integral  being  taken  round  the  circumference,  or,  in  terms  of 
our  present  coordinates, 


provided 

cos  OdO 


,  <a>    ~    o   {(x  -  xj  +  vr*  +  vr'*  -  2w'  cos  6}± 
where  0  has  been  written  for  £  —  ^. 

It  is  plain  that  the  function  here  denned  is  symmetrical  with 
respect  to  the  two  sets  of  variables  x,  «•  and  x't  «•'.  It  can  be 
expressed  in  terms  of  elliptic  integrals,  as  follows.  If  we  put 


_  (  . 

-  '- 


*  The  vector  whose  components  are  F,  G,  H  is  now  perpendicular  to  the 
meridian  plane  xiz.  If  we  denote  it  by  S,  we  have  ^=0,  G  =  -  S  sin  ^,  H  =  S  cos  ^, 
so  that  (7)  is  equivalent  to 
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we  find 

cosfl  k  2  cos2    e-l 


{(x  -  xj  +  ^  +  OT/2  -  2W  cos  6}*  ~  2  ( 


where,  from  comparison  of  coefficients, 

A  =  2/k-k,    B  =  -2/k. 

Hence 


where  ^\  (&),  ^  (&)  are  the  complete  elliptic  integrals  of  the  first 
and  second  kinds,  with  respect  to  the  modulus  k,  defined  by  (9). 

162.  The  stream-function  for  points  at  a  distance  from  an 
isolated  circular  vortex  -filament,  of  strength  m',  whose  coordinates 
are  x',  VT',  is  therefore  given  by 


The  forms  of  the  stream-lines  corresponding  to  equidistant 
values  of  ty,  at  points  whose  distances  from  the  filament  are  great 
in  comparison  with  the  dimensions  of  the  cross-section,  are  shewn 
on  the  next  page*. 

At  points  of  the  infinitely  small  section  the  modulus  k  of  the 
elliptic  integrals  in  the  value  of  ty  is  nearly  equal  to  unity.  In 
this  case  we  have*)* 


approximately,   where   k'   denotes    the    complementary   modulus 
(1  —  k-)%,  so  that  in  our  case 


*  For  another  elliptic-integral  form  of  (1),  and  for  the  most  convenient  method 
of  tracing  the  curves  ^  =  const.,  see  Maxwell,  Electricity  and  Magnetism,  Arts.  701, 
702. 

t  See  Cayley,  Elliptic  Functions,  Cambridge,  1876,  Arts.  72,  77;  and  Maxwell, 
Electricity  and  Magnetism,  Arts.  704,  705. 

L.  17 


258 


VORTEX   MOTION.  [CHAP.  VII 


OJ' 


•X 


162]  STREAM   LINES   OF   A   VORTEX-RING.  259 

nearly,  if  g  denote  the  distance  between  two  infinitely  near  points 
(x,  or),  (#',  -cr')  in  the  same  meridian  plane.  Hence  at  points 
within  the  substance  of  the  vortex  the  value  of  ty  is  of  the  order 
raV  log  w/e,  where  e  is  a  small  linear  magnitude  comparable  with 
the  dimensions  of  the  section.  The  velocity  at  the  same  point, 
depending  (Art.  93)  on  the  differential  coefficients  of  tjr,  will 
be  of  the  order  m'/e. 

We  can  now  estimate  the  magnitude  of  the  velocity  dx^dt  of 
translation  of  the  vortex-ring.  By  Art.  161  (3)  T  is  of  the  order 
pm'2vT  log  CT/e,  and  u  is,  as  we  have  seen,  of  the  order  m'/e  ;  whilst 
x  —  #o  is  of  course  of  the  order  e.  Hence  the  second  term  on  the 
right-hand  side  of  the  formula  (8)  of  Art.  160  is,  in  this  case,  small 
compared  with  the  first,  and  the  velocity  of  translation  of  the 
ring  is  of  the  order  m'/vr  .  log  w/e,  and  approximately  constant. 

An  isolated  vortex-ring  moves  then,  without  sensible  change 
of  size,  parallel  to  its  rectilinear  axis  with  nearly  constant 
velocity.  This  velocity  is  small  compared  with  that  of  the  fluid 
in  the  immediate  neighbourhood  of  the  circular  axis,  but  may  be 
large  compared  with  w7/w0,  the  velocity  of  the  fluid  at  the  centre 
of  the  ring,  with  which  it  agrees  in  direction. 

For  the  case  of  a  circular  section  more  definite  results  can  be  obtained 
as  follows.  If  we  neglect  the  variations  of  or'  and  at'  over  the  section, 
the  formulse  (7)  and  (10)  of  Art.  161  give 


_  ^  f  [fi 

*     J  J  \ 


LO  _  2 

9        / 


or,  if  we  introduce  polar  coordinates  (s,  x)  in  the  plane  of  the  section, 


where  a  is  the  radius  of  the  section.     Now 


and  this  definite  integral  is  known  to  be  equal  to  2rr  logs',  or  27rlogs, 
according  as  s'^s.     Hence,  for  points  within  the  section, 


'  cro  f  '  (log  ^-°  -  2)  s'ds'  -  2»'  Wo  fYlogSp  - 


s'ds' 


(ii). 
17—2 
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The  only  variable  part  of  this  is  the  term  -^co'cr0s2;  this  shews  that  to  our 
order  of  approximation  the  stream  -lines  within  the  section  are  concentric 
circles,  the  velocity  at  a  distance  s  from  the  centre  being  CD'S.  Substituting 
in  Art.  161  (3)  we  find 


. 

The  last  term  in  Art.  160  (8)  is  equivalent  to 


in  our  present  notation,  m'  denoting  the  strength  of  the  whole  vortex,  this  is 
equal  to  3m'2/53-0/47r.  Hence  the  formula  for  the  velocity  of  translation  of  the 
vortex  becomes 


163.  If  we  have  any  number  of  circular  vortex-rings,  coaxial 
or  not,  the  motion  of  any  one  of  these  may  be  conceived  as  made 
up  of  two  parts,  one  due  to  the  ring  itself,  the  other  due  to  the 
influence  of  the  remaining  rings.  The  preceding  considerations 
shew  that  the  second  part  is  insignificant  compared  with  the  first, 
except  when  two  or  more  rings  approach  within  a  very  small 
distance  of  one  another.  Hence  each  ring  will  move,  without 
sensible  change  of  shape  or  size,  with  nearly  uniform  velocity  in 
the  direction  of  its  rectilinear  axis,  until  it  passes  within  a  short 
distance  of  a  second  ring. 

A  general  notion  of  the  result  of  the  encounter  of  two  rings 
may,  in  particular  cases,  be  gathered  from  the  result  of  Art.  147 
(3).  Thus,  let  us  suppose  that  we  have  two  circular  vortices 
having  the  same  rectilinear  axis.  If  the  sense  of  the  rotation  be  the 
same  for  both,  the  two  rings  will  advance,  on  the  whole,  in  the  same 
direction.  One  effect  of  their  mutual  influence  will  be  to  increase 
the  radius  of  the  one  in  front,  and  to  contract  the  radius  of 
the  one  in  the  rear.  If  the  radius  of  the  one  in  front  become 
larger  than  that  of  the  one  in  the  rear,  the  motion  of  the  former 
ring  will  be  retarded,  whilst  that  of  the  latter  is  accelerated. 
Hence  if  the  conditions  as  to  relative  size  and  strength  of  the 
two  rings  be  favourable,  it  may  happen  that  the  second  ring 
will  overtake  and  pass  through  the  first.  The  parts  played  by 
the  two  rings  will  then  be  reversed;  the  one  which  is  now  in 

*  This  result  was  first  obtained  by  Sir  W.  Thomson,  Phil.  Mag.,  June,  1867. 
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the  rear  will  in  turn  overtake  and  pass  through  the  other,  and 
so  on,  the  rings  alternately  passing  one  through  the  other*. 

If  the  rotations  in  the  two  rings  be  opposite,  and  such  that 
the  rings  approach  one  another,  the  mutual  influence  will  be  to 
enlarge  the  radius  of  each  ring.  If  the  two  rings  be  moreover 
equal  in  size  and  strength,  the  velocity  of  approach  will  con- 
tinually diminish.  In  this  case  the  motion  at  all  points  of  the 
plane  which  is  parallel  to  the  two  rings,  and  half-way  between 
them,  is  tangential  to  this  plane.  We  may  therefore,  if  we 
please,  regard  this  plane  as  a  fixed  boundary  to  the  fluid  on 
either  side  of  it,  and  so  obtain  the  case  of  a  single  vortex-ring 
moving  directly  towards  a  fixed  rigid  wall. 

The  foregoing  remarks  are  taken  from  von  Helmholtz'  paper. 
He  adds,  in  conclusion,  that  the  mutual  influence  of  vortex-rings 
may  easily  be  studied  experimentally  in  the  case  of  the  (roughly) 
semicircular  rings  produced  by  drawing  rapidly  the  point  of  a 
spoon  for  a  short  space  through  the  surface  of  a  liquid,  the  spots 
where  the  vortex-filaments  meet  the  surface  being  marked  by 
dimples.  (Cf.  Art.  28.)  The  method  of  experimental  illustration 
by  means  of  smoke-rings  f  is  too  well-known  to  need  description 
here.  A  beautiful  variation  of  the  experiment  consists  in  forming 
the  rings  in  water,  the  substance  of  the  vortices  being  coloured  J. 

For  further  theoretical  researches  on  the  motion  of  vortex- 
rings,  including  the  question  of  stability,  and  the  determination  of 
the  small  oscillations,  we  must  refer  to  the  papers  cited  below §. 

The  motion  of  a  vortex-ring  in  a  fluid  limited  (whether 
internally  or  externally)  by  a  fixed  spherical  surface,  in  the  case 

*  The  corresponding  case  in  two  dimensions  appears  to  have  been  worked  out 
very  completely  by  Grobli;  see  Winkelmann,  Handbuch  der  Physik,  t.  i.,  p.  447. 
The  same  question  has  been  discussed  quite  recently  by  Love,  "  On  the  Motion  of 
Paired  Vortices  with  a  Common  Axis,"  Proc.  Lond.  Math.  Soc.,t.  xxv.,  p.  185  (1894). 

t  Eeusch,  "Ueber  Ringbildung  der  Fliissigkeiten, "  Pogg.  Ann.,  t.  ex.  (1860); 
see  also  Tait,  Recent  Advances  in  Physical  Science,  London,  1876,  c.  xii. 

J  Reynolds,  "On  the  Resistance  encountered  by  Vortex  Rings  &c.",  Brit.  Ass. 
Rep.,  1876,  Nature,  t.  xiv.,  p.  477. 

§  J.  J.  Thomson,  1.  c.  ante  p.  239,  and  Phil.  Trans.,  1882. 

W.  M.  Hicks,  "On  the  Steady  Motion  and  the  Small  Vibrations  of  a  Hollow 
Vortex,"  Phil.  Trans.  1884. 

Dyson,  I.  c.  ante  p.  166. 

The  theory  of  '  Vortex- Atoms '  which  gave  the  impulse  to  some  of  these  investi- 
gations was  suggested  by  Sir  W.  Thomson,  Phil.  Mag.,  July,  1867. 
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where  the  rectilinear  axis  of  the  ring  passes  through  the  centre  of 
the  sphere,  has  been  investigated  by  Lewis*,  by  the  method  of 
'  images.' 

The  following  simplified  proof  is  due  to  Larmorf.  The  vortex-  ring  is 
equivalent  (Art.  148)  to  a  spherical  sheet  of  double-sources  of  uniform 
density,  concentric  with  the  fixed  sphere.  The  'image'  of  this  sheet  will, 
by  Art.  95,  be  another  uniform  concentric  double-sheet,  which  is,  again, 
equivalent  to  a  vortex-ring  coaxial  with  the  first.  It  easily  follows  from  the 
Art.  last  cited  that  the  strengths  (m',  m"}  and  the  radii  (or',  tzr")  of  the  vortex- 
ring  and  its  image  are  connected  by  the  relation 


The  argument  obviously  applies  to  the  case  of  a  reentrant  vortex  of  any 
form,  provided  it  lie  on  a  sphere  concentric  with  the  boundary. 


On  the  Conditions  for  Steady  Motion. 

164.     In  steady  motion,  i.e.  when 

du_          dv_          dw_ 
dt~   '       dt~  dt~ 


the  equations  (2)  of  Art.  6  may  be  written 

du        dv         dw         , 

UJ-  +  VIT  +w  j  --  2  (v 
dx        dx         dx 

Hence,  if  as  in  Art.  143  we  put 


du        dv         dw         ,  „          x         d£l      1  dp 
UJ-  +  VIT  +w  j  --  2  (v£  —  wf])  =  -  -;  ---  -/->•••> 
dx        dx         dx  dx      p  dx 


-i-tt+n  .....................  (i), 

we  have 


It  follows  that 

tty+^' 

dx          dy 


*  dx^  ''  dy^  b  dz  ~ 

*  "  On  the  Images  of  Vortices  in  a  Spherical  Vessel,"  Quart.  Journ.  Math., 
t.  xvi.,  p.  338  (1879). 

t  "Electro-magnetic  and  other  Images  in  Spheres  and  Planes,"  Quart.  Journ. 
Math.,  t.  xxiii.,  p.  94  (1889). 
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so  that  each  of  the  surfaces  %'  =  const,  contains  both  stream-lines 
and  vortex-lines.  If  further  Sn  denote  an  element  of  the  normal 
at  any  point  of  such  a  surface,  we  have 


(2), 


where  q  is  the  current-velocity,  o>  the  rotation,  and  /3  the  angle 
between  the  stream-line  and  the  vortex-line  at  that  point. 

Hence  the  conditions  that  a  given  state  of  motion  of  a  fluid 
may  be  a  possible  state  of  steady  motion  are  as  follows.  It  must 
be  possible  to  draw  in  the  fluid  an  infinite  system  of  surfaces 
each  of  which  is  covered  by  a  network  of  stream-lines  and  vortex- 
lines,  and  the  product  go>  sin  /3  8n  must  be  constant  over  each 
such  surface,  Sn  denoting  the  length  of  the  normal  drawn  to  a 
consecutive  surface  of  the  system. 

These  conditions  may  also  be  deduced  from  the  considerations 
that  the  stream-lines  are,  in  steady  motion,  the  actual  paths  of 
the  particles,  that  the  product  of  the  angular  velocity  into  the 
cross-section  is  the  same  at  all  points  of  a  vortex,  and  that  this 
product  is,  for  the  same  vortex,  constant  with  regard  to  the 
time*. 

The  theorem  that  the  function  %',  defined  by  (1),  is  constant 
over  each  surface  of  the  above  kind  is  an  extension  of  that  of 
Art.  22,  where  it  was  shewn  that  ^'  is  constant  along  a  stream- 
line. 

The  above  conditions  are  satisfied  identically  in  all  cases  of 
irrotational  motion,  provided  of  course  the  boundary-conditions  be 
such  as  are  consistent  with  the  steady  motion. 

In  the  motion  of  a  liquid  in  two  dimensions  (xy)  the  product 
q$n  is  constant  along  a  stream-line;  the  conditions  in  question 
then  reduce  to  this,  that  the  angular  velocity  f  must  be  constant 
along  each  stream-line,  or,  by  Art.  59, 


where  f(^)  is  an  arbitrary  function  o 

*  See  a  paper  "  On  the  Conditions  for  Steady  Motion  of  a  Fluid,"  Proc.  Lond. 
Math.  Soc.,  t.  ix.,  p.  91  (1878). 

t  Of.  Lagrange,  Nouv.  Mtm.  de  VAcad.  de  Berlin,  1781,  Oeuvres,  t.  iv.,  p.  720  ; 
and  Stokes,  1.  c.  p.  264. 
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This  condition  is  satisfied  in  all  cases  of  motion  in  concentric   circles 
about  the  origin.     Another  obvious  solution  of  (3)  is 


in  which  case  the  stream-lines  are  similar  and  coaxial  conies.     The  angular 
velocity  at  any  point  is  \  (A  +  £),  and  is  therefore  uniform. 


Again,  if  we  put  /  (•*//•)  =  —  &2\^,  where  k  is  a  constant,  and  transform  to 
polar  coordinates  r,  0,  we  get 


which  is  satisfied  by 


sm 


where  J8  is  a  'Bessel's  Function.'  This  gives  various  solutions  consistent 
with  a  fixed  circular  boundary  of  radius  a,  the  admissible  values  of  Ic  being 
determined  by 

0  .......................................  (iv). 


The  character  of  these  solutions  will  be  understood  from  the  properties  of 
Bessel's  Functions,  of  which  some  indication  will  be  given  in  Chapter  vm. 

In  the  case  of  motion  symmetrical  about  an  axis  (x),  we  have 
q  .  27TOT&1  constant  along  a  stream-line,  CT-  denoting  as  in  Art.  93 
the  distance  of  any  point  from  the  axis  of  symmetry.  The  con- 
dition for  steady  motion  then  is  that  the  ratio  O>/CT  must  be 
constant  along  any  stream-line.  Hence,  if  i/r  be  the  stream- 
function,  we  must  have,  by  Art.  161  (2), 


where  /(i|r)  denotes  an  arbitrary  function  of  ^r. 

An  interesting  example  of  (4)  is  furnished  by  the  case  of  Hill's  '  Spherical 
Vortex  f.'     If  we  assume 


where  r2=#2-}-OT2,  for  all  points  within   the  sphere  r  =  a,  the  formula  (2) 
of  Art.  161  makes 

<u=  —  f  Am, 

so  that  the  condition  of  steady  motion  is  satisfied.     Again  it  is  evident,  on 
reference  to  Arts.  95,  96  that  the  irrotational  flow  of  a  stream  with  the 

*  This  result  is   due  to  Stokes,  "On   the  Steady  Motion   of  Incompressible 
Fluids,"  Camb.  Trans.,  t.  vii.  (1842),  Math,  and  Phys.  Papers,  t.  i.,  p.  15. 
t  "  On  a  Spherical  Vortex,"  Phil  Trans.,  1894,  A. 
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general  velocity    -u  parallel  to  the  axis,  past  a  fixed  spherical    surface 
r  =  a,  is  given  by 


(vi). 


The  two  values  of  \^  agree  when  r=a;  this  makes  the  normal  velocity 
continuous.  In  order  that  the  tangential  velocity  may  be  continuous,  the 
values  of  d-^/dr  must  also  agree.  Remembering  that  or=rsin0,  this  gives 
A=-%u/a2,  and  therefore 

....................................  (vii). 


The  sum  of  the  strengths  of  the  vortex-filaments  composing  the  spherical 
vortex  is  5ua. 


The  figure  shews  the  stream-lines,  both  inside  and  outside  the  vortex; 
they  are  drawn,  as  usual,  for  equidistant  values  of  ^. 

If  we  impress  on  everything  a  velocity  u  parallel  to  #,  we  get  a  spherical 
vortex  advancing  with  constant  velocity  u  through  a  liquid  which  is  at  rest  at 
infinity. 

By  the  formulae  of  Arts.  160,  161,  we  readily  find  that  the  square  of  the 
'mean-radius'  of  the  vortex  is  fa2,  the  'impulse '  is  27rpa3u,  and  the  energy  is 


CHAPTER  VIII. 


TIDAL    WAVES. 

165.  ONE  of  the  most  interesting  and  successful  applications 
of  hydrodynamical  theory  is  to  the  small  oscillations,  under  gravity, 
of  a  liquid  having  a  free  surface.  In  certain  cases,  which  are 
somewhat  special  as  regards  the  theory,  but  very  important  from 
a  practical  point  of  view,  these  oscillations  may  combine  to  form 
progressive  waves  travelling  with  (to  a  first  approximation)  no 
change  of  form  over  the  surface. 

The  term  c  tidal,'  as  applied  to  waves,  has  been  used  in  various 
senses,  but  it  seems  most  natural  to  confine  it  to  gravitational 
oscillations  possessing  the  characteristic  feature  of  the  oceanic 
tides  produced  by  the  action  of  the  sun  and  moon.  We  have 
therefore  ventured  to  place  it  at  the  head  of  this  Chapter,  as 
descriptive  of  waves  in  which  the  motion  of  the  fluid  is  mainly 
horizontal,  and  therefore  (as  will  appear)  sensibly  the  same  for  all 
particles  in  a  vertical  line.  This  latter  circumstance  greatly 
simplifies  the  theory. 

It  will  be  convenient  to  recapitulate,  in  the  first  place,  some 
points  in  the  general  theory  of  small  oscillations  which  will 
receive  constant  exemplification  in  the  investigations  which 
follow*. 

Let  qlt  q-z,...qn  be  n  generalized  coordinates  serving  to  specify 
the  configuration  of  a  dynamical  system,  and  let  them  be  so  chosen 
as  to  vanish  in  the  configuration  of  equilibrium.  The  kinetic 

*  For  a  fuller  account  of  the  general  theory  see  Thomson  and  Tait,  Natural 
Philosophy,  Arts.  337, ...,  Lord  Eayleigh,  Theory  of  Sound,  c.  iv.,Eouth,  Elementary 
Rigid  Dynamics  (5th  ed.),  London,  1891,  c.  ix. 
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energy    T  will,   as   explained   in   Art.    133,   be   a   homogeneous 
quadratic  function  of  the  generalized  velocities  q1}  g^,...,  say 


lq2  +  ............  (1). 

The  coefficients  in  this  expression  are  in  general  functions  of  the 
coordinates  ql}  q2,...,  but  in  the  application  to  small  motions,  we 
may  suppose  them  to  be  constant,  and  to  have  the  values  corre- 
sponding to  (ft  =  0,  <?2  =  0,  .  .  .  .  Again,  if  (as  we  shall  suppose)  the 
system  is  '  conservative/  the  potential  energy  V  of  a  small  displace- 
ment is  a  homogeneous  quadratic  function  of  the  component 
displacements  ql}  q2,  ...  ,  with  (on  the  same  understanding)  constant 
coefficients,  say 

2  +  ............  (2). 


By  a  real*  linear  transformation  of  the  coordinates  qlt  q2)...  it 
is  possible  to  reduce  T  and  V  simultaneously  to  sums  of  squares  ; 
the  new  variables  thus  introduced  are  called  the  'normal 
coordinates  '  of  the  system.  In  terms  of  these  we  have 

.....................  (3), 

.....................  (4). 

The  coefficients  Oj,  a2,  ...  are  called  the  'principal  coefficients  of 
inertia';  they  are  necessarily  positive.  The  coefficients  c1?  c2,... 
may  be  called  the  '  principal  coefficients  of  stability'  ;  they  are  all 
positive  when  the  undisturbed  configuration  is  stable. 

When  given  extraneous  forces  act  on  the  system,  the  work 
done  by  these  during  an  arbitrary  infinitesimal  displacement 
Aji,  Ag2)...  may  be  expressed  in  the  form 

Q1Ag1  +  QaAga+  ........................  (5). 

The  coefficients  Qlt  Q2,  ...  are  then  called  the  'normal  components 
of  external  force.' 

In  terms  of  the  normal  coordinates,  the  equations  of  motion 
are  given  by  Lagrange's  equations  (Art.  133  (1^)),  thus 


_       =  _ 
dtdqs      dqs~      dqs        s' 

*  The  algebraic  proof  of  this  involves  the  assumption  that  one  at  least  of  the 
functions  T,  V  is  essentially  positive. 
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In  the  present  application  to  infinitely  small  motions,  these 
take  the  form 

a>8qs  +  csqs  =  Qs (6). 

It  is  easily  seen  from  this  that  the  dynamical  characteristics  of  the 
normal  coordinates  are  (1°)  that  an  impulse  of  any  normal  type 
produces  an  initial  motion  of  that  type  only,  and  (2°)  that  a  steady 
extraneous  force  of  any  type  maintains  a  displacement  of  that 
type  only. 

To  obtain  the  free  motions  of  the  system  we  put  Qs  —  0  in  (6). 
Solving  we  find 

qs  =  As  cos  (o-st  +  es)  (7), 

where  o-8  =  (c8/as)^ (8)*, 

and  A8)  e8  are  arbitrary  constants.  Hence  a  mode  of  free  motion 
is  possible  in  which  any  normal  coordinate  q8  varies  alone,  and 
the  motion  of  any  particle  of  the  system,  since  it  depends 
linearly  on  qs,  will  be  simple-harmonic,  of  period  27r/crs,  and 
every  particle  will  pass  simultaneously  through  its  equilibrium 
position.  The  several  modes  of  this  character  are  called  the 
'  normal  modes '  of  vibration  of  the  system  ;  their  number  is  equal 
to  that  of  the  degrees  of  freedom,  and  any  free  motion  whatever 
of  the  system  may  be  obtained  from  them  by  superposition,  with 
a  proper  choice  of  the  '  amplitudes '  (As)  and  '  epochs '  (es). 

In  certain  cases,  viz.  when  two  or  more  of  the  free  periods 
(27T/0-)  of  the  system  are  equal,  the  normal  coordinates  are  to  a 
certain  extent  indeterminate,  i.e.  they  can  be  chosen  in  an  infinite 
number  of  ways.  An  instance  of  this  is  the  spherical  pendulum. 
Other  examples  will  present  themselves  later;  see  Arts.  187,  191. 

If  two  (or  more)  normal  modes  have  the  same  period,  then 
by  compounding  them,  with  arbitrary  amplitudes  and  epochs,  we 
obtain  a  small  oscillation  in  which  the  motion  of  each  particle  is 
the  resultant  of  simple-harmonic  vibrations  in  different  directions, 
and  is  therefore,  in  general,  elliptic-harmonic,  with  the  same 
period.  This  is  exemplified  in  the  conical  pendulum ;  an  im- 
portant instance  in  our  own  subject  is  that  of  progressive  waves  in 
deep  water  (Chap.  IX.). 

*  The  ratio  <r/27r  measures  the  '  frequency'  of  the  oscillation.  It  is  convenient, 
however,  to  have  a  name  for  the  quantity  a  itself;  the  term  4  speed  '  has  been  used  in 
this  sense  by  Lord  Kelvin  and  Prof.  G.  H.  Darwin  in  their  researches  on  the  Tides. 
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If  any  of  the  coefficients  of  stability  (cs)  be  negative,  the 
value  of  <rs  is  pure  imaginary.  The  circular  function  in  (7)  is  then 
replaced  by  real  exponentials,  and  an  arbitrary  displacement 
will  in  general  increase  until  the  assumptions  on  which  the 
approximate  equation  (6)  is  based  become  untenable.  The  un- 
disturbed configuration  is  then  unstable.  Hence  the  necessary 
and  sufficient  condition  of  stability  is  that  the  potential  energy  V 
should  be  a  minimum  in  the  configuration  of  equilibrium. 

To  find  the  effect  of  extraneous  forces,  it  is  sufficient  to 
consider  the  case  where  Qs  varies  as  a  simple-harmonic  function  of 
the  time,  say 

Qs  =  C8cos(ot+e)  .....................  (9), 

where  the  value  of  a  is  now  prescribed.  Not  only  is  this  the 
most  interesting  case  in  itself,  but  we  know  from  Fourier's 
Theorem  that,  whatever  the  law  of  variation  of  Qs  with  the  time,  it 
can  be  expressed  by  a  series  of  terms  such  as  (9).  A  particular 
integral  of  (9)  is  then 

..............  (10). 


C/g  — 

This  represents  the  '  forced  oscillation  '  due  to  the  periodic  force 
Qs.  In  it  the  motion  of  every  particle  is  simple-harmonic,  of  the 
prescribed  period  27r/<j,  and  the  extreme  displacements  coincide  in 
time  with  the  maxima  and  minima  of  the  force. 

A   constant  force  equal   to  the  instantaneous   value   of  the 
actual  force  (9)  would  maintain  a  displacement 


(11), 


the   same,   of  course,  as  if  the   inertia-coefficient   as  were   null. 
Hence  (10)  may  be  written 


where  crs  has  the  value  (8).  This  very  useful  formula  enables  us 
to  write  down  the  effect  of  a  periodic  force  when  we  know  that  of 
a  steady  force  of  the  same  type.  It  is  to  be  noticed  that  qs  and  Qg 
have  the  same  or  opposite  phases  according  as  o-  ^  o~S)  that  is, 
according  as  the  period  of  the  disturbing  force  is  greater  or  less 
than  the  free  period.  A  simple  example  of  this  is  furnished  by  a 
simple  pendulum  acted  on  by  a  periodic  horizontal  force.  Other 
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important  illustrations  will  present  themselves  in  the  theory  of  the 
tides*. 

When  a  is  very  great  in  comparison  with  asj  the  formula  (10) 
becomes 

...............  (13); 


the  displacement  is  now  always  in  the  opposite  phase  to  the  force, 
and  depends  only  on  the  inertia  of  the  system. 

If  the  period  of  the  impressed  force  be  nearly  equal  to  that  of 
the  normal  mode  of  order  s,  the  amplitude  of  the  forced  oscillation, 
as  given  by  (12),  is  very  great  compared  with  qs.  In  the  case  of 
exact  equality,  the  solution  (10)  fails,  and  must  be  replaced  by 

qs  =  Btsm(o-t  +  e)  .....................  (14), 

where,  as  is  verified  immediately  on  substitution,  B  =  Cs/Z<Tag. 
This  gives  an  oscillation  of  continually  increasing  amplitude,  and 
can  therefore  only  be  accepted  as  a  representation  of  the  initial 
stages  of  the  disturbance. 

Another  very  important  property  of  the  normal  modes  may  be  noticed, 
although  the  use  which  we  shall  have  occasion  to  make  of  it  will  be  slight. 
If  by  the  introduction  of  constraints  the  system  be  compelled  to  oscillate 
in  any  other  manner,  then  if  the  character  of  this  motion  be  known,  the 
configuration  at  any  instant  can  be  specified  by  one  variable,  which  we  will 
denote  by  6.  In  terms  of  this  we  shall  have 


where  the  quantities  B8  are  certain  constants.     This  makes 

)6*  ..............................  (i), 

)02  ............................  (ii). 

Hence  if  6  a  cos  (o-tf+e),  the  constancy  of  the  energy  (T+  F)  requires 
9 


Hence  o-2  is  intermediate  in  value  between  the  greatest  and  least  of  the 
quantities  cs/as  ;  in  other  words,  the  frequency  of  the  constrained  oscillation 
is  intermediate  between  the  greatest  and  least  frequencies  corresponding  to 
the  normal  modes  of  the  system.  In  particular,  when  a  system  is  modified 
by  the  introduction  of  any  constraint,  the  frequency  of  the  slowest  natural 
oscillation  is  increased. 

*  Cf  .  T.  Young,   "  A  Theory  of  Tides,".  Nicholson's  Journal,  t.  xxxv.  (1813)  ; 
Miscellaneous  Works,  London,  1854,  t.  ii.  ,  p.  262. 
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Moreover,  if  the  constrained  type  differ  but  slightly  from  a  normal  type 
(«),  <r2  will  differ  from  c8/a8  by  a  small  quantity  of  the  second  order.  This  gives  a 
valuable  method  of  estimating  approximately  the  frequency  in  cases  where 
the.  normal  types  cannot  be  accurately  determined*. 

The  modifications  which  are  introduced  into  the  theory  of 
small  oscillations  by  the  consideration  of  viscous  forces  will  be 
noticed  in  Chapter  xi. 

Long  Waves  in  Canals. 

166.  Proceeding  now  to  the  special  problem  of  this  Chapter, 
let  us  begin  with  the  case  of  waves  travelling  along  a  straight 
canal,  with  horizontal  bed,  and  parallel  vertical  sides.  Let  the 
axis  of  x  be  parallel  to  the  length  of  the  canal,  that  of  y 
vertical  and  upwards,  and  let  us  suppose  that  the  motion  takes 
place  in  these  two  dimensions  x,  y.  Let  the  ordinate  of  the  free 
surface,  corresponding  to  the  abscissa  x,  at  time  t,  be  denoted  by 
V  +  2/o  >  where  yQ  is  the  ordinate  in  the  undisturbed  state. 

As  already  indicated,  we  shall  assume  in  all  the  investigations 
of  this  Chapter  that  the  vertical  acceleration  of  the  fluid  particles 
may  be  neglected,  or  (more  precisely)  that  the  pressure  at  any 
point  (x,  y)  is  sensibly  equal  to  the  statical  pressure  due  to  the 
depth  below  the  free  surface,  viz. 

p-p^gptyo+y-y}  .....................  (i), 

where  p0  is  the  (uniform)  external  pressure. 


This  is  independent  of  yt  so  that  the  horizontal  acceleration  is  the 
same  for  all  particles  in  a  plane  perpendicular  to  x.  It  follows 
that  all  particles  which  once  lie  in  such  a  plane  always  do  so  ;  in 
other  words,  the  horizontal  velocity  it,  is  a  function  of  x  and 
t  only. 

The  equation  of  horizontal  motion,  viz. 
du         du         1  dp 

_   r  I     ^  .    _  _.   _       _  _  J._ 

dt         dx         p  dx  ' 
is  further  simplified  in  the  ease  of  infinitely  small  motions  by  the 

*  These  theorems  are  due  to  Lord  Eayleigh,  "  Some  General  Theorems  relating 
to  Vibrations,"  Proc.  Lond.  Math.  Soc.,  t.  iv.,  p.  357  (1873);  Theory  of  Sound,  c.  iv. 
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omission   of  the  term  udu/dx,  which  is  of  the  second  order,  so 
that 

du_         drj 

-dt-~9dx  ...........................  (3)' 

If  we  put 


then  £  measures  the  integral  displacement  of  liquid  past  the 
point  x,  up  to  the  time  t  ;  in  the  case  of  small  motions  it  will,  to 
the  first  order  of  small  quantities,  be  equal  to  the  displacement 
of  the  particle  which  originally  occupied  that  position,  or  again 
to  that  of  the  particle  which  actually  occupies  it  at  time  t.  The 
equation  (3)  may  now  be  written 


The  equation  of  continuity  may  be  found  by  calculating  the 
volume  of  fluid  which  has,  up  to  time  t,  entered  the  space  bounded 
by  the  planes  x  and  x  +  %x  ;  thus,  if  h  be  the  depth  and  b  the 
breadth  of  the  canal, 

—  -y- 


The  same  result  comes  from    the   ordinary  form  of   the  equation   of 
continuity,  viz. 


m1  fydu  ,  du  .... 

Thus  v=—\    -^-ay=—y-7- (n), 

J  0  dx   ff        u  dx 

if  the  origin  be  (for  the  moment)  taken  in  the  bottom  of  the  canal.  This 
formula  is  of  interest  as  shewing  that  the  vertical  velocity  of  any  particle  is 
simply  proportional  to  its  height  above  the  bottom.  At  the  free  surface  we 
have  y  =  h+r),  v  =  drj/dt,  whence  (neglecting  a  product  of  small  quantities) 


From  this  (5)  follows  by  integration  with  respect  to  t. 
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Eliminating  77  between  (4)  and  (5),  we  obtain 


The  elimination  of  f  gives  an  equation  of  the  same  form,  viz. 


The  above  investigation  can  readily  be  extended  to  the  case  of  a  uniform 
canal  of  any  form  of  section*.  If  the  sectional  area  of  the  undisturbed  fluid 
be  S,  and  the  breadth  at  the  free  surface  6,  the  equation  of  continuity  is 


whence  17  =  ~h~  (v), 

as  before,  provided  k  =  S/b,  i.e.  h  now  denotes  the  mean  depth  of  the  canal. 
The  dynamical  equation  (4)  is  of  course  unaltered. 

167.  The  equations  (6)  and  (7)  are  of  a  well-known  type 
which  occurs  in  several  physical  problems,  e.g.  the  transverse 
vibrations  of  strings,  and  the  motion  of  sound-waves  in  one 
dimension. 

To  integrate  them,  let  us  write,  for  shortness, 

o  7  /Q\ 

c  =  gri (o), 

and  x  —  ct ==  x-± ,     x  -f-  ct ==  x% . 

In  terms  of  x±  and  #2  as  independent  variables,  the  equation  (6) 
takes  the  form 

-^ — ^ —  =  0. 


The  complete  solution  is  therefore 

f  =  F(x-ct)+f(a;  +  ct)  (9), 

where  F,  f  are  arbitrary  functions. 

The  corresponding  values  of  the  particle- velocity  and  of  the 
surface- elevation  are  given  by 

?/c  =  -  F'  (x  -  ct)  +/'  (x  +  ct),  \  (W) 


18 


v/h  =-Ff  (x-  ct)  -f  (x  +  ct) 

*  Kelland,  Trans.  R.  8.  Edin.,  t.  xiv.  (1839). 
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The  interpretation  of  these  results  is  simple.  Take  first  the 
motion  represented  by  the  first  term  in  (9),  alone.  Since  F(x  —  ct) 
is  unaltered  when  t  and  x  are  increased  by  r  and  CT,  respectively, 
it  is  plain  that  the  disturbance  which  existed  at  the  point  x 
at  time  t  has  been  transferred  at  time  t  +  T  to  the  point  x  +  CT. 
Hence  the  disturbance  advances  unchanged  with  a  constant 
velocity  c  in  space.  In  other  words  we  have  a  '  progressive  wave  ' 
travelling  with  constant  velocity  c  in  the  direction  of  ^-positive. 
In  the  same  way  the  second  term  of  (9)  represents  a  progressive 
wave  travelling  with  velocity  c  in  the  direction  of  ^-negative. 
And  it  appears,  since  (9)  is  the  complete  solution  of  (6),  that  any 
motion  whatever  of  the  fluid,  which  is  subject  to  the  conditions 
laid  down  in  the  preceding  Art.,  may  be  regarded  as  made  up  of 
waves  of  these  two  kinds. 

The  velocity  (c)  of  propagation  is,  by  (8),  that  '  due  to '  half 
the  depth  of  the  undisturbed  fluid*. 

The  following  table,  giving  in  round  numbers  the  velocity  of 
wave-propagation  for  various  depths,  will  be  of  interest,  later,  in 
connection  with  the  theory  of  the  tides. 


h 

c 

c 

2?ra/c 

(feet) 

(feet  per  sec.) 

(sea-miles  per  hour) 

(hours) 

312£ 

100 

60 

360 

1250 

200 

120 

180 

5000 

400 

240 

90 

11250f 

600 

360 

60 

20000 

800 

480 

45 

The  last  column  gives  the  time  a  wave  would  take  to  travel 
over  a  distance  equal  to  the  earth's  circumference  (2-Tra).  In  order 
that  a  *  long '  wave  should  traverse  this  distance  in  24  hours,  the 
depth  would  have  to  be  about  14  miles.  It  must  be  borne  in 
mind  that  these  numerical  results  are  only  applicable  to  waves 
satisfying  the  conditions  above  postulated.  The  meaning  of  these 
conditions  will  be  examined  more  particularly  in  Art.  169. 

*  Lagrange,  Nouv.  m6m.  de  VAcad.  de  Berlin,  1781,  Oeuvres,  t.  i.  p.  747. 
t  This  is  probably  comparable  in  order  of  magnitude  with  the  mean  depth  of 
the  ocean  t 
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168.     To  trace  the  effect  of  an  arbitrary  initial  disturbance, 
let  us  suppose  that  when  £  =  0  we  have 

l/c  =  *(«),      i»/A  =  *(»)  ..................  (11). 

The  functions  F',f  which  occur  in  (10)  are  then  given  by 

*"(*)  =  -If*  (*)  +  *<* 


Hence  if  we  draw  the  curves  y  =  iji,  y  =  i/s,  where 


the  form  of  the  wave-profile  at  any  subsequent  instant  t  is  found 
by  displacing  these  curves  parallel  to  x,  through  spaces  +  ct, 
respectively,  and  adding  (algebraically)  the  ordinates.  If,  for 
example,  the  original  disturbance  be  confined  to  a  length  I  of  the 
axis  of  x,  then  after  a  time  l/2c  it  will  have  broken  up  into  two 
progressive  waves  of  length  I,  travelling  in  opposite  directions. 

In  the  particular  case  where  in  the  initial  state  f  =  0,  and 
therefore  <£  (as)  =  0,  we  have  ^  =  773  ;  the  elevation  in  each  of  the 
derived  waves  is  then  exactly  half  what  it  was,  at  corresponding 
points,  in  the  original  disturbance. 

It  appears  from  (11)  and  (12)  that  if  the  initial  disturbance  be 
such  that  f  =  +  ri/h  .  c,  the  motion  will  consist  of  a  wave  system 
travelling  in  one  direction  only,  since  one  or  other  of  the  functions 
F'  and  /'  is  then  zero.  It  is  easy  to  trace  the  motion  of  a  surface- 
particle  as  a  progressive  wave  of  either  kind  passes  it.  Suppose, 
for  example,  that 

t  =  F(x-cl)  ........................  (14), 

and  therefore  ^  =  crj/h  ..............................  (15). 


The  particle  is  at  rest  until  it  is  reached  by  the  wave;  it 
then  moves  forward  with  a  velocity  proportional  at  each  instant 
to  the  elevation  above  the  mean  level,  the  velocity  being  in  fact 
less  than  the  wave-velocity  c,  in  the  ratio  of  the  surface-elevation 
to  the  depth  of  the  water.  The  total  displacement  at  any  time 
is  given  by 


f  =  ± 

18—2 
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This  integral  measures  the  volume,  per  unit  breadth  of  the  canal, 
of  the  portion  of  the  wave  which  has  up  to  the  instant  in  question 
passed  the  particle.  Finally,  when  the  wave  has  passed  away,  the 
particle  is  left  at  rest  in  advance  of  its  original  position  at  a 
distance  equal  to  the  total  volume  of  the  elevated  water,  divided 
by  the  sectional  area  of  the  canal. 

169.  We  can  now  examine  under  what  circumstances  the 
solution  expressed  by  (9)  will  be  consistent  with  the  assumptions 
made  provisionally  in  Art.  166. 

The  restriction  to  infinitely  small  motions,  made  in  equation 
(3),  consisted  in  neglecting  udujdx  in  comparison  with  du/dt.  In 
a  progressive  wave  we  have  du/dt  =  +  cdujdx  ;  so  that  u  must  be 
small  compared  with  c,  and  therefore,  by  (15),  rj  small  compared 
with  h. 

Again,  the  exact  equation  of  vertical  motion,  viz. 
Dv        dp 

pm  =  -dz-9p' 

gives,  on  integration  with  respect  to  y, 


This  may  be  replaced  by  the  approximate  equation  (1),  pro- 
vided ft  (h  +  77)  be  small  compared  with  grj,  where  /?  denotes 
the  maximum  vertical  acceleration.  Now  in  a  progressive  wave, 
if  X  denote  the  distance  between  two  consecutive  nodes  (i.e.  points 
at  which  the  wave-profile  meets  the  undisturbed  level),  the  time 
which  the  corresponding  portion  of  the  wave  takes  to  pass  a 
particle  is  X/c,  and  therefore  the  vertical  velocity  will  be  of  the 
order  r)C/\*,  and  the  vertical  acceleration  of  the  order  7;c2/X2,  where 
77  is  the  maximum  elevation  (or  depression).  Hence  the  neglect 
of  the  vertical  acceleration  is  justified,  provided  A2/X2  is  a  small 
quantity. 

Waves  whose  slope  is  gradual,  and  whose  length  X  is  large 
compared  with  the  depth  h  of  the  fluid,  are  called  '  long  waves.' 

*  Hence,  comparing  with  (15),  we  see  that  the  ratio  of  the  maximum  vertical  to 
the  maximum  horizontal  velocity  is  of  the  order  h[\. 
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The  requisite  conditions  will  of  course  be  satisfied  in  the 
general  case  represented  by  equation  (9),  provided  they  are 
satisfied  for  each  of  the  two  progressive  waves  into  which  the 
disturbance  can  be  analysed. 

170.  There  is  another,  although  on  the  whole  a  less  con- 
venient, method  of  investigating  the  motion  of  'long'  waves,  in 
which  the  Lagrangian  plan  is  adopted,  of  making  the  coordinates 
refer  to  the  individual  particles  of  the  fluid.  For  simplicity,  we 
will  consider  only  the  case  of  a  canal  of  rectangular  section*.  The 
fundamental  assumption  that  the  vertical  acceleration  may  be 
neglected  implies  as  before  that  the  horizontal  motion  of  all 
particles  in  a  plane  perpendicular  to  the  length  of  the  canal  will 
be  the  same.  We  therefore  denote  by  cc  +  ?  the  abscissa  at  time 
t  of  the  plane  of  particles  whose  undisturbed  abscissa  is  x.  If  rj 
denote  the  elevation  of  the  free  surface,  in  this  plane,  the  equation 
of  motion  of  unit  breadth  of  a  stratum  whose  thickness  (in  the 
undisturbed  state)  is  Sac,  will  be 


where  the  factor  (dpjdx)  .  Sx  represents  the  pressure-difference  for 
any  two  opposite  particles  x  and  x  +  8x  on  the  two  faces  of  the 
stratum,  while  the  factor  h  +  77  represents  the  area  of  the  stratum. 
Since  the  pressure  about  an}^  particle  depends  only  on  its  depth 
below  the  free  surface  we  may  write 

dp          drj 

•£>-**•&' 

so  that  our  dynamical  equation  is 


dt* 

The  equation  of  continuity  is  obtained  by  equating  the  volumes 
of  a  stratum,  consisting  of  the  same  particles,  in  the  disturbed  and 
undisturbed  conditions  respectively,  viz.  we  have 


i+?-  i+SE   (2). 


*  Airy,  Encyc.  Metrop.,  "  Tides  and  Waves,"  Art.  192  (1845) ;  see  also  Stokes, 
"  On  Waves,"  Camb.  and  Dab.  Math.  Journ.,t.  iv.  (1849),  Math,  and  Phys.  Papers, 
t.  ii.,  p.  222.  The  case  of  a  canal  with  sloping  sides  has  been  treated  by  McCowan, 
"  On  the  Theory  of  Long  Waves...,"  Phil.  Mag.,  March,  1892. 


278  TIDAL  WAVES.  [CHAP.  VIII 

Between  equations  (1)  and  (2)  we  may  eliminate  either  ??  or  f ; 
the  result  in  terms  of  f  is  the  simpler,  being 


This  is  the  general  equation  of  '  long  '  waves  in  a  uniform  canal 
with  vertical  sides. 

So  far  the  only  assumption  is  that  the  vertical  acceleration  of 
the  particles  may  be  neglected.  If  we  now  assume,  in  addition, 
that  y/h  is  a  small  quantity,  the  equations  (2)  and  (3)  reduce  to 


-M 

The  elevation  rj  now  satisfies  the  equation 


This  is  in  conformity  with  our  previous  result  ;  for  the  small- 
ness  of  dQdx  means  that  the  relative  displacement  of  any  two 
particles  is  never  more  than  a  minute  fraction  of  the  distance 
between  them,  so  that  it  is  (to  a  first  approximation)  now 
immaterial  whether  the  variable  x  be  supposed  to  refer  to  a 
plane  fixed  in  space,  or  to  one  moving  with  the  fluid. 

171.  The  potential  energy  of  a  wave,  or  system  of  waves, 
due  to  the  elevation  or  depression  of  the  fluid  above  or  below  the 
mean  level  is,  per  unit  breadth,  gpffydxdy,  where  the  integra- 
tion with  respect  to  y  is  to  be  taken  between  the  limits  0  and  77, 
and  that  with  respect  to  x  over  the  whole  length  of  the  waves. 
Effecting  the  former  integration,  we  get 


(1). 

The  kinetic  energy  is 

(2). 


Airy,  I.  c. 
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In  a  system  of  waves  travelling  in  one  direction  only  we  have 


so  that  the  expressions  (1)  and  (2)  are  equal  ;  or  the  total  energy 
is  half  potential,  and  half  kinetic. 

This  result  may  be  obtained  in  a  more  general  manner,  as 
follows*.  Any  progressive  wave  may  be  conceived  as  having  been 
originated  by  the  splitting  up,  into  two  waves  travelling  in  opposite 
directions,  of  an  initial  disturbance  in  which  the  particle-velocity 
was  everywhere  zero,  and  the  energy  therefore  wholly  potential. 
It  appears  from  Art.  168  that  the  two  derived  waves  are  symme- 
trical in  every  respect,  so  that  each  must  contain  half  the  original 
store  of  energy.  Since,  however,  the  elevation  at  corresponding 
points  is  for  the  derived  waves  exactly  half  that  of  the  original 
disturbance,  the  potential  energy  of  each  will  by  (1)  be  one-fourth 
of  the  original  store.  The  remaining  (kinetic)  part  of  the  energy 
of  each  derived  wave  must  therefore  also  be  one-fourth  of  the 
original  quantity. 

172.  If  in  any  case  of  waves  travelling  in  one  direction  only, 
without  change  of  form,  we  impress  on  the  whole  mass  a  velocity 
equal  and  opposite  to  that  of  propagation,  the  motion  becomes 
steady,  whilst  the  forces  acting  on  any  particle  remain  the  same  as 
before.  With  the  help  of  this  artifice,  the  laws  of  wave-propa- 
gation can  be  investigated  with  great  easef.  Thus,  in  the  present 
case  we  shall  have,  by  Art.  23  (4),  at  the  free  surface, 

£  =  const.  -g(h  +  rf)-±q*  ..................  (1), 

where  q  is  the  velocity.  If  the  slope  of  the  wave-profile  be 
everywhere  gradual,  and  the  depth  h  small  compared  with  the 
length  of  a  wave,  the  horizontal  velocity  may  be  taken  to  be 
uniform  throughout  the  depth,  and  approximately  equal  to  g. 
Hence  the  equation  of  continuity  is 

=  ch, 

*  Lord  Bayleigh,  "On  Waves,"  PhiL  Mag.-,  April,  1876, 
•f-  Lord  Rayleigh,  I,  c> 
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c  being  the  velocity,  in  the  steady  motion,  at  places  where  the 
depth  of  the  stream  is  uniform  and  equal  to  h.  Substituting 
for  q  in  (1),  we  have 


Hence   if  ij/h  be  small,   the   condition   for  a   free    surface,    viz. 
p  =  const.,  is  satisfied  approximately,  provided 

c2  =  gh, 
which  agrees  with  our  former  result. 

173.  It  appears  from  the  linearity  of  our  equations  that 
any  number  of  independent  solutions  may  be.  superposed.  For 
example,  having  given  a  wave  of  any  form  travelling  in  one 
direction,  if  we  superpose  its  image  in  the  plane  x  =  0,  travelling 
in  the  opposite  direction,  it  is  obvious  that  in  the  resulting 
motion  the  horizontal  velocity  will  vanish  at  the  origin,  and  the 
circumstances  are  therefore  the  same  as  if  there  were  a  fixed  barrier 
at  this  point.  We  can  thus  understand  the  reflexion  of  a  wave  at 
a  barrier  ;  the  elevations  and  depressions  are  reflected  unchanged, 
whilst  the  horizontal  velocity  is  reversed.  The  same  results 
follow  from  the  formula 

%  =  F(ct-x)-F(ct  +  x)  ..................  (1), 

which  is  evidently  the  most  general  value  of  f  subject  to  the 
condition  that  f  =  0  for  x  =  0. 

We  can  further  investigate  without  much  difficulty  the  partial  reflexion 
of  a  wave  at  a  point  where  there  is  an  abrupt  change  in  the  section  of  the 
canal.  Taking  the  origin  at  the  point  in  question,  we  may  write,  for  the 
negative  side, 


and  for  the  positive  side 
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where  the  function  F  represents  the  original  wave,  and  /,  <£  the  reflected  and 
transmitted  portions  respectively.  The  constancy  of  mass  requires  that  at 
the  point  #=0  we  should  have  61A1w1  =  62A2w2,  where  61,  62  are  the  breadths  at 
the  surface,  and  hlt  A2  are  the  mean  depths.  We  must  also  have  at  the  same 
point  »;1  =  ^2)  on  account  of  the  continuity  of  pressure*.  These  conditions  give 


We  thence  find  that  the  ratio  of  the  elevations  in  corresponding  parts  of  the 
reflected  and  incident  waves  is 


The  similar  ratio  for  the  transmitted  wave  is 


The  reader  may  easily  verify  that  the  energy  contained  in  the  reflected  and 
transmitted  waves  is  equal  to  that  of  the  original  incident  wave. 

174.  Our  investigations,  so  far,  relate  to  cases  of  free  waves. 
When,  in  addition  to  gravity,  small  disturbing  forces  X,  Y  act  on 
the  fluid,  the  equation  of  motion  is  obtained  as  follows. 

We  assume  that  within  distances  comparable  with  the  depth 
h  these  forces  vary  only  by  a  small  fraction  of  their  total  value. 
On  this  understanding  we  have,  in  place  of  Art.  166  (1), 

~°=(# 

and  therefore 

1  dp     ,        T7,x 

psH^-F>dr«-^- 

The  last  term  may  be  neglected  for  the  reason  just  stated,  and  if 

*  It  will  be  understood  that  the  problem  admits  only  of  an  approximate  treat- 
ment, on  account  of  the  non-uniform  character  of  the  motion  in  the  immediate 
neighbourhood  of  the  point  of  discontinuity.  The  degree  of  approximation  implied 
in  the  above  assumptions  will  become  more  evident  if  we  suppose  the  suffixes  to 
refer  to  two  sections  8-^  and  S2  ,  one  on  each  side  of  the  origin  0,  at  distances  from 
0  which,  though  very  small  compared  with  the  wave-length,  are  yet  moderate 
multiples  of  the  transverse  dimensions  of  the  canal.  The  motion  of  the  fluid  will 
be  sensibly  uniform  over  each  of  these  sections,  and  parallel  to  the  length.  The 
conditions  in  the  text  then  express  that  there  is  no  sensible  change  of  level  between 
S1  and  Sa. 
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we  further  neglect  the  product  of  the  small  quantities  F  and 
drj/dx,  the  equation  reduces  to 

1  dp  _     drj 

jjas  'as- 

as  before.     The  equation  of  horizontal  motion   then   takes  the 
form 


where  X  may  be  regarded  as  a  function  of  x  and  t  only.     The 
equation  of  continuity  has  the  same  form  as  in  Art.  166,  viz. 

'  —  *5  ...........................  <*>• 

Hence,  on  elimination  of  77, 


175.  The  oscillations  of  water  in  a  canal  of  uniform  section, 
closed  at  both  ends,  may,  as  in  the  corresponding  problem  of 
Acoustics,  be  obtained  by  superposition  of  progressive  waves 
travelling  in  opposite  directions.  It  is  more  instructive,  however, 
with  a  view  to  subsequent  more  difficult  investigations,  to  treat 
the  problem  as  an  example  of  the  general  theory  sketched  in 
Art.  165. 

We  have  to  determine  £  so  as  to  satisfy 


together  with  the  terminal  conditions  that  £  =  0  for  #  =  0  and 
x  =  l,  say.  To  find  the  free  oscillations  we  put  X  =  0,  and  assume 
that 


where  or  is  to  be  found.     On  substitution  we  obtain 


whence,  omitting  the  time-factor, 


,.  |      .      (TX         T-,  <TX 

£  =  A  sin  --  h  B  cos  —  . 
c  c 
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The  terminal  conditions  give  .5  =  0,  and 

<rl/c  =  S7r  ..............................  (3), 

where   s  is   integral.     Hence   the   normal   mode   of   order    s  is 
given  by 

f.          .       .     S7TX  fSTTCt  \  /A. 

f  =  ^sm-j-cos(  —  j-+e*J  ..................  (4), 

where  the  amplitude  A8  and  epoch  e8  are  arbitrary. 

In  the  slowest  oscillation  (s  =  1),  the  water  sways  to  and  fro, 
heaping  itself  up  alternately  at  the  two  ends,  and  there  is  a  node 
at  the  middle  (x  —  %l).  The  period  (2l/c)  is  equal  to  the  time  a 
progressive  wave  would  take  to  traverse  twice  the  length  of  the 
canal. 

The  periods  of  the  higher  modes  are  respectively  £,£,£,... 
of  this,  but  it  must  be  remembered,  in  this  and  in  other  similar 
problems,  that  our  theory  ceases  to  be  applicable  when  the  length 
l/s  of  a  semi-undulation  becomes  comparable  with  the  depth  h. 

On  comparison  with  the  general  theory  of  Art.  165,  it  appears  that  the 
normal  coordinates  of  the  present  system  are  quantities  qlt  <?2,  ...  such  that 
when  the  system  is  displaced  according  to  any  one  of  them,  say  q8,  we  have 


and  we  infer  that  the  most  general  displacement  of  which  the  system  is 
capable  (subject  to  the  conditions  presupposed)  is  given  by 


(i), 


where  qlt  <?2,  ...  are  arbitrary.     This  is  in  accordance  with  Fourier's  Theorem. 

When  expressed  in  terms  of  the  normal  velocities  and  the  normal  co- 
ordinates, the  expressions  for  T  and  V  must  reduce  to  sums  of  squares. 
This  is  easily  verified,  in  the  present  case,  from  the  formula  (i).  Thus  if  S 
denote  the  sectional  area  of  the  canal,  we  find 


and  *P^ 

where  a,  =  $PSlt      c9*=±&ir*gphSll  ........................  (iv). 
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It  is  to  be  noted  that  the  coefficients  of  stability  (cg)  increase  with  the 
depth. 

Conversely,  if  we  assume  from  Fourier's  theorem  that  (i)  is  a  sufficiently 
general  expression  for  the  value  of  £  at  any  instant,  the  calculation  just 
indicated  shews  that  the  coefficients  qa  are  the  normal  coordinates  ;  and  the 
frequencies  can  then  be  found  from  the  general  formula  (8)  of  Art.  165  ;  viz. 
we  have 

<ra 

in  agreement  with  (3). 

176.     As  an  example  of  forced  waves  we  take  the  case  of  a 
uniform  longitudinal  force 

X=f  cos  (erf  +  e)  ........................  (5). 

This  will  illustrate,  to  a  certain  extent,  the  generation  of  tides  in 
a  land-locked  sea  of  small  dimensions.  Assuming  that  f  varies  as 
cos(o-£  +  e),  and  omitting  the  time-factor,  the  equation  (1)  becomes 

d^     a*  f 

_  z  _i  __  £—_•:_ 

d^C^~         C2' 

the  solution  of  which  is 


(6). 

d"  C  C 

The  terminal  conditions  give 

E=l,        £sin^(l-cos<L<)/  ............  (7). 

Hence,  unless  sin  o-l/c  =  0,  we  have  D  =fjo&  .  tan  <rl/2c,  so  that 


2/          .     ax    .     or  (I  —  x)  ,  . 

*      ,  sin  -^-  sin  — ^ .  cos  (crt  +  e), 

'*cos5c 


and  t]  =  ,  sin  -  ±-=  --  -  .  cos  (at  +  e) 


(8)- 


If  the  period  of  the  disturbing  force  be  large  compared  with 
that  of  the  slowest  free  mode,  cr£/2c  will  be  small,  and  the  formula 
for  the  elevation  becomes 


..................  (9), 

Jy 

approximately,  exactly  as  if  the  water  were  devoid  of  inertia.    The 
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horizontal  displacement  of  the  water  is  always  in  the  same 
phase  with  the  force,  so  long  as  the  period  is  greater  than 
that  of  the  slowest  free  mode,  or  <rl/2c  <  \TT.  If  the  period  be 
diminished  until  it  is  less  than  the  above  value,  the  phase  is 
reversed. 

When  the  period  is  exactly  equal  to  that  of  a  free  mode  of 
odd  order  (s=l,  3,  5,...),  the  above  expressions  for  f  and  77 
become  infinite,  and  the  solution  fails.  As  pointed  out  in 
Art.  165,  the  interpretation  of  this  is  that,  in  the  absence  of 
dissipative  forces  (such  as  viscosity),  the  amplitude  of  the  motion 
becomes  so  great  that  the  foregoing  approximations  are  no  longer 
justified. 

If,  on  the  other  hand,  the  period  coincide  with  that  of  a  free 
mode  of  even  order  (s  =  2,  4,  6,...),  we  have  sino-//c  =  0, 
coso-//c  =  l,  and  the  terminal  conditions  are  satisfied  indepen- 
dently of  the  value  of  D.  The  forced  motion  may  then  be 
represented  by 

............  (10)* 


The  above  example  is  simpler  than  many  of  its  class  in  that  it  is  possible 
to  solve  it  without  resolving  the  impressed  force  into  its  normal  components. 
If  we  wish  to  effect  this  resolution,  we  must  calculate  the  work  done  during 
an  arbitrary  displacement 


—  . 

L 

Since  X  denotes  the  force  on  unit  mass,  we  have 


whence  Qs  =  C8cos(<Tt+€) (i), 

•11  n        1  — COSS7T         07,.  .... 

provided  Ca= —         —  .  pSlf (11). 

STT 

This  vanishes,  as  we  should  expect,  for  all  even  values  of  s.  The  solution  of 
our  problem  then  follows  from  the  general  formulae  of  Art.  165.  The 
identification  (by  Fourier's  Theorem)  of  the  result  thus  obtained  with  that 
contained  in  the  formulae  (8)  is  left  to  the  reader. 

*  In  the  language  of  the  general  theory,  the  impressed  force  has  here  no 
component  of  the  particular  type  with  which  it  synchronizes,  so  that  a  vibration 
of  this  type  is  not  excited  at  all.  In  the  same  way  a  periodic  pressure  applied  at 
any  point  of  a  stretched  string  will  not  excite  any  fundamental  mode  which  has  a 
node  there,  even  though  it  synchronize  with  it. 
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Another  very  simple  case  of  forced  oscillations,  of  some  interest 
in  connection  with  tidal  theory,  is  that  of  a  canal  closed  at  one  end 
and  communicating  at  the  other  with  an  open  sea  in  which  a 
periodic  oscillation 

rj  =  a  cos  (<rt  +  e)  .......................  (11) 

is   maintained.     If  the  origin  be  taken  at  the   closed  end,  the 
solution  is  obviously 


(12), 


I  denoting  the  length.  If  crljc  be  small  the  tide  has  sensibly  the 
same  amplitude  at  all  points  of  the  canal.  For  particular  values 
of  I,  (determined  by  cos  al/c  =  0),  the  solution  fails  through  the 
amplitude  becoming  infinite. 

Canal  Theory  of  the  Tides. 

177.  The  theory  of  forced  oscillations  in  canals,  or  on  open 
sheets  of  water,  owes  most  of  its  interest  to  its  bearing  on  the 
phenomena  of  the  tides.  The  'canal  theory/  in  particular,  has 
been  treated  very  fully  by  Airy*.  We  will  consider  one  or  two  of 
the  more  interesting  problems. 

The  calculation  of  the  disturbing  effect  of  a  distant  body  on 
the  waters  of  the  ocean  is  placed  for  convenience  in  an  Appendix 
at  the  end  of  this  Chapter.  It  appears  that  the  disturbing  effect 
of  the  moon,  for  example,  at  a  point  P  of  the  earth's  surface,  may 
be  represented  by  a  potential  O  whose  approximate  value  is 


(1), 


where  M  denotes  the  mass  of  the  moon,  D  its  distance  from 
the  earth's  centre,  a  the  earth's  radius,  7  the  '  constant  of  gravi- 
tation,' and  ^  the  moon's  zenith  distance  at  the  place  P.  This 
gives  a  horizontal  acceleration  dfl/ad&,  or 

/sin  2^  .................................  (2), 

*  Encycl.  Metrop.,  "Tides  and  Waves,"  Section  vi.  (1845).  Several  of  the 
leading  features  of  the  theory  had  been  made  out,  by  very  simple  methods,  by 
Young  in  1813  and  1823  ;  Miscellaneous  Works,  t.  ii.  pp.  262,  291, 
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towards  the  point  of  the  earth's  surface  which  is  vertically  beneath 
the  moon,  provided 

f=frMa/D*  ..............................  (3). 

If  E  be  the  earth's  mass,  we  may  write  g  —  7^/a2,  whence 
/_3  M  (a\* 

j-2'~E'\D)  • 

Putting  M/E  =  sV,  a/D  =  ^,  this  gives  f/g  =  8'57  x  10-«.     When 
the   sun   is    the   disturbing    body,    the    corresponding    ratio    is 


It   is   convenient,  for  some   purposes,  to   introduce  a   linear 
magnitude  H,  defined  by 

El*=fl9  ..............................  (4). 

If  we  put  a  =  21  x  106  feet,  this  gives,  for  the  lunar  tide,  H  =  1-80  ft., 
and  for  the  solar  tide  H  =  *79  ft.  It  is  shewn  in  the  Appendix 
that  H  measures  the  maximum  range  of  the  tide,  from  high  water 
to  low  water,  on  the  '  equilibrium  theory/ 

178.  Take  now  the  case  of  a  uniform  canal  coincident  with 
the  earth's  equator,  and  let  us  suppose  for  simplicity  that  the 
moon  describes  a  circular  orbit  in  the  same  plane.  Let  f  be  the 
displacement,  relative  to  the  earth's  surface,  of  a  particle  of  water 
whose  mean  position  is  at  a  distance  xt  measured  eastwards,  from 
some  fixed  meridian.  If  n  be  the  angular  velocity  of  the  earth's 
rotation,  the  actual  displacement  of  the  particle  at  time  t  will 
be  f  +  nt,  so  that  the  tangential  acceleration  will  be  c£2f/cfa2.  If  we 
suppose  the  'centrifugal  force'  to  be  as  usual  allowed  for  in  the 
value  of  g,  the  processes  of  Arts.  166,  174  will  apply  without 
further  alteration. 

If  n'  denote  the  angular  velocity  of  the  moon  relative  to  the 
fixed  meridian*,  we  may  write 

*b  =  n't  +  as/  a  +  e, 
so  that  the  equation  of  motion  is 


The  free  oscillations  are  determined  by  the  consideration  that  (• 
is  necessarily  a  periodic  function  of  x,  its  value  recurring  whenever 

*  That  is,  n'  =  n-nlt  if  wx  be  the  angular  velocity  of  the  moon  in  her  orbit. 


288  TIDAL  WAVES.  [CHAP.  VIII 

x  increases  by  2-Tra.     It  may  therefore  be  expressed,  by  Fourier's 
Theorem,  in  the  form 


i      /I  vw  i  /O\ 

Substituting  in  (1),  with  the  last  term  omitted,  it  is  found  that  Ps 
and  Qs  must  satisfy  the  equation 


The  motion,  in  any  normal  mode,  is  therefore  simple-harmonic,  of 
period  2?ra/5C. 

For  the  forced  waves,  or  tides,  we  find 


whence  ^  =  i  __7_  Cos  2  \n't  +    +e   ...............  (5). 

The  tide  is  therefore  semi-diurnal  (the  lunar  day  being  of  course 
understood),  and  is  '  direct'  or  'inverted/  i.e.  there  is  high  or  low 

water  beneath  the   moon,  according   as   c     na,  in  other  words 

according  as  the  velocity,  relative  to  the  earth's  surface,  of  a  point 
which  moves  so  as  to  be  always  vertically  beneath  the  moon,  is 
less  or  greater  than  that  of  a  free  wave.  In  the  actual  case  of  the 
earth  we  have 

c2/rc'2a2  =  (g/n'*a)  .  (h/a)  =  311  h/a, 

so  that  unless  the  depth  of  the  canal  were  to  greatly  exceed  such 
depths  as  actually  occur  in  the  ocean,  the  tides  would  be  inverted. 

This  result,  which  is  sometimes  felt  as  a  paradox,  comes  under 
a  general  principle  referred  to  in  Art.  165.  It  is  a  consequence 
of  the  comparative  slowness  of  the  free  oscillations  in  an  equatorial 
canal  of  moderate  depth.  It  appears  from  the  rough  numerical 
table  on  p.  274  that  with  a  depth  of  11250  feet  a  free  wave  would 
take  about  30  hours  to  describe  the  earth's  semi-circumference, 
whereas  the  period  of  the  tidal  disturbing  force  is  only  a  little 
over  12  hours. 

The  formula  (5)  is,  in  fact,  a  particular  case  of  Art.  165  (12),  for 
it  may  be  written 
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where  rj  is  the  elevation  given  by  the  '  equilibrium-theory,'  viz. 

(7), 
and  o-  =  2ri,  <TO  =  2c/a. 

For  such  moderate  depths  as  10000  feet  and  under,  n'2a2  is  large 
compared  with  gh-3  the  amplitude  of  the  horizontal  motion,  as 
given  by  (4),  is  then  //4rc/2,  or  gf^n'^a  .  H,  nearly,  being  approxi- 
mately independent  of  the  depth.  In  the  case  of  the  lunar 
tide  this  is  equal  to  about  140  feet.  The  maximum  elevation  is 
obtained  from  this  by  multiplying  by  2  h/a  ;  this  gives,  for  a  depth 
of  10000  feet,  a  height  of  only  133  of  a  foot. 

For  greater  depths  the  tides  would  be  higher,  but  still  inverted, 
until  we  reach  the  critical  depth  n'^cfijg,  which  is  about  13  miles. 
For  depths  beyond  this  limit,  the  tides  become  direct,  and 
approximate  more  and  more  to  the  value  given  by  the  equi- 
librium theory*. 

179.  The  case  of  a  circular  canal  parallel  to  the  equator  can 
be  worked  out  in  a  similar  manner.  If  the  moon's  orbit  be  still 
supposed  to  lie  in  the  plane  of  the  equator,  we  find  by 
spherical  trigonometry 

cos  ^  =  sin  6  cos  (n't  H  --  ?—  z  +  e  }  ............  .  .  .(1), 

V         a  sm  6      ) 

where  6  is  the  co-latitude,  and  x  denotes  the  distance  of  any  point 
P  of  the  canal  from  the  zero  meridian.     This  leads  to 

X  =  -  d^  -  =  -/sin  0  sin  2  (n't  +  —  ?-*  +  e]         .  .  .(2), 
dx  \         asmO       J 

and  thence  to 


Hence  if  n'a  >  c  the  tide  will  be  direct  or  inverted  according  as 
6  ^  sin"1  c/n'a.  If  the  depth  be  so  great  that  c  >  n'a,  the  tides 
will  be  direct  for  all  values  of  6. 

If  the  moon  be  not  in  the  plane  of  the  equator,  but  have  a  co-declination 
A,  the  formula  (1)  is  replaced  by 

cos  ^  =  cos  6  cos  A  +  sin  6  sin  A  cos  a  ........................  (i), 

*  Cf.  Young,  I.  c.  ante  p.  270. 
L.  19 
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where  a  is  the  hour-angle  of  the  moon  from  the  meridian  of  P.  For 
simplicity,  we  will  neglect  the  moon's  motion  in  her  orbit  in  comparison  with 
the  earth's  angular  velocity  of  rotation  (ri)  ;  thus  we  put 


a=nt-\ 

and  treat  A  as  constant.     The  resulting  expression  for  the  component  X  of 
the  disturbing  force  is  found  to  be 


-/sin0sin2Asin2(ttH 
We  thence  obtain 

sin  20  sin  2A  cos  (  nt-\ 


( 
^ 


9 

^  C2  _  %a   Sm 

The  first  term  gives  a  '  diurnal  '  tide  of  period  2»r/»  ;  this  vanishes  and 
changes  sign  when  the  moon  crosses  the  equator,  i.e.  twice  a  month.  The 
second  term  represents  a  semidiurnal  tide  of  period  ir/nt  whose  amplitude  is 
now  less  than  before  in  the  ratio  of  sin2  A  to  1. 

180.  In  the  case  of  a  canal  coincident  with  a  meridian  we 
should  have  to  take  account  of  the  fact  that  the  undisturbed 
figure  of  the  free  surface  is  one  of  relative  equilibrium  under 
gravity  and  centrifugal  force,  and  is  therefore  not  exactly  circular. 
We  shall  have  occasion  later  on  to  treat  the  question  of  displace- 
ments relative  to  a  rotating  globe  somewhat  carefully  ;  for  the 
present  we  will  assume  by  anticipation  that  in  a  narrow  canal  the 
disturbances  are  sensibly  the  same  as  if  the  earth  were  at  rest, 
and  the  disturbing  body  were  to  revolve  round  it  with  the  proper 
relative  motion. 

If  the  moon  be  supposed  to  move  in  the  plane  of  the  equator, 
the  hour-angle  from  the  meridian  of  the  canal  may  be  denoted  by 
n't  +  e,  and  if  x  be  the  distance  of  any  point  P  on  the  canal  from 
the  equator,  we  find 

A* 

cos  ST  =  cos  -  .  cos  (n't  +  e)  ..................  (1). 

a 

Hence 

X  =  -^  =  -/sin  2  5.cos»(n/*  +  e) 
doc  a 

=  -  J/  sin  2  -.{1+  cos  2  (?^+e)}  ............  (2). 
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Substituting  in  the  equation  (5)  of  Art.  174,  and  solving,  we  find 


x      1      c^H  x 

-  +  -      •       2cos2-.cos2(y^  +  6)  ......  (3). 

4  a     4  c2—  n  2a2          a 

The  first  term  represents  a  change  of  mean  level  to  the  extent 


The  fluctuations  above  and  below  the  disturbed  mean  level 
are  given  by  the  second  term  in  (3).  This  represents  a  semi- 
diurnal tide ;  and  we  notice  that  if,  as  in  the  actual  case  of  the 
earth,  c  be  less  than  n'a,  there  will  be  high  water  in  latitudes 
above  45°,  and  low  water  in  latitudes  below  45°,  when  the  moon 
is  in  the  meridian  of  the  canal,  and  vice  versa  when  the  moon 
is  90°  from  that  meridian.  These  circumstances  would  be  all 
reversed  if  c  were  greater  than  n'a. 

When  the  moon  is  not  on  the  equator,  but  has  a  given  declination, 
the  mean  level,  as  indicated  by  the  term  corresponding  to  (4),  has  a  coefficient 
depending  on  the  declination,  and  the  consequent  variations  in  it  indicate  a 
fortnightly  (or,  in  the  case  of  the  sun,  a  semi-annual)  tide.  There  is  also 
introduced  a  diurnal  tide  whose  sign  depends  on  the  declination.  The  reader 
will  have  no  difficulty  in  examining  these  points,  by  means  of  the  general 
value  of  fl  given  in  the  Appendix. 

Wave-Motion  in  a  Canal  of  Variable  Section. 

181.  When  the  section  (S,  say)  of  the  canal  is  not  uniform, 
but  varies  gradually  from  point  to  point,  the  equation  of  con- 
tinuity is,  as  in  Art.  166  (iv), 


where  b  denotes  the  breadth  at  the  surface.      If  h  denote  the 
mean  depth  over  the  width  b,  we  have  S  =  bh,  and  therefore 


where  h,  b  are  now  functions  of  x. 

The  dynamical  equation  has  the  same  form  as  before,  viz. 


19—2 
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Between  (2)  and  (3)  we  may  eliminate  either  77  or  f  ;   the 
equation  in  t)  is 

*  ( 


The  laws  of  propagation  of  waves  in  a  rectangular  canal  of 
gradually  varying  section  were  investigated  by  Green*.  His 
results,  freed  from  the  restriction  to  a  special  form  of  section, 
may  be  obtained  as  follows. 

If  we  introduce  a  variable  6  defined  by 

dxld6  =  (gh$  ....................................  (i), 

in  place  of  #,  the  equation  (4)  transforms  into 


dt* 


where  the  accents  denote  differentiations  with  respect  to  6.  If  b  and  h  were 
constants,  the  equation  would  be  satisfied  by  r)  =  F(6  —  t),  as  in  Art.  167;  in 
the  present  case  we  assume,  for  trial, 


where  0  is  a  function  of  6  only.     Substituting  in  (ii),  we  find 

•S-?+S+(WJ)  (?+?)-» 

The  terms  of  this  which  involve  F  will  cancel  provided 


or  Q  =  Cb~h~  .......................................  (v), 

C  being  a  constant.     Hence,  provided  the  remaining  terms  in  (iv)  may  be 
neglected,  the  equation  (i)  will  be  satisfied  by  (iii)  and  (v). 

The  above  approximation  is  justified,  provided  we  can  neglect  0"/0'  and 
0'/0  in  comparison  with  F'/F.  As  regards  0'/0,  it  appears  from  (v)  and 
(iii)  that  this  is  equivalent  to  neglecting  b~l  .  dbjdx  and  h~l  .  dhjdx  in  com- 
parison with  if~l.dq/dx.  If,  now,  A  denote  a  wave-length,  in  the  general 
sense  of  Art.  169,  drjjdx  is  of  the  order  Tj/A,  so  that  the  assumption  in 
question  is  that  \dbjdx  and  \dhfdx  are  small  compared  with  b  and  h,  re- 
spectively. In  other  words,  it  is  assumed  that  the  transverse  dimensions  of 
the  canal  vary  only  by  small  fractions  of  themselves  within  the  limits  of  a 
wave-length.  It  is  easily  seen,  in  like  manner,  that  the  neglect  of  0"/0'  in 
comparison  with  F'/F  implies  a  similar  limitation  to  the  rates  of  change  of 
dbjdx  and  dhjdx. 

*  "On  the  Motion  of  Waves  in  a  Variable  Canal  of  small  depth  and  width." 
Camb.  Trans.,  t.  vi.  (1837),  Math.  Papers,  p.  225;  see  also  Airy,  "  Tides  and  Waves," 
Art.  260. 
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Since  the  equation  (4)  is  unaltered  when  we  reverse  the  sign  of  t,  the 
complete  solution,  subject  to  the  above  restrictions,  is 

V  =  b-*h-*{F(6-t)+f(6+t)} (vi), 

when  F  and  f  are  arbitrary  functions. 

The  first  term  in  this  represents  a  wave  travelling  in  the  direction  of 
^-positive  j  the  velocity  of  propagation  is  determined  by  the  consideration 
that  any  particular  phase  is  recovered  when  dti  and  8t  have  equal  values,  and 
is  therefore  equal  to  (gh)*,  by  (i),  exactly  as  in  the  case  of  a  uniform  section. 
In  like  manner  the  second  term  in  (vi)  represents  a  wave  travelling  in  the 
direction  of  .^-negative.  In  each  case  the  elevation  of  any  particular  part  of 
the  wave  alters,  as  it  proceeds,  according  to  the  law  b~^  K~*. 

The  reflection  of  a  progressive  wave  at  a  point  where  the 
section  of  a  canal  suddenly  changes  has  been  considered  in  Art. 
173.  The  formulae  there  given  shew,  as  we  should  expect,  that 
the  smaller  the  change  in  the  dimensions  of  the  section,  the 
smaller  will  be  the  amplitude  of  the  reflected  wave.  The  case 
where  the  transition  from  one  section  to  the  other  is  continuous, 
instead  of  abrupt,  comes  under  a  general  investigation  of  Lord 
Rayleigh's*.  It  appears  that  if  the  space  within  which  the 
transition  is  completed  be  a  moderate  multiple  of  a  wave-length 
there  is  practically  no  reflection ;  whilst  in  the  opposite  extreme 
the  results  agree  with  those  of  Art.  173. 

If  we  assume,  on  the  basis  of  these  results,  that  when  the 
change  of  section  within  a  wave-length  may  be  neglected  a  pro- 
gressive wave  suffers  no  disintegration  by  reflection,  the  law  of 
amplitude  easily  follows  from  the  principle  of  energy)-.  It 
appears  from  Art.  17 1  that  the  energy  of  the  wave  varies  as  the 
length,  the  breadth,  and  the  square  of  the  height,  and  it  is  easily 
seen  that  the  length  of  the  wave,  in  different  parts  of  the  canal, 
varies  as  the  corresponding  velocity  of  propagation]:,  and  therefore 
as  the  square  root  of  the  mean  depth.  Hence,  in  the  above  notation, 
r)zbht  is  constant,  or 

77  oc  6-to-*, 

which  is  Green's  law  above  found. 

*  "  On  Reflection  of  Vibrations  at  the  Confines  of  two  Media  between  which  the 
Transition  is  gradual,"  Proc.  Lond.  Math.  Soc.,  t.  xi.  p.  51  (1880) ;  Theory  of  Sound, 
2nd  ed.,  London,  1894,  Art.  1486. 

t  Lord  Eayleigh,  1.  c.  ante  p.  279. 

J  For  if  P,  Q  be  any  two  points  of  a  wave,  and  P',  Q'  the  corresponding  points 
when  it  has  reached  another  part  of  the  canal,  the  time  from  P  to  P'  is  the  same 
as  from  Q,  to  Q',  and  therefore  the  time  from  P  to  Q  is  equal  to  that  from  P'  to  Q'. 
Hence  the  distances  PQ,  P'Q'  are  proportional  to  the  corresponding  wave- velocities. 
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182.     In  the  case  of  simple  harmonic  motion,  assuming  that 
ij  oc  cos  (at  +  e),  the  equation  (4)  of  the  preceding  Art.  becomes 


Some  particular  cases  of  considerable  interest  can  be  solved 
with  ease. 

1°.  For  example,  let  us  take  the  case  of  a  canal  whose  breadth  varies  as 
the  distance  from  the  end  #=0,  the  depth  being  uniform  ;  and  let  us  suppose 
that  at  its  mouth  (x=a)  the  canal  communicates  with  an  open  sea  in  which 
a  tidal  oscillation 

.................................  (i), 


is  maintained.     Putting  h  =  const.,  5cc#,  in  (1),  we  find 


provided  kz  =  v2lgh  ....................................  (iii). 

The  solution  of  (ii)  which  is  finite  when  #=0  is 


or,  in  the  notation  of  Bessel's  Functions, 

t=AJt(kx)  ....................................  (v). 

Hence  the  solution  of  our  problem  is  evidently 


The  curve  y=J()(x')  is  figured  on  p.  306;  it  indicates  how  the  amplitude  of 
the  forced  oscillation  increases,  whilst  the  wave  length  is  practically  constant, 
as  we  proceed  up  the  canal  from  the  mouth. 

2°.  Let  us  suppose  that  the  variation  is  in  the  depth  only,  and  that  this 
increases  uniformly  from  the  end  #  =  0  of  the  canal,  to  the  mouth,  the  remain- 
ing circumstances  being  as  before.  If,  in  (1),  we  put  k=h0x/at  K  =  <r2a/gh0, 
we  obtain 


This  solution  of  this  which  is  finite  for  #=0  is 

KX  K%2 


2         1222  - 

or  i  =  AJ0(2Jafy  ....................................  (ix), 

whence  finally,  restoring  the  time-factor  and  determining  the  constant, 
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The  annexed  diagram  of  the  curve  y=«^o(V^)>  where,  for  clearness,  the 
scale  adopted  for  y  is  200  times  that  of  x,  shews  how  the  amplitude  continually 
increases,  and  the  wave-length  diminishes,  as  we  travel  up  the  canal. 


These  examples  may  serve  to  illustrate  the  exaggeration  of  oceanic  tides 
which  takes  place  in  shallow  seas  and  in  estuaries. 

We  add  one  or  two  simple  problems  of  free  oscillations. 

3°.  Let  us  take  the  case  of  a  canal  of  uniform  breadth,  of  length  2a,  whose 
bed  slopes  uniformly  from  either  end  to  the  middle.  If  we  take  the  origin  at 
one  end,  the  motion  in  the  first  half  of  the  canal  will  be  determined,  as 
above,  by 

(xi), 


where  K  =  a-2a/gk0,  as  before,  h0  denoting  the  depth  at  the  middle. 

It  is  evident  that  the  normal  modes  will  fall  into  two  classes.  In  the  first 
of  these  ?/  will  have  opposite  values  at  corresponding  points  of  the  two  halves 
of  the  canal,  and  will  therefore  vanish  at  the  centre  (x=a).  The  values  of  <r 
are  then  determined  by 

e70(2^a*)=0  .................................  (xii), 


viz.  K  being  any  root  of  this,  we  have 


.(xiii). 


In  the  second  class,  the  value  of  ?/  is  symmetrical  with  respect  to  the 
centre,  so  that  drj/dx=Q  at  the  middle.     This  gives 


(xiv). 


Some  account  of  Bessel's  Functions  will  be  given  presently,  in  connection 
with  another  problem.     It  appears  that  the  slowest  oscillation  is  of  the 
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asymmetrical  class,  and  so  corresponds  to  the  smallest  root  of  (xii),  which 
is  2K*a*  =  -76557r,  whence 


=  1-306 


4°.     Again,  let  us  suppose  that  the  depth  of  the  canal  varies  according  to 
the  law 


•(xv), 


where  x  now  denotes  the  distance  from  the  middle.     Substituting  in  (1),  with 
b  =  const.,  we  find 

d    /      #2\  dr        «' 


If  we  put  <r*=n(n+l)^  ................................  (xvii), 

this  is    of   the  same  form  as  the  general  equation  of   zonal    harmonics, 
Art.  85  (1). 

In  the  present  problem  n  is  determined  by  the  condition  that  £  must  be 
finite  for  xja—  ±1.  This  requires  (Art.  86)  that  n  should  be  integral;  the 
normal  modes  are  therefore  of  the  types 


(xviii), 


where  Pn  is  a  Legendre's  Function,  the    value    of   a-    being    determined 
by  (xvii). 

In  the  slowest  oscillation  (/&  =  !),  the  profile  of  the  free  surface  is  a 
straight  line.  For  a  canal  of  uniform  depth  A0,  and  of  the  same  length  (2a), 
the  corresponding  value  of  o-  would  be  ?rc/2a,  where  c  =  (gh^f.  Hence  in  the 
present  case  the  frequency  is  less,  in  the  ratio  2^/2/Tr,  or  '9003. 

The  forced  oscillations  due  to  a  uniform  disturbing  force 

X=fcos  (<rt  +  f)  .................................  (xix), 

can  be  obtained  by  the  rule  of  Art.  165  (12).     The  equilibrium  form  of  the 
free  surface  is  evidently 

H-f)  ..............................  (xx), 


and,  since  the  given  force  is  of  the  normal  type  n  =  lt  we  have 


where  o-02 
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Waves  of  Finite  Amplitude. 

183.  When  the  elevation  rj  is  not  small  compared  with  the 
mean  depth  h,  waves,  even  in  an  uniform  canal  of  rectangular 
section,  are  no  longer  propagated  without  change  of  type.  This 
question  was  first  investigated  by  Airy  *,  by  methods  of  successive 
approximation.  He  found  that  in  a  progressive  wave  different 
parts  will  travel  with  different  velocities,  the  wave-  velocity  corre- 
sponding to  an  elevation  rj  being  given  approximately  by 


where    c    is    the   velocity   corresponding   to   an   infinitely   small 
amplitude. 

A  more  complete  view  of  the  matter  can  be  obtained  by  the 
method  employed  by  Riemann  in  treating  the  analogous  problem 
in  Acoustics,  to  which  reference  will  be  made  in  Chapter  x. 

The  sole  assumption  on  which  we  are  now  proceeding  is  that 
the  vertical  acceleration  may  be  neglected.  It  follows,  as  ex- 
plained in  Art.  166,  that  the  horizontal  velocity  may  be  taken  to 
be  uniform  over  any  section  of  the  canal.  The  dynamical  equation 
is 

du        du  drj  /1X 

di  +  wdX  =  -9dx  .......................  «• 

as  before,  and  the  equation  of  continuity,  in  the  case  of  a  rect- 
angular section,  is  easily  seen  to  be 


where  h  is  the  depth.     This  may  be  written 

du 


Let  us  now  write 

2P=f(r,)  +  u,     2Q=f(rj)-u  ...............  (4), 

where  the  function  f(rj)  is  as  yet  at  our  disposal.     If  we  multiply 
(3)  by/  (77),  and  add  to  (1),  we  get 

dP        dP 


*  "  Tides  and  Waves,"  Art.  198. 


298  TIDAL  WAVES.  [CHAP.  VIII 

If  we  now  determine/  (rj)  so  that 

g  ........................  (5), 


this  may  be  written 

dP        dP  .  .,     .dP 


In  the  same  way  we  find 


The  condition  (5)  is  satisfied  by 

1  (8), 


where  c  =  (gh)*.  The  arbitrary  constant  has  been  chosen  so  as  to 
make  P  and  Q  vanish  in  the  parts  of  the  canal  which  are  free  from 
disturbance,  but  this  is  not  essential. 

Substituting  in  (6)  and  (7)  we  find 

dP- 


.(9). 
dQ 


It   appears,   therefore,   that   dP  =  0,    i.  e.   P   is    constant,   for    a 
geometrical  point  moving  with  the  velocity 


whilst  Q  is  constant  for  a  point  moving  with  the  velocity 


Hence  any  given  value  of  P  travels  forwards,  and  any  given  value 
of  Q  travels  backwards,  with  the  velocities  given  by  (10)  and  (11) 
respectively.  The  values  of  P  and  Q  are  determined  by  those 
of  rj  and  u,  and  conversely. 

As  an  example,  let  us  suppose  that  the  initial  disturbance 
is  confined  to  the  space  between  x  =  a  and  x  =  b,  so  that  P  and  Q 
are  initially  zero  for  x  <  a  and  x  >  6.  The  region  within  which  P 
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differs  from  zero  therefore  advances,  whilst  that  within  which  Q 
differs  from  zero  recedes,  so  that  after  a  time  these  regions 
separate,  and  leave  between  them  a  space  within  which  P  —  0, 
•Q  =  0,  and  the  fluid  is  therefore  at  rest.  The  original  disturbance 
has  now  been  resolved  into  two  progressive  waves  travelling  in 
opposite  directions. 

In  the  advancing  wave  we  have 


(12), 


so  that  the  elevation  and  the  particle-  velocity  are  connected  by  a 
definite  relation  (cf.  Art.  168).  The  wave-velocity  is  given  by  (10) 
and  (12),  viz.  it  is 


To  the  first  order  of  rj/h,  this  is  in  agreement  with  Airy's  result. 

Similar  conclusions  can  be  drawn  in  regard  to  the  receding 
wave*. 

Since  the  wave-velocity  increases  with  the  elevation,  it  appears 
that  in  a  progressive  wave-  system  the  slopes  will  become  con- 
tinually steeper  in  front,  and  more  gradual  behind,  until  at  length 
a  state  of  things  is  reached  in  which  we  are  no  longer  justified  in 
neglecting  the  vertical  acceleration.  As  to  what  happens  after 
this  point  we  have  at  present  no  guide  from  theory  ;  observation 
shews,  however,  that  the  crests  tend  ultimately  to  curl  over  and 
'  break.' 

184.  In  the  application  of  the  equations  (1)  and  (3)  to  tidal 
phenomena,  it  is  most  convenient  to  follow  the  method  of  successive 
approximation.  As  an  example,  we  will  take  the  case  of  a  canal 
communicating  at  one  end  (so  =  0)  with  an  open  sea,  where 
the  elevation  is  given  by 


77  =  a  cos  at 
For  a  first  approximation  we  have 

du  drj          drj         ,  du 

=~9<         =-h 


*  The  above  results  can  also  be  deduced  from  the  equation  (3)  of  Art.  170,  to 
which  Kiemann's  method  can  be  readily  adapted. 


300  TIDAL  WAVES. 

the  solution  of  which,  consistent  with  (14),  is 


[CHAP,  viii 


For  a  second  approximation  we  substitute  these  values  of  77  and  u  in  (1)  and 

(3),  and  obtain 

du  dn      q2<ra2   .          f      x\    \ 

-s-ss—q-r-—- — =-8in2<riJ — ), 

dt        y dx       2C3  \      of 

I  (iii). 

dn         7  du      gaa2    .    _     /_,     x\ 
—i=-h^ —  £-=—  sm  2o-  (t  — 
dt  dx        c2  \      cj    j 

Integrating  these  by  the  usual  methods,  we  find,  as  the  solution  consistent 
with  (14), 

<-3-H?~*(-d. 


.(iv). 


The  figure  shews,  with,  of  course,  exaggerated  amplitude,  the  profile  of 
the  waves  in  a  particular  case,  as  determined  by  the  first  of  these  equations. 
It  is  to  be  noted  that  if  we  fix  our  attention  on  a  particular  point  of  the  canal, 
the  rise  and  fall  of  the  water  do  not  take  place  symmetrically,  the  fall 
occupying  a  longer  time  than  the  rise. 


When  analysed,  as  in  (iv),  into  a  series  of  simple-harmonic  functions  of 
the  time,  the  expression  for  the  elevation  of  the  water  at  any  particular  place 
(#)  consists  of  two  terms,  of  which  the  second  represents  an  'over- tide,'  or 
'  tide  of  the  second  order,'  being  proportional  to  a2 ;  its  frequency  is  double 
that  of  the  primary  disturbance  (14).  If  we  were  to  continue  the  approxi- 
mation we  should  obtain  tides  of  higher  orders,  whose  frequencies  are 
3,  4,  ...  times  that  of  the  primary. 

If,  in  place  of  (14),  the  disturbance  at  the  mouth  of  the  canal  were  given 

by 

g=  a  cos  a-t  +  a'  cos  (<r't  +  e), 

it  is  easily  seen  that  in  the  second  approximation  we  should  obtain  tides  of 
periods  27r/(o-  +  <r')  and  2ir/(cr - </) ;  these  are  called  'compound  tides.'  They 
are  closely  analogous  to  the  'combination-tones'  in  Acoustics  which  were 
first  investigated  by  von  Helmholtz*. 

*  "Ueber  Combinationstone,"  Berl.  Monatsber.,  May  22,  1856,  Ges.  Abh.,  t.  i., 
p.  256,  and  "  Theorie  der  Luftschwingungen  in  Kohren  mit  offenen  Enden," 
Crelle,  t.  Ivii,,  p.  14  (1859),  Ges.  Abh.,  t.  i.,  p.  318. 
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The  occurrence  of  the  factor  x  outside  trigonometrical  terms  in  (iv)  shews 
that  there  is  a  limit  beyond  which  the  approximation  breaks  down.  The 
condition  for  the  success  of  the  approximation  is  evidently  that  go-axfc? 
should  be  small.  Putting  cz=gk,  \  =  /2irc/a;  this  fraction  becomes  equal  to 
2;r  (a/h) .  (#/A).  Hence  however  small  the  ratio  of  the  original  elevation  (a) 
to  the  depth,  the  fraction  ceases  to  be  small  when  x  is  a  sufficient  multiple  of 
the  wave-length  (X). 

It  is  to  be  noticed  that  the  limit  here  indicated  is  already  being  over- 
stepped in  the  right-hand  portions  of  the  figure  above  given  ;  and  that 
the  peculiar  features  which  are  beginning  to  shew  themselves  on  the  rear 
slope  are  an  indication  rather  of  the  imperfections  of  the  analysis  than 
of  any  actual  property  of  the  waves.  If  we  were  to  trace  the  curve  further, 
we  should  find  a  secondary  maximum  and  minimum  of  elevation  developing 
themselves  on  the  rear  slope.  In  this  way  Airy  attempted  to  explain  the 
phenomenon  of  a  double  high-water  which  is  observed -in  some  rivers  ;  but, 
for  the  reason  given,  the  argument  cannot  be  sustained*. 

The  same  difficulty  does  not  necessarily  present  itself  in  the  case  of  a  canal 
closed  by  a  fixed  barrier  at  a  distance  from  the  mouth,  or,  again,  in  the  case 
of  the  forced  waves  due  to  a  periodic  horizontal  force  in  a  canal  closed  at  both 
ends  (Art.  176).  Enough  has,  however,  been  given  to  shew  the  general 
character  of  the  results  to  be  expected  in  such  cases.  For  further  details 
we  must  refer  to  Airy's  treatise  f. 

Propagation  in  Two  Dimensions. 

185.  Let  us  suppose,  in  the  first  instance,  that  we  have  a 
plane  sheet  of  water  of  uniform  depth  h.  If  the  vertical  accelera- 
tion be  neglected,  the  horizontal  motion  will  as  before  be  the  same 
for  all  particles  in  the  same  vertical  line.  The  axes  of  x,  y  being 
horizontal,  let  u,  v  be  the  component  horizontal  velocities  at  the 
point  (x,  y),  and  let  ?  be  the  corresponding  elevation  of  the  free 
surface  above  the  undisturbed  level.  The  equation  of  continuity 
may  be  obtained  by  calculating  the  flux  of  matter  into  the 
columnar  space  which  stands  on  the  elementary  rectangle 
viz.  we  have,  neglecting  terms  of  the  second  order, 

\M        /        T    CN       \      (S  Cv       /       -f     rv        \      CX  w 


whence 


*  Cf.  McCowan,  1.  c.  ante  p.  277. 

t  "  Tides  and  Waves,"  Arts.  198,  ...and  308.     See  also  G.  H.  Darwin,  "Tides, 
Encyc.  Britann.  (9th  ed.)  t.  xxiii.,  pp.  362,  363  (1888). 
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The  dynamical  equations  are,  in  the   absence  of  disturbing 
forces, 

du  _     dp  dv  _     dp 

p~di~~dx'  pdi~~dy* 

where  we  may  write 

P  -Po  =  9p(zo  +£-z), 

if  ZQ  denote  the  ordinate  of  the  free  surface  in  the  undisturbed 
state,  and  so  obtain 

du_         d£  dv  _         d£ 

dt~~9dx>  dt~      9  dy" 

If  we  eliminate  u  and  v,  we  find 


where  c2  =  gh  as  before. 

In  the  application  to  simple-harmonic  motion,  the  equations 
are  shortened  if  we  assume  a  'complex'  time-factor  ei(<rt+e),  and 
reject,  in  the  end,  the  imaginary  parts  of  our  expressions.  This 
is  of  course  legitimate,  so  long  as  we  have  to  deal  solely  with 
linear  equations.  We  have  then,  from  (2), 


,  ..................  (4), 

cr  dx  a-  dy 

whilst  (3)  becomes 

g  +  ^  +  ^=0  .....................  (5), 

da?     dy2 

where  fr  =  a*/c?  ...........................  (6). 

The  condition  to  be  satisfied  at  a  vertical  bounding  wall  is 
obtained  at  once  from  (4),  viz.  it  is 

2-  ..............................  ox 


if  Sn  denote  an  element  of  the  normal  to  the  boundary. 

When  the  fluid  is  subject  to  small  disturbing  forces  whose 
variation  within  the  limits  of  the  depth  may  be  neglected,  the 
equations  (2)  are  replaced  by 

du  _        d£     d£l         dv  _        d£     d£l  ,  . 

di~  ~gdx~~fa'        dt~  ~gfy~dy" 

where  H  is  the  potential  of  these  forces. 
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If  we  put  f=-f%  ...........................  (9), 

so  that  f  denotes  the  equilibrium-elevation  corresponding  to  the 
potential  H,  these  may  be  written 

du  d  ,<*     t\         dv  d  ...     t\ 


In  the  case  of  simple-harmonic  motion,  these  take  the  forms 


whence,  substituting  in  the  equation  of  continuity  (1),  we  obtain 

OV  +  frK-vtf  ......................  (12), 

if  Vi>=:d2/dtf  +  d?/dy*,  ....................  (13), 


arid   k-  =  <r*/gh,  as   before.     The    condition    to  be  satisfied   at  a 
vertical  boundary  is  now 


186.  The  equation  (3)  of  Art.  185  is  identical  in  form  with 
that  which  presents  itself  in  the  theory  of  the  vibrations  of  a 
uniformly  stretched  membrane.  A  still  closer  analogy,  when 
regard  is  had  to  the  boundary  conditions,  is  furnished  by  the  theory 
of  cylindrical  waves  of  sound*.  Indeed  many  of  the  results 
obtained  in  this  latter  theory  can  be  at  once  transferred  to  our 
present  subject. 

Thus,  to  find  the  free  oscillations  of  a  sheet  of  water  bounded 
by  vertical  walls,  we  require  a  solution  of 


O  ........................  (1), 

subject  to  the  boundary  condition 

dg/dn  =  0  ...........................  (2). 

Just  as  in  Art.  175  it  will  be  found  that  such  a  solution  is  possible 
only  for  certain  values  of  k,  and  thus  the  periods  (27r/kc)  of  the 
several  normal  modes  are  determined. 

*  Lord  Kayleigh,  Theory  of  Sound,  Art.  339. 
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Thus,  in  the  case  of  a  rectangular  boundary,  if  we  take  the 
origin  at  one  corner,  and  the  axes  of  x,  y  along  two  of  the  sides, 
the  boundary  conditions  are  that  dQdx  =  0  for  x  =  0  and  x  —  a, 
and  dQdy  =  0  for  y  =  0  and  y  —  6,  where  a,  b  are  the  lengths  of  the 
edges  parallel  to  x,  y  respectively.  The  general  value  of  f  subject 
to  these  conditions  is  given  by  the  double  Fourier's  series 

u     vv  A  m7rx        njry  . 

5-  wi.nCC         ^  ^  ..('), 

where  the  summations  include  all  integral  values  of  in,  n  from  0 
to  oo .     Substituting  in  (1)  we  find 


If  a>b,  the  component  oscillation  of  longest  period  is  got  by 
making  m  =  1,  n  =  0,  whence  ka  =  TT.  The  motion  is  then  every- 
where parallel  to  the  longer  side  of  the  rectangle.  Cf.  Art.  175. 

187.     In  the  case  of  a  circular  sheet  of  water,  it  is  convenient 
to   take   the   origin   at   the   centre,   and   to   transform    to   polar 

coordinates,  writing 

x  —  r  cos  6,    y  =  r  sin  6. 

The  equation  (1)  of  the  preceding  Art.  becomes 


dr*     r  dr     r2  dd2 
This  might  of  course  have  been  established  independently. 

As  regards  its  dependance  on  6,  the  value  of  f  may,  by 
Fourier's  Theorem,  be  supposed  expanded  in  a  series  of  cosines  and 
sines  of  multiples  of  6 ;  we  thus  obtain  a  series  of  terms  of  the 
form 

COS]S0  ...(2). 


It  is  found  on  substitution  in  (1)  that  each  of  these  terms  must 
satisfy  the  equation  independently,  and  that 


(r)  =  0  ............  (3). 

This   is    the    differential    equation    of  Bessel's    Functions*.     Its 
*  Forsyth,  Differential  Equations,  Art.  100. 
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complete  primitive  consists,  of  course,  of  the  sum  of  two  definite 
functions  of  r,  each  multiplied  by  an  arbitrary  constant,  but  in  the 
present  problem  we  are  restricted  to  a  solution  which  shall  be  finite 
at  the  origin.  This  is  easily  obtained  in  the  form  of  an  ascending 
series  ;  thus,  in  the  ordinary  notation  of  BesseFs  Functions,  we  have 


where,  on  the  usual  convention  as  to  the  numerical  factor, 

7"    /     \  I  "1  ^^  /  A  \ 

~  2*  .  *  !  t        2  (2s  +  2)  +  2.4(2*  +  2)(2*  +  4)      '  '  )  ' 
Hence  the  various  normal  modes  are  given  by 

(5), 


smj 

where  s  may  have  any  of  the  values  0,  1,  2,  3,...,  and  A8  is  an 
arbitrary  constant.  The  admissible  values  of  k  are  determined  by 
the  condition  that  d£/dr  =  0  for  r  =  a,  or 

J8'(ka)  =  0  ...........................  (6). 

The  corresponding  'speeds'  (<r)  of  the  oscillations  are  then  given 


The  analytical  theory  of  Bessel's  Functions  is  treated  more  or  less  fully  in 
various  works  to  which  reference  is  made  below*.  It  appears  that  for  large 
values  of  z  we  may  put 


,  „  (!2-4s2)(32-4s2) 

where  J»-i-L  '+... 


l2-4s2     (I2  -  4s2)  (32  -  4s2)  (52  -  4s2) 
1.80  1.2. 


.(ii). 


The  series  P,  Q  are  of  the  kind  known  as  '  semi  -convergent,'  i.e.  although  for 
large  values  of  z  the  successive  terms  may  diminish  for  a  time,  they  ultimately 
increase  again,  but  if  we  stop  at  a  small  term  we  get  an  approximately 
correct  result. 

*  Lommel,  Studien  ueber  die  Bessel'schen  Functionen,  Leipzig,  1868  ;  Heine, 
Kugelfunctionen,  Arts.  42,...,  57,...;  Todhunter,  Functions  of  Laplace,  Lame,  and 
Bessel;  Byerly,  On  Fourier's  Series,  and  Spherical,  Cylindrical,  and  Ellipsoidal 
Harmonics,  Boston,  U.S.A.,  1893;  see  also  Forsyth,  Differential  Equations,  c.  v. 
An  ample  account  of  the  matter,  from  the  physical  point  of  view,  will  be  found  in 
Lord  Rayleigh's  Theory  of  Sound,  cc.  ix.,  xviii.,  with  many  interesting  applications. 

Numerical  tables  of  the  functions  have  been  calculated  by  Bessel,  and  Hansen, 
and  (more  recently)  by  Meissel  (Berl.  Abh.,  1888).  Hansen's  tables  are  reproduced 
by  Lommel,  and  (partially)  by  Lord  Rayleigh  and  Byerly. 

L.  20 
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It  appears  from  (i)  that  Js(z)  belongs  to  the  class  of  'fluctuating 
functions,'  viz.  as  z  increases  the  value  of  the  function  oscillates  on  both 
sides  of  zero  with  a  continually  diminishing  amplitude.  The  period  of 
the  oscillations  is  ultimately  2ir. 

The  general  march  of  the  functions  is  illustrated  to  some  extent  by  the 
curves  y=J^(x\  y  =  Jl(x}^  which  are  figured  on  the  opposite  page.  For  the 
sake  of  clearness,  the  scale  of  the  ordinates  has  been  taken  five  times  as  great 
as  that  of  the  abscissse. 

In  the  case  s  =  0,  the  motion  is  symmetrical  about  the  origin, 
so  that  the  waves  have  annular  ridges  and  furrows.     The  lowest 
roots  of 

J0'(ka)  =  0  ...........................  (7) 

are  given  by 

&«/*•  =  T2197,    2-2330,    3*2383,  ............  (8)*, 


these  values  tending  ultimately  to  the  form  ka/7r  =  m  +  %,  where 
m  is  integral.  In  the  mth  mode  of  the  symmetrical  class  there 
are  m  nodal  circles  whose  radii  are  given  by  £=0  or 

J0(kr)  =  0  ...........................  (9). 

The  roots  of  this  are 

AT/IT  ='7655,     17571,     27546,  ............  (10)f. 

For  example,  in  the  first  symmetrical  mode  there  is  one  nodal 
circle  r  =  '628a.  The  form  of  the  section  of  the  free  surface  by 
a  plane  through  the  axis  of  z,  in  any  of  these  modes,  will  be 
understood  from  the  drawing  of  the  curve  y  —  J0  (x). 

When  s  >  0  there  are  s  equidistant  nodal  diameters,  in  addition 
to  the  nodal  circles 

J,(kr)  =  Q  ...........................  (11). 

It  is  to  be  noticed  that,  owing  to  the  equality  of  the  frequencies  of 
the  two  modes  represented  by  (5),  the  normal  modes  are  now  to  a 
certain  extent  indeterminate  ;  viz.  in  place  of  cos  s6  or  sin  sd  we 
might  substitute  coss(#  —  «s),  where  as  is  arbitrary.  The  nodal 
diameters  are  then  given  by 

tf-*.-*^-1,-  .....................  (12), 

*  Stokes,  "  On  the  Numerical  Calculation  of  a  class  of  Definite  Integrals  and 
Infinite  Series,"  Camb.  Trans,  i.  ix.  (1850),  Math,  and  Phys.  Papers,  t.  ii.  p.  355. 

It  is  to  be  noticed  that  kajir  is  equal  to  TO/T,  where  r  is  the  actual  period,  and  TO 
is  the  time  a  progressive  wave  would  take  to  travel  with  the  velocity  (gh)%  over  a 
space  equal  to  the  diameter  2a. 

t  Stokes,  I  c. 

20—2 
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where  ra  =  0,  1,  2,...,  s—l.  The  indeterminateness  disappears, 
and  the  frequencies  become  unequal,  if  the  boundary  deviate, 
however  slightly,  from  the  circular  form. 

In  the  case  of  the  circular  boundary,  we  obtain  by  super- 
position of  two  fundamental  modes  of  the  same  period,  in  different 
phases,  a  solution 

£=C9J,(kr).co8(fft$s8  +  €) (13). 

This  represents  a  system  of  waves  travelling  unchanged  round 
the  origin  with  an  angular  velocity  a/s  in  the  positive  or 
negative  direction  of  0.  The  motion  of  the  individual  particles 
is  easily  seen  from  Art.  185  (4)  to  be  elliptic-harmonic,  one 
principal  axis  of  each  elliptic  orbit  being  along  the  radius 
vector.  All  this  is  in  accordance  with  the  general  theory  referred 
to  in  Art.  165. 


The   most  interesting  modes  of  the  unsymmetrical  class  are 
those  corresponding  to  s  =  1,  e.g. 

(14), 


NODAL  LINES. 


309 


(15). 


187] 

where  k  is  determined  by 

The  roots  of  this  are 

&a/7r=-586,     1-697,     2'7l7, (16)*. 

We  have  now  one  nodal  diameter  (6  =  JTT),  whose  position  is, 
however,  indeterminate,  since  the  origin  of  6  is  arbitrary.  In  the 
corresponding  modes  for  an  elliptic  boundary,  the  nodal  diameter 
would  be  fixed,  viz.  it  would  coincide  with  either  the  major  or 
the  minor  axis,  and  the  frequencies  would  be  unequal. 

The  accompanying  diagrams  shew  the  contour-lines  of  the  free 
surface  in  the  first  two  modes  of  the  present  species.  These  lines 
meet  the  boundary  at  right  angles,  in  conformity  with  the  general 
boundary  condition  (Art.  186  (2)).  The  simple-harmonic  vibrations 


of  the  individual  particles  take  place  in  straight  lines  perpen- 
dicular to  the  contour-lines,  by  Art.  185  (4).     The  form  of  the 

*  See  Lord  Bayleigh's  treatise,  Art.  339. 
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sections  of  the  free  surface  by  planes  through  the  axis  of  z  is  given 
by  the  curve  y  =  Ji  (x)  on  p.  306. 

The  first  of  the  two  modes  here  figured  has  the  longest  period 
of  all  the  normal  types.  In  it,  the  water  sways  from  side  to  side, 
much  as  in  the  slowest  mode  of  a  canal  closed  at  both  ends 
(Art.  175).  In  the  second  mode  there  is  a  nodal  circle,  whose 
radius  is  given  by  the  lowest  root  of  Jt  (kr)  =  0  ;  this  makes 


A  comparison  of  the  preceding  investigation  with  the  general  theory  of 
small  oscillations  referred  to  in  Art.  165  leads  to  several  important  properties 
of  Bessel's  Functions. 

In  the  first  place,  since  the  total  mass  of  water  is  unaltered,  we  must  have 


where  £  has  any  one  of  the  forms  given  by  (5).  For  s>0  this  is  satisfied  in 
virtue  of  the  trigonometrical  factor  cos  sd  or  sin  s6 ;  in  the  symmetrical  case 
it  gives 


r 

Jo 


Again,  since  the  most  general  free  motion  of  the  system  can  be  obtained 
by  superposition  of  the  normal  modes,  each  with  an  arbitrary  amplitude  and 
epoch,  it  follows  that  any  value  whatever  of  £,  which  is  subject  to  the 
condition  (iii),  can  be  expanded  in  a  series  of  the  form 

f  =22  C4t  008*0+1?,  sin  *0)  «?,(£!•)  .....................  (v), 

where  the  summations  embrace  all  integral  values  of  s  (including  0)  and,  for 
each  value  of  s,  all  the  roots  k  of  (6).  If  the  coefficients  As,  BB  be  regarded 
as  functions  of  £,  the  equation  (v)  may  be  regarded  as  giving  the  value  of  the 
surface-elevation  at  any  instant.  The  quantities  As,  B8  are  then  the  normal 
coordinates  of  the  present  system  (Art.  165);  and  in  terms  of  them  the 
formulae  for  the  kinetic  and  potential  energies  must  reduce  to  sums  of 
squares.  Taking,  for  example,  the  potential  energy 


*  The  oscillations  of  a  liquid  in  a  circular  basin  of  any  uniform  depth  were 
discussed  by  Poisson,  "  Sur  les  petites  oscillations  de  1'eau  contenue  dans  un 
cylindre,"  Ann.  de  Gergonne,  t.  xix.  p.  225  (1828-9);  the  theory  of  Bessel's 
Functions  had  not  at  that  date  been  worked  out,  and  the  results  were  consequently 
not  interpreted.  The  full  solution  of  the  problem,  with  numerical  details,  was 
given  independently  by  Lord  Rayleigh,  Phil.  Mag.,  April,  1876. 

The  investigation  in  the  text  is  limited,  of  course,  to  the  case  of  a  depth  small 
in  comparison  with  the  radius  a.  Poisson's  and  Lord  Rayleigh's  solution  for  the 
case  of  finite  depth  will  be  noticed  in  the  proper  place  in  Chap.  ix. 
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this  requires  that  I       I    w1w2rdSdi'  =  0 (vii), 

Jo  jo 

where  wly  w2  are  any  two  terms  of  the  expansion  (v).  If  wl,  w2  involve 
cosines  or  sines  of  different  multiples  of  0,  this  is  verified  at  once  by  integra- 
tions with  respect  to  6  ;  but  if  we  take 

W-L  oc  J8  (Jc-^r]  cos  s#,     w2  oc  Ja  (k2r)  cos  50, 
where  klt  kz  are  any  two  distinct  roots  of  (6),  we  get 


'Jc^r)  rdr =  0 ( viii). 

o 

The  general  results  of  which  (iv)  and  (viii)  are  particular  cases,  are 

•--jJ^(Jca} (ix), 


and 

/.(V)*(V)»*-rrr 

j  o  KI  -  • 

(x). 

In   the  case  of  ^  =  k2  the  latter  expression  becomes  indeterminate  ;    the 
evaluation  in  the  usual  manner  gives 

a  1        '  *         ?      «      t 

o    *"  2^2 

For  the  analytical  proofs  of  these  formulae  we  must  refer  to  the  treatises  cited 
on  p.  305. 

The  small  oscillations  of  an  annular  sheet  of  water  bounded  by 
concentric  circles  are  easily  treated,  theoretically,  with  the  help  of 
Bessel's  Functions  '  of  the  second  kind.'  The  only  case  of  any 
special  interest,  however,  is  when  the  two  radii  are  nearly  equal ; 
we  then  have  practically  a  re-entrant  canal,  and  the  solution 
follows  more  simply  from  Art.  178. 

The  analysis  can  also  be  applied  to  the  case  of  a  circular 
sector  of  any  angle*,  or  to  a  sheet  of  water  bounded  by  two 
concentric  circular  arcs  and  two  radii. 

188.  As  an  example  of  forced  vibrations,  let  us  suppose  that 
the  disturbing  forces  are  such  that  the  equilibrium  elevation 
would  be 


(16). 
*  See  Lord  Rayleigh,  Theory  of  Sound,  Art.  339. 
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This   makes  V^l  =  0,   so   that   the    equation   (12)   of    Art.    185 
reduces  to  the  form  (1),  above,  and  the  solution  is 

£=AJ8(kr)coB80.co&(<rt  +  e)  ...............  (17), 

where  A  is  an  arbitrary  constant.     The  boundary-condition  (Art. 

185  (14)),  gives 

AkaJ8'(ka)  =  sC, 


whence  g=  G  °OS  S°  '  C°S  ^  +  e)  ............  (18)> 


The  case  s  —  1  is  interesting  as  corresponding  to  a  uniform 
horizontal  force;  and  the  result  may  be  compared  with  that  of 
Art.  176. 

From  the  case  5  =  2  we  could  obtain  a  rough  representation  of 
the  semi-diurnal  tide  in  a  polar  basin  bounded  by  a  small  circle 
of  latitude,  except  that  the  rotation  of  the  earth  is  not  as  yet  taken 
into  account. 

We  notice  that  the  expression  for  the  amplitude  of  oscillation 
becomes  infinite  when  Js'  (ka)  =  0.  This  is  in  accordance  with  a 
general  principle,  of  which  we  have  already  had  several  examples  ; 
the  period  of  the  disturbing  force  being  now  equal  to  that  of  one 
of  the  free  modes  investigated  in  the  preceding  Art. 

189.  When  the  sheet  of  water  is  of  variable  depth,  the 
investigation  at  the  beginning  of  Art.  185  gives,  as  the  equation 

of  continuity, 

d£__d_(W__d(kv) 
dt~        dx          dy  ' 

The  dynamical  equations  (Art.  185  (2))  are  of  course  unaltered. 
Hence,  eliminating  £,  we  find,  for  the  free  oscillations, 


.     -          dy 

If  the  time-factor  be  ei(<rt+t),  we  obtain 

dx  \    dx)     dy  \   dy)      g 

Wrhen  h  is  a  function  of  r,  the  distance  from  the  origin,  only, 
this  may  be  written 

Lr-T  9V  ,  dhd^  .  °"2 1,     n  / A\ 

»V] [£+-]--]-  H —  f=U (4). 

ctra7'      ^r  3 
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As  a  simple  example  we  may  take  the  case  of  a  circular  basin  which 
shelves  gradually  from  the  centre  to  the  edge,  according  to  the  law 


Introducing  polar  coordinates,  and  assuming  that  £  varies  as  cos  sO  or  sin  s0t 
the  equation  (4)  takes  the  form 


This  can  be  integrated  by  series.     Thus,  assuming 


m 


where  the  trigonometrical  factors  are  omitted,  for  shortness,  the  relation 
between  consecutive  coefficients  is  found  to  be 


(T   CL 

or,  if  we  write  —j— 


where  n  is  not  as  yet  assumed  to  be  integral, 

(m*-S*)Am=(m-n)(m  +  n-2)Am_2  .....................  (v). 

The  equation  is  therefore  satisfied  by  a  series  of  the  form  (iii),  beginning  with 
the  term  A8(r/a)8,  the  succeeding  coefficients  being  determined  by  putting 
5  +  4,...  in  (v).  We  thus  find 


2  (2s +  2)        a? 
or  in  the  usual  notation  of  hypergeometric  series 


where  a 

Since  these  make  y-  a-)3  =  0,  the  series  is  not  convergent  for  r  =  a,  unless  it 
terminate.  This  can  only  happen  when  n  is  integral,  of  the  form  *  +  2;'. 
The  corresponding  values  of  a-  are  then  given  by  (iv). 

In  the  symmetrical  modes  (s  =  0)  we  have 


where  j  may  be  any  integer  greater  than  unity.  It  may  be  shewn  that  this 
expression  vanishes  for  j  —I  values  of  r  between  0  and  a,  indicating  the  exist- 
ence of  j—  1  nodal  circles.  The  value  of  <r  is  given  by 

l)&    ..............................  (ix). 
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Thus  the  gravest  symmetrical  mode  0'=2)  has  a  nodal  circle  of  radius  '707a  ; 
and  its  frequency  is  determined  by  o-2  =  8ffkQ/a2. 

Of  the  unsymmetrical  modes,  the  slowest,  for  any  given  value  of  s,  is  that 
for  which  w  =  s-f  2,  in  which  case  we  have 

^ 
£=  A8  —  cos  s6  cos  (art  +  e), 

the  value  of  a-  being  given  by 


The  slowest  mode  of  all  is  that  for  which  *  =  1,  n=3  ;  the  free  surface  is 
then  always  plane.  It  is  found  on  comparison  with  Art.  187  (16)  that  the 
frequency  is  "768  of  that  of  the  corresponding  mode  in  a  circular  basin  of 
uniform  depth  A0,  and  of  the  same  radius. 

As  in  Art.  188  we  could  at  once  write  down  the  formula  for  the  tidal 
motion  produced  by  a  uniform  horizontal  periodic  force  ;  or,  more  generally, 
for  the  case  when  the  disturbing  potential  is  of  the  type 

Q  oc  r*  cos  s6  cos  (<rt  +  e). 

190.  We  proceed  to  consider  the  case  of  a  spherical  sheet,  or 
ocean,  of  water,  covering  a  solid  globe.  We  will  suppose  for  the 
present  that  the  globe  does  not  rotate,  and  we  will  also  in  the  first 
instance  neglect  the  mutual  attraction  of  the  particles  of  the  water. 
The  mathematical  conditions  of  the  question  are  then  exactly  the 
same  as  in  the  acoustical  problem  of  the  vibrations  of  spherical 
layers  of  air*. 

Let  a  be  the  radius  of  the  globe,  h  the  depth  of  the  fluid  ;  we 
assume  that  h  is  small  compared  with  a,  but  not  (as  yet)  that  it  is 
uniform.  The  position  of  any  point  on  the  sheet  being  specified 
by  the  angular  coordinates  0,  co,  let  u  be  the  component  velocity  of 
the  fluid  at  this  point  along  the  meridian,  in  the  direction  of  6 
increasing,  and  v  the  component  along  the  parallel  of  latitude,  in 
the  direction  of  w  increasing.  Also  let  f  denote  the  elevation  of 
the  free  surface  above  the  undisturbed  level.  The  horizontal 
motion  being  assumed,  for  the  reasons  explained  in  Art.  169,  to  be 
the  same  at  all  points  in  a  vertical  line,  the  condition  of  con- 
tinuity is 

-j-x  (uha  sin  08o>)  80  +  -7-  (vhaSd)  So>  =  —  a  sin  08o>  .  a80  .  -77  , 
where  the  left-hand  side  measures  the  flux  out  of  the  columnar 

*  Discussed  in  Lord  Eayleigh's  Theory  of  Sound,  c.  xviu. 
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space  standing  on  the  element  of  area  a  sin  #£&> .  aW,  whilst  the 
right-hand  member  expresses  the  rate  of  diminution  of  the  volume 
of  the  contained  fluid,  owing  to  fall  of  the  surface.  Hence 

d£  1       (d  (hu  sin  6)     d  (hv)} 


dt         a  sin  0  \ 


.(i). 


If  we  neglect  terms  of  the  second  order  in  u,  v,  the  dynamical 
equations  are,  on  the  same  principles  as  in  Arts.  166,  185, 

<lM=_d^_dQL         dv=_          d£  dQ, 

dt          $  add     ad6  '        dt  ~      ^  a  sin  0dco     a  sin  Qdco'  '  ''  '' 

where  fl  denotes  the  potential  of  the  extraneous  forces. 

If  we  put 

?  =  -«/</  ..............................  (3), 

these  may  be  written 


dt         add  l     dt~ 

Between  (1)  and  (4)  we  can  eliminate  u,  v,  and  so  obtain  an  equa- 
tion in  f  only. 

In  the  case  of  simple-harmonic  motion,  the  time-factor  being 
)t  tne  equations  take  the  forms 

d(hv)}  ,  . 

j  '  '  W> 


Ussi(£-f)t       ,.f'__          .(f-g)  ......  (6). 

^     b  -^     *' 


191.  We  will  now  consider  more  particularly  the  case  of 
uniform  depth.  To  find  the  free  oscillations  we  put  f=0;  the 
equations  (5)  arid  (6)  of  the  preceding  Art.  then  lead  to 

1      d  /  .     *d£\         1     d2?     (72a2  ^ 


This  is  identical  in  form  with  the  general  equation  of  spherical 
surface-harmonics  (Art.  84  (2)).     Hence,  if  we  put 

<T2a2/gh  =  n(n  +  l) (2), 

a  solution  of  (1)  will  be 

?=£„ (3), 

where  Sn  is  the  general  surface-harmonic  of  order  n. 
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It  was  pointed  out  in  Art.  87  that  Sn  will  not  be  finite  over 
the  whole  sphere  unless  n  be  integral.  Hence,  for  an  ocean 
covering  the  whole  globe,  the  form  of  the  free  surface  at  any 
instant  is,  in  any  fundamental  mode,  that  of  a  '  harmonic  spheroid ' 

r=a  +  h  +  Sncos((rt  +  €) (4), 

and  the  speed  of  the  oscillation  is  given  by 

the  value  of  n  being  integral. 

The  characters  of  the  various  normal  modes  are  best  gathered 
from  a  study  of  the  nodal  lines  (Sn  =  0)  of  the  free  surface.  Thus, 
it  is  shewn  in  treatises  on  Spherical  Harmonics*  that  the  zonal 
harmonic  Pn  (//,)  vanishes  for  n  real  and  distinct  values  of  p  lying 
between  +  1,  so  that  in  this  case  we  have  n  nodal  circles  of 
latitude.  When  n  is  odd  one  of  these  coincides  with  the  equator. 
In  the  case  of  the  tesseral  harmonic 

n  _    2^«  dsPn  (A*-)  cosj 
d/jis      sinj 

the  second  factor  vanishes  for  n  —  s  values  of  //,,  and  the  trigono- 
metrical factor  for  2s  equidistant  values  of  o>.  The  nodal  lines 
therefore  consist  of  n  —  s  parallels  of  latitude  and  2s  meridians. 
Similarly  the  sectorial  harmonic 


has  as  nodal  lines  2n  meridians. 

These  are,  however,  merely  special  cases,  for  since  there  are 
2n  +  1  independent  surface-harmonics  of  any  integral  order  n, 
and  since  the  frequency,  determined  by  (5),  is  the  same  for  each 
of  these,  there  is  a  corresponding  degree  of  indeterminateness  in 
the  normal  modes,  and  in  the  configuration  of  the  nodal  lines -f. 

We  can  also,  by  superposition,  build  up  various  types  of 
progressive  waves;  e.g.  taking  a  sectorial  harmonic  we  get  a 
solution  in  which 

?oc(l  -  IJL*)*" cos  (nt»  -  <rt  +  e) (6); 

this  gives  a  series  of  meridional  ridges  and  furrows   travelling 

*  For  references,  see  p.  117. 

f  Some  interesting  varieties  are  figured  in  the  plates  to  Maxwell's  Electricity  and 
Magnetism,  t.  i. 
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round  the  globe,  the  velocity  of  propagation,  as  measured  at  the 
equator,  being 

*  (7). 


It   is   easily   verified,  on   examination,    that   the   orbits  of  the 

particles  are   now   ellipses    having   their   principal   axes  in  the 

directions  of  the  meridians  and  parallels,  respectively.  At  the 
equator  these  ellipses  reduce  to  straight  lines. 

In  the  case  n=l,  the  harmonic  is  always  of  the  zonal  type. 
The  harmonic  spheroid  (4)  is  then,  to  our  order  of  approximation, 
a  sphere  excentric  to  the  globe.  It  is  important  to  remark, 
however,  that  this  case  is,  strictly  speaking,  not  included  in  our 
dynamical  investigation,  unless  we  imagine  a  constraint  applied  to 
the  globe  to  keep  it  at  rest;  for  the  deformation  in  question  of 
the  free  surface  would  involve  a  displacement  of  the  centre  of  mass 
of  the  ocean,  and  a  consequent  reaction  on  the  globe.  A  corrected 
theory  for  the  case  where  the  globe  is  free  could  easily  be  investi- 
gated, but  the  matter  is  hardly  important,  first  because  in  such 
a  case  as  that  of  the  Earth  the  inertia  of  the  solid  globe  is  so 
enormous  compared  with  that  of  the  ocean,  and  secondly  because 
disturbing  forces  which  can  give  rise  to  a  deformation  of  the  type 
in  question  do  not  as  a  rule  present  themselves  in  nature.  It 
appears,  for  example,  that  the  first  term  in  the  expression  for  the 
tide-generating  potential  of  the  sun  or  moon  is  a  spherical  har- 
monic of  the  second  order  (see  Appendix). 

When  n  =  2,  the  free  surface  at  any  instant  is  approximately 
ellipsoidal.  The  corresponding  period,  as  found  from  (5),  is  then 
*816  of  that  belonging  to  the  analogous  mode  in  an  equatorial 
canal  (Art.  178). 

For  large  values  of  n  the  distance  from  one  nodal  line  to 
another  is  small  compared  with  the  radius  of  the  globe,  and  the 
oscillations  then  take  place  much  as  on  a  plane  sheet  of  water. 
For  example,  the  velocity,  at  the  equator,  of  the  sectorial  waves 
represented  by  (6)  tends  with  increasing  n  to  the  value  (gh)%,  in 
agreement  with  Art.  167. 

From  a  comparison  of  the  foregoing  investigation  with  the  general  theory 
of  Art.  165  we  are  led  to  infer,  on  physical  grounds  alone,  the  possibility  of 
the  expansion  of  any  arbitrary  value  of  £  in  a  series  of  surface  harmonics,  thus 
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the  coefficients  being  the  normal  coordinates  of  the  system.  Again,  since  the 
products  of  these  coefficients  must  disappear  from  the  expressions  for  the 
kinetic  and  potential  energies,  we  are  led  to  the  'conjugate'  properties  of 
spherical  harmonics  quoted  in  Art.  88.  The  actual  calculation  of  the  potential 
and  kinetic  energies  will  be  given  in  the  next  Chapter,  in  connection  with  an 
independent  treatment  of  the  same  problem. 

The  effect  of  a  simple-harmonic  disturbing  force  can  be 
written  down  at  once  from  the  formula  (12)  of  Art.  165.  If 
the  surface-value  of  O  be  expanded  in  the  form 

.............................  (8), 


where  fln  is  a  surface-harmonic  of  integral  order  n,  then  the 
various  terms  are  normal  components  of  force,  in  the  generalized 
sense  of  Art.  133;  and  the  equilibrium  value  of  f  corresponding 
to  any  one  term  Hn  is 

?»  —  £0.  ............................  (9). 

c/ 

Hence,  for  the  forced  oscillation  due  to  this  term,  we  have 


where  <r  measures  the  '  speed  '  of  the  disturbing  force,  and  <rn  that 
of  the  corresponding  free  oscillation,  as  given  by  (5).  There  is  no 
difficulty,  of  course,  in  deducing  (10)  directly  from  the  equations 
of  the  preceding  Art. 

192.  We  have  up  to  this  point  neglected  the  mutual  attrac- 
tion of  the  parts  of  the  liquid.  In  the  case  of  an  ocean  covering 
the  globe,  and  with  such  relations  of  density  as  we  meet  with  in  the 
actual  earth  and  ocean,  this  is  not  insensible.  To  investigate  its 
effect  in  the  case  of  the  free  oscillations,  we  have  only  to  sub- 
stitute for  fln,  in  the  last  formula,  the  gravitation-potential  of  the 
displaced  water.  If  the  density  of  this  be  denoted  by  p,  whilst  p0 
represents  the  mean  density  of  the  globe  and  liquid  combined,  we 
have* 


and  g  =  ^7rap, (12), 

*  See,  for  example,  Kouth,  Analytical  Statics,  Cambridge  1892,  t.  ii.  pp.  91-92. 
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7  denoting  the  gravitation-constant,  whence 


Substituting  in  (10)  we  find 


where  vn  is  now  used  to  denote  the  actual  speed  of  the  oscillation, 
and  a^  the  speed  calculated  on  the  former  hypothesis  of  no 
mutual  attraction.  Hence  the  corrected  speed  is  given  by 


For  an  ellipsoidal  oscillation  (n  =  2),  and  for  pjpQ  —  *18  (as  in  the 
case  of  the  Earth),  we  find  from  (14)  that  the  effect  of  the  mutual 
attraction  is  to  lower  the  frequency  in  the  ratio  of  '94  to  1. 

The  slowest  oscillation  would  correspond  to  n  =  l,  but,  as 
already  indicated,  it  would  be  necessary,  in  this  mode,  to  imagine 
a  constraint  applied  to  the  globe  to  keep  it  at  rest.  This  being 
premised,  it  appears  from  (15)  that  if  p>/?0the  value  of  oy2  is 
negative.  The  circular  function  of  t  is  then  replaced  by  real 
exponentials  ;  this  shews  that  the  configuration  in  which  the 
surface  of  the  sea  is  a  sphere  concentric  with  the  globe  is  one 
of  unstable  equilibrium.  Since  the  introduction  of  a  constraint 
tends  in  the  direction  of  stability,  we  infer  that  when  p>  p0  the 
equilibrium  is  a  fortiori  unstable  when  the  globe  is  free.  In 
the  extreme  case  when  the  globe  itself  is  supposed  to  have  no 
gravitative  power  at  all,  it  is  obvious  that  the  water,  if  disturbed, 
would  tend  ultimately,  under  the  influence  of  dissipative  forces,  to 
collect  itself  into  a  spherical  mass,  the  nucleus  being  expelled. 

It  is  obvious  from  Art.  165,  or  it  may  easily  be  verified  inde- 
pendently, that  the  forced  vibrations  due  to  a  given  periodic 
disturbing  force,  when  the  gravitation  of  the  water  is  taken  into 
account,  will  be  given  by  the  formula  (10),  provided  fln  now 
denote  the  potential  of  the  extraneous  forces  only,  and  crn  have 
the  value  given  by  (15). 

*  This  result  was  given  by  Laplace,  Mecanique  Celeste,  Livre  ler,  Art.  1  (1799). 
The  free  and  the  forced  oscillations  of  the  type  n  =  2  had  been  previously  investi- 
gated in  his  "  Becherches  sur  quelques  points  du  systeme  du  monde,"  Mem.  de 
I'Acad.  ray.  des  Sciences,  1775  [1778];  Oeuvres  Completes,  t.  ix.,  pp.  109,.... 
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193.  The  oscillations  of  a  sea  bounded  by  meridians,  or 
parallels  of  latitude,  or  both,  can  also  be  treated  by  the  same 
method*.  The  spherical  harmonics  involved  are  however,  as  a 
rule,  no  longer  of  integral  order,  and  it  is  accordingly  difficult  to 
deduce  numerical  results. 

In  the  case  of  a  zonal  sea  bounded  by  two  parallels  of  latitude,  we  assume 


smj 

where  /u  =  cos#,  and  p(p),  q(fj.)  are  the  two  functions  of  /*,  containing 
(1— /i2)-8  as  a  factor,  which  are  given  by  the  formula  (2)  of  Art.  87.  It  will 
be  noticed  that  p  (/n)  is  an  even,  and  q  (/i)  an  odd  function  of  /i. 

If  we  distinguish  the  limiting  parallels  by  suffixes,  the  boundary  conditions 
are  that  ^=0  for  p.  —  ^  and  /i  =  /i2.  For  the  free  oscillations  this  gives,  by 
Art.  190  (6), 

)  ("), 

3 (iii), 

whence 


P'  G*i)> 


which  is  the  equation  to  determine  the  admissible  values  of  n.     The  speeds 
(<r)  corresponding  to  the  various  roots  are  given  as  before  by  Art.  191  (5). 

If  the  two  boundaries  are  equidistant  from  the  equator,  we  have  /*2=  —  p^ 
The  above  solutions  then  break  up  into  two  groups  ;  viz.  for  one  of  these  we 
have 

£=o,      p'M=o  ................................  (v), 

and  for  the  other 

0  ..............................  (vi). 


In  the  former  case  f  has  the  same  value  at  two  points  symmetrically 
situated  on  opposite  sides  of  the  equation  ;  in  the  latter  the  values  at  these 
points  are  numerically  equal,  but  opposite  in  sign. 

If  we  imagine  one  of  the  boundaries  to  be  contracted  to  a  point  (say 
/*2=  1),  we  pass  to  the  case  of  a  circular  basin.  The  values  of  p'  (1)  and  c[  (1) 
are  infinite,  but  their  ratio  can  be  evaluated  by  means  of  formulae  given  in 
Art.  85.  This  gives,  by  (iii),  the  ratio  A  :  J3,  and  substituting  in  (ii)  we  get 
the  equation  to  determine  n.  A  more  interesting  method  of  treating  this 
case  consists,  however,  in  obtaining,  directly  from  the  differential  equation  of 
surface-harmonics,  a  solution  which  shall  be  finite  at  the  pole  p  =  I.  This 
involves  a  change  of  variable,  as  to  which  there  is  some  latitude  of  choice. 
Perhaps  the  simplest  plan  is  to  write,  for  a  moment, 

2=1(1-^  =  8^21^  ..............................  (vii). 

*  Cf.  Lord  Bayleigh,  1.  c.  ante  p.  314, 
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Assuming  Sn=  (I  -  prf8  wCOS\  s<*  .........................  (viii), 

sin  j 

the  differential  equation  in  w,  which  is  given  in  Art.  87,  becomes,  in  terms  of 
the  new  variable, 


=0  ......  (ix). 

The  solution  of  this  which  is  finite  for  2  =  0  is  given  by  the  ascending  series 

(      (n-s)(n+s+I)       (n-8-l)(n 
4  V"        17(«+1)~  1. 


=  AF(s-n,  s  +  n+I,  s  +  1,  z]  ...................................................  (x). 

Hence  the  expression  adapted  to  our  case  is 


s.n  g<B 

1.2.  (*  +  !)(*+  2)  JsmJ 

where  the  admissible  values  of  n  are  to  be  determined  from  the  condition 
that  d£/dd=0  for  6  =  6V 

The  actual  calculation  of  the  roots  of  the  equation  in  n,  for  any  arbitrary 
value  of  0lt  would  be  difficult.  The  main  interest  of  the  investigation  consists, 
in  fact,  in  the  transition  to  the  plane  problem  of  Art.  187,  and  in  the  connection 
which  we  can  thus  trace  between  Bessel's  Functions  and  Spherical  Harmonics. 
If  we  put  a  =  00  ,  ad  =  r,  we  get  the  case  of  a  plane  sheet  of  water,  referred  to 
polar  coordinates  r,  «.  Making,  in  addition,  n6  =  kr,  so  that  n  is  now  infinite, 
the  formula  (xi)  gives 


C 


lcos| 
"*J  sin  J 


2(25  +  2)      2.4(2s  +  2)(2s  +  4) 
or  fxJg(MC^8\sa) (xii), 


in  the  notation  of  Art.  187  (4).  We  thus  obtain  Bessel's  Functions  as  limiting 
forms  of  Spherical  Harmonics  of  infinite  order  t. 

*  When  n  (as  well  as  s)  is  integral,  the  series  terminates,  and  the  expression 
differs  only  by  a  numerical  factor  from  the  tesseral  harmonic  denoted  by 

TU  (M)    .    c  su,  in  Art.  87.    In  the  case  s=0  we  obtain  one  of  the  expansions  of  the 
sin  1 

zonal  harmonic  given  by  Murphy,  Elementary  Principles  of  the  Theories  of  Electri- 
city..., Cambridge,  1833,  p.  7.  (The  investigation  is  reproduced  by  Thomson  and 
Tait,  Art.  782.) 

t  This  connection  appears  to  have  been  first  explicitly  noticed  by  Mehler, 
"Ueber  die  Vertheihmg  der  statischen  Elektricitat  in  einem  von  zwei  Kugelkalotten 
begrenzten  Korper,"  Crelle,  t.  Ixviii.  (1868).  It  was  investigated  independently  by 
Lord  Eayleigh,  "  On  the  Relation  between  the  Functions  of  Laplace  and  Bessel," 
Proc.  Lond.  Math.  Soc.,  t.  ix.,  p.  61  (1878) ;  see  also  the  same  author's  Theory  of 
Sound,  Arts.  336,  338. 

L  21 
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If  the  sheet  of  water  considered  have  as  boundaries  two 
meridians  (with  or  without  parallels  of  latitude),  say  &>  =  0  and 
o>  =  a,  the  condition  that  v  —  0  at  these  restricts  us  to  the  factor 
cos  50),  and  gives  so.  =  rmr,  where  m  is  integral.  This  determines 
the  admissible  values  of  s,  which  are  not  in  general  integral*. 

Tidal  Oscillations  of  a  Rotating  Sheet  of  Water. 

194.  The  theory  of  the  tides  on  an  open  sheet  of  water  is 
seriously  complicated   by  the   fact   of  the   earth's   rotation.     If, 
indeed,  we  could  assume  that  the  periods  of  the  free  oscillations, 
and  of  the  disturbing  forces,  were  small  compared  with  a  day,  the 
preceding  investigations  would   apply  as  a  first  approximation, 
but  these  conditions  are  far  from  being  fulfilled  in  the  actual 
circumstances  of  the  Earth. 

The  difficulties  which  arise  when  we  attempt  to  take  the 
rotation  into  account  have  their  origin  in  this,  that  a  particle 
having  a  motion  in  latitude  tends  to  keep  its  angular  momentum 
about  the  earth's  axis  unchanged,  and  so  to  alter  its  motion  in 
longitude.  This  point  is  of  course  familiar  in  connection  with 
Hadley's  theory  of  the  trade- winds •(•.  Its  bearing  on  tidal  theory 
seems  to  have  been  first  recognised  by  MaclaurinJ. 

195.  Owing  to  the  enormous  inertia  of  the  solid  body  of  the 
earth  compared  with  that  of  the  ocean,  the  effect  of  tidal  reactions 
in  producing  periodic  changes  of  the  angular  velocity  is  quite 
insensible.     This  angular  velocity  will  therefore  for  the  present  be 
treated  as  constant  §. 

The  theory  of  the  small  oscillations  of  a  dynamical  system 
about  a  state  of  equilibrium  relative  to  a  solid  body  which  rotates 
with  constant  angular  velocity  about  a  fixed  axis  differs  in  some 
important  particulars  from  the  theory  of  small  oscillations  about 
a  state  of  absolute  equilibrium,  of  which  some  account  was  given 

*  The  reader  who  wishes  to  carry  the  study  of  the  problem  further  in  this 
direction  is  referred  to  Thomson  and  Tait,  Natural  Philosophy  (2nd  ed.),  Appendix 
B,  "  Spherical  Harmonic  Analysis." 

t  "  Concerning  the  General  Cause  of  the  Trade  Winds,"  Phil.  Trans.  1735. 

J  De  Causa  Physicd  Fluxus  et  Refluxus  Marts,  Prop.  vii. :  "  Motus  aquse  turbatur 
ex  inaequali  velocitate  qu&  corpora  circa  axem  Terrse  motu  diurno  deferuntur  "  (1740). 

§  The  secular  effect  of  tidal  friction  in  this  respect  will  be  noticed  later  (Chap. 

XI.). 
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in  Art.  165.  It  is  therefore  worth  while  to  devote  a  little  space 
to  it  before  entering  on  the  consideration  of  special  problems. 

Let  us  take  a  set  of  rectangular  axes  x,  y,  z,  fixed  relatively  to 
the  solid,  of  which  the  axis  of  z  coincides  with  the  axis  of  rotation, 
and  let  n  be  the  angular  velocity  of  the  rotation.  The  equations 
of  motion  of  a  particle  ra  relative  to  these  moving  axes  are  known 
to  be 

m(x  —  2ny  —  rtfac)  =  X,  } 

m(y  +  ^-n*y)=Y,\  ..................  (1), 

mz  =  Z  } 

where  X,  F,  Z  are  the  impressed  forces  on  the  particle.  Let  us 
now  suppose  that  the  relative  coordinates  (x,  y,  z)  of  any  particle 
can  be  expressed  in  terms  of  a  certain  number  of  independent  quan- 
tities qlt  q2,  ....  If  we  multiply  the  above  equations  by  dx/dqs, 
dyjdqs,  dz/dqs,  and  add,  and  denote  by  S  a  summation  embracing 
all  the  particles  of  the  system,  we  obtain 


/..dec     ..dy     ..dz\     0   ^     /.  dy      .  dx\ 
(x^r-  +  y-fL  +  z  j-    +2n2mla?-j£-y;v- 
V    dqs     ydqt        dqsJ  \    dqs     y  dqsj 


+  +        -... 

dqs         dqs         dqj 

There  is  a  similar  equation  for  each  of  the  generalized  coordinates 
fc. 

Now,  exactly  as  in  Hamilton's  proof*  of  Lagrange's  equations, 
the  first  term  in  (2)  may  be  replaced  by 


d 

dt  dqs      dqs  ' 

where  ®  =  ^Sm  («e  +  ^2  +  ^2)  ..................  (3), 

i.e.  ®  denotes  the  energy  of  the  relative  motion,  supposed  expressed 
in  terms  of  the  generalized  coordinates  qs,  and  the  generalized 
velocities  qs.  Again,  we  may  write 


/    &,    F^  +Zd1\_dv      ......... 

V     dqs         dqs        dqj          dqs 
where  Fis  the  potential  energy,  and  Qs  is  the  generalized  com- 

.*  See  ante  p.  201  (footnote). 
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ponent  of  extraneous  force  corresponding  to  the  coordinate  qt. 

Also,  since 

dx  .      dx  . 


»->£*+£*+••- 

we  have 

.  dy      .dx\     _.,     (d(x,  y)   .    ,   d(x,  y)   . 


We  will  write,  for  shortness, 

Finally,  we  put 

Z^in'SroO^  +  y8)  .....................  (6), 

viz.  T0  denotes  the  energy  of  the  system  when  rotating  with  the 
solid,  without  relative  motion,  in  the  configuration  (qlf  q.2,  ...). 

With  these  notations,  the  typical  equation  (2)  takes  the  form 


and  it  is  to  be  particularly  noticed  that  the  coefficients  [r,  s]  are 
subject  to  the  relations 

[r,«]=.-[«,r],     [«,«]  =  0  ..................  (8). 

The  conditions  for  relative  equilibrium,  in  the  absence  of  ex- 
traneous forces,  are  found  by  putting  q:  =  0,  qz  =  0,  .  .  .  in  (7),  or  more 
simply  from  (2).  In  either  way  we  obtain 


which  shews  that  the  equilibrium  value  of  the  expression  V-  TQ  is 
'  stationary.' 

196.  We  will  now  suppose  the  coordinates  qs  to  be  chosen 
so  as  to  vanish  in  the  undisturbed  state.  In  the  case  of  a  small 
disturbance,  we  may  then  write 

+  ......  (1), 

t+  ......  (2), 


*  Of.  Thomson  and  Tait,  Natural  Philosophy  (2nd  ed.),  Part  i.  p.  319.  It 
should  be  remarked  that  these  equations  are  a  particular  case  of  Art.  139  (14), 
obtained,  with  the  help  of  the  relations  (7)  of  Art.  141,  by  supposing  the  rotating 
solid  to  be  free,  but  to  have  an  infinite  moment  of  inertia. 
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where  the  coefficients  may  be  treated  as  constants.  The  terms  of 
the  first  degree  in  V  —  T9  have  been  omitted,  on  account  of  the 
'stationary'  property. 

In  order  to  simplify  the  equations  as  much  as  possible,  we  will 
further  suppose  that,  by  a  linear  transformation,  each  of  these 
expressions  is  reduced,  as  in  Art.  165,  to  a  sum  of  squares ;  viz. 

(3), 

(4). 

The  quantities  qlt  q2, ...  may  be  called  the  'principal  coordinates' 
of  the  system,  but  we  must  be  on  our  guard  against  assuming  that 
the  same  simplicity  of  properties  attaches  to  them  as  in  the  case 
of  no  rotation.  The  coefficients  a1}  a2,...  and  c1?  c2,...  may  be 
called  the  'principal  coefficients'  of  inertia  and  of  stability,  respec- 
tively. The  latter  coefficients  are  the  same  as  if  we  were  to 
ignore  the  rotation,  and  to  introduce  fictitious  '  centrifugal '  forces 
(mrtfx,  mn*yy  0)  acting  on  each  particle  in  the  direction  outwards 
from  the  axis. 

If  we  further  write,  for  convenience,  /3r8  in  place  of  [r,  s],  then, 
in  terms  of  the  new  coordinates,  the  equation  (7)  of  the  preceding 
Art.  gives,  in  the  case  of  infinitely  small  motions, 


If  we  multiply  these  equations  by  qltq3,...  in  order,  and  add, 
then  taking  account  of  the  relation 

&»  =  -&r (6), 

we  find  ^(®  +  F-r0)=ftgi+ftg3+ (?). 

This  might  have  been  obtained  without  approximation  from  the 
exact  equations  (7)  of  Art.  195.  It  may  also  be  deduced  directly 
from  first  principles. 

197.  To  investigate  the  free  motions  of  the  system,  we  put 
ft  =  0,  ft  =  0, ...  in  (5),  and  assume,  in  accordance  with  the  usual 
method  of  treating  linear  equations, 

^A^,      *  =  At#*t...t  (8). 
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Substituting,  we  find 


^\A,  +  (a2X2  +  c2)  A2          +  £23X^3  +  .  .  .  =  0, 
^S1\A,          +  j332\A2  +  (a3X2  +  c,)  A3  +  .  .  .  =  0, 

Eliminating  the  ratios  A1  :  Az  :  A3  :  ...,  we  get  the  equation 


&2X, 


X,  ... 


=  0 (10), 


or,  as  we  shall  occasionally  write  it,  for  shortness, 

A(X)  =  0  ...........................  (11). 

The  determinant  A  (X)  comes  under  the  class  called  by  Cay  ley 
'skew-determinants,'  in  virtue  of  the  relation  (6).  If  we  re- 
verse the  sign  of  X,  the  rows  and  columns  are  simply  interchanged, 
and  the  value  of  the  determinant  therefore  unaltered.  Hence, 
when  expanded,  the  equation  (10)  will  involve  only  even  powers  of 
X,  and  the  roots  will  be  in  pairs  of  the  form 


In  order  that  the  configuration  of  relative  equilibrium  should 
be  stable  it  is  essential  that  the  values  of  p  should  all  be  zero, 
for  otherwise  terms  of  the  forms  e±p*  cos  at  and  e±ptsin.at  would 
present  themselves  in  the  realized  expression  for  any  coordinate 
qs.  This  would  indicate  the  possibility  of  an  oscillation  of 
continually  increasing  amplitude. 

In  the  theory  of  absolute  equilibrium,  sketched  in  Art.  165, 
the  necessary  and  sufficient  condition  of  stability  is  simply  that 
the  potential  energy  must  be  a  minimum  in  the  configuration  of 
equilibrium.  In  the  present  case  the  conditions  are  more  com- 
plicated*, but  we  may  readily  shew  that  if  the  expression  for 
V—  TQ  be  essentially  positive,  in  other  words  if  the  coefficients 
Cj,  C2,  ...  in  (4)  be  all  positive,  the  equilibrium  will  be  stable. 
This  follows  at  once  from  the  equation  (7),  which  gives,  in  the 
case  of  free  motion, 

-T0)  =  const  .........  ..........  (12), 


*  They  have  been  investigated  by  Routh,  On  the  Stability  of  a  Given  State  of 
Motion  ;  see  also  his  Advanced  Rigid  Dynamics  (4th  ed,),  London,  1884. 
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shewing  that  under  the  present  supposition  neither  ^  nor  V—  TQ 
can  increase  beyond  a  certain  limit  depending  on  the  initial 
circumstances. 

Hence  stability  is  assured  if  F—  T0  is  a  minimum  in  the 
configuration  of  relative  equilibrium.  But  this  condition  is  not 
essential,  and  there  may  even  be  stability  with  V—  T0  a  maximum, 
as  will  be  shewn  presently  in  the  particular  case  of  two  degrees  of 
freedom.  It  is  to  be  remarked,  however,  that  if  the  system  be 
subject  to  dissipative  forces,  however  slight,  affecting  the  relative 
coordinates  qlt  qz,  ...,  the  equilibrium  will  be  permanently  or 
'secularly'  stable  only  if  F-  T0  is  a  minimum.  It  is  the 
characteristic  of  such  forces  that  the  work  done  by  them  on 
the  system  is  always  negative.  Hence,  by  (7),  the  expression 
&  +  (¥—  T0)  will,  so  long  as  there  is  any  relative  motion  of  the 
system,  continually  diminish,  in  the  algebraical  sense.  Hence  if 
the  system  be  started  from  relative  rest  in  a  configuration  such  that 
V  —  T0  is  negative,  the  above  expression,  and  therefore  d  fortiori 
the  part  V  —  T0,  will  assume  continually  increasing  negative 
values,  which  can  only  take  place  by  the  system  deviating  more 
and  more  from  its  equilibrium-configuration. 

This  important  distinction  between  '  ordinary  '  or  kinetic,  and 
'  secular  '  or  practical  stability  was  first  pointed  out  by  Thomson 
and  Tait*.  It  is  to  be  observed  that  the  above  investigation  pre- 
supposes a  constant  angular  velocity  (ri)  maintained,  if  necessary,  by 
a  proper  application  of  force  to  the  rotating  solid.  When  the  solid 
is  free,  the  condition  of  secular  stability  takes  a  somewhat  different 
form,  to  be  referred  to  later  (Chap.  XII.). 

To  examine  the  character  of  a  free  oscillation,  in  the  case 
of  stability,  we  remark  that  if  \  be  any  root  of  (10),  the  equations 
(9)  give  ' 

-^8  _  ^3_  _  fl  /-,  0\ 

- 


where  Arl,  Ar2,  Ar3,  ...  are  the  minors  of  any  row  in  the  determi- 
nant A,  and  (7  is  arbitrary.  It  is  to  be  noticed  that  these  minors 
will  as  a  rule  involve  odd  as  well  as  even  powers  of  \,  and  so 

*  Natural  Philosophy  (2nd  ed.),  Part  i.  p.  391.  See  also  Poincare,  "Sur 
I'e'quilibre  d'une  masse  fluide  animee  d'un  mouvement  de  rotation,"  Acta  Mathe- 
matica,  t.  vii.  (1885). 
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assume  unequal  values  for  the  two  oppositely  signed  roots  (±  X)  of 
any  pair.  If  we  put  X  =  ±  i(r,  the  general  symbolical  value  of  qs 
corresponding  to  any  such  pair  of  roots  may  be  written 

q.  =  OAr,  (ia)  &« 
If  we  put 


we  get  a  solution  of  our  equations  in  real  form,  involving  two 
arbitrary  constants  K,  e  ;  thus 

qi  =  Fl  (<72)  .  K  cos  (at  +  e)  -  cr/x  (a2)  .  K  sin  (<rt  +  e),  \ 
q,  =  Fz  (o-2)  .  K  cos  (at  +  e)  -  af,  (<72)  .  K  sin  (at  +  e),  I 
q3  =  Fs(a*).Kcos(at  +  e)-af3(a*).Ksin(at  +  e),  j" 

The  formulae  (14)  express  what  may  be  called  a  'natural 
mode  '  of  oscillation  of  the  system.  The  number  of  such  possible 
modes  is  of  course  equal  to  the  number  of  pairs  of  roots  of  (10), 
i.e.  to  the  number  of  degrees  of  freedom  of  the  system. 

If  f,  77,  f  denote  the  component  displacements  of  any  particle 
from  its  equilibrium  position,  we  have 


_  dx         dx 

~  j77  *?i  ~J~  ~TT  */2  ~H  •••) 


.(15). 


dz         dz 

%  =  j—  Qi  +  -J-  ^2  +  -  •  • 
d<?l  ^?2 

Substituting  from  (15),  we  obtain  a  result  of  the  form 

.(16), 


where  P,  P',  Q,  Q',  R,  R  are  determinate  functions  of  the  mean 
position  of  the  particle,  involving  also  the  value  of  a,  and  there- 
fore different  for  the  different  normal  modes,  but  independent  of 
the  arbitrary  constants  K,  e.  These  formulae  represent  an  elliptic- 

*  We  might  have  obtained  the  same  result  by  assuming,  in  (5), 

qi  =  Ai&«+t\  to  =  At#<*+<\  <Z3  =  ^i(<r*+e),  ......  . 

where  Alt  A^,  Aa,  ...  are  real,  and  rejecting,  in  the  end,  the  imaginary  parts. 
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harmonic  motion  of  period  2-Tr/cr ;  the  directions 

f/P=V<2=?/-R>  and  f/P'  =  ,/Q'=^' (17), 

being  those  of  two  semi-conjugate  diameters  of  the  elliptic  orbit, 

of  lengths  (P2  +  Q2  +  R2)h .  K,  and  (P'2  +  Q'2  +  R'rf.  K,  respectively. 
The  positions  and  forms  and  relative  dimensions  of  the  elliptic 
orbits,  as  well  as  the  relative  phases  of  the  particles  in  them, 
are  in  each  natural  mode  determinate,  the  absolute  dimensions 
and  epochs  being  alone  arbitrary. 

198.  The  symbolical  expressions  for  the  forced  oscillations 
due  to  a  periodic  disturbing  force  can  easily  be  written  down.  If 
we  assume  that  Qlf  Q2,  ...  all  vary  as  eifft,  where  a-  is  prescribed, 
the  equations  (5)  give,  omitting  the  time-factors, 


.(18). 


The  most  important  point  of  contrast  with  the  theory  of  the 
'  normal  modes '  in  the  case  of  no  rotation  is  that  the  displacement 
of  any  one  type  is  no  longer  affected  solely  by  the  disturbing  force 
of  that  type.  As  a  consequence,  the  motions  of  the  individual 
particles  are,  as  is  easily  seen  from  (15),  now  in  general  elliptic- 
harmonic. 

As  in  Art.  165,  the  displacement  becomes  very  great  when 
A  (ia)  is  very  small,  i.  e.  whenever  the  '  speed '  er  of  the  disturbing 
force  approximates  to  that  of  one  of  the  natural  modes  of  free 
oscillation. 

When  the  period  of  the  disturbing  forces  is  infinitely  long,  the 
displacements  tend  to  the  '  equilibrium-values ' 

2i  =  Qi/Ci,     &=&/<*,...,  (19), 

as  is  found  by  putting  <r=0  in  (18),  or  more  simply  from  the 
fundamental  equations  (5).  This  conclusion  must  be  modified, 
however,  when  any  one  or  more  of  the  coefficients  of  stability 
Cj,  C2,  ...  is  zero.  If,  for  example,  Cj=0,  the  first  row  and 
column  of  the  determinant  A  (X)  are  both  divisible  by  X,  so 
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that  the  determinantal  equation  (10)  has  a  pair  of  zero  roots. 
In  other  words  we  have  a  possible  free  motion  of  infinitely 
long  period.  The  coefficients  of  Q2,  Q3,  ...  on  the  right-hand  side 
of  (18)  then  become  indeterminate  for  er  =  0,  and  the  evaluated 
results  do  not  as  a  rule  coincide  with  (19).  This  point  is  of  some 
importance,  because  in  the  hydrodynamical  applications,  as  we 
shall  see,  steady  circulatory  motions  of  the  fluid,  with  a  constant 
deformation  of  the  free  surface,  are  possible  when  no  extraneous 
forces  act;  and  as  a  consequence  forced  tidal  oscillations  of  long 
period  do  not  necessarily  approximate  to  the  values  given  by  the 
equilibrium  theory  of  the  tides.  Of.  Arts.  207,  210. 

In  order  to  elucidate  the  foregoing  statements  we  may  consider  more  in 
detail  the  case  of  two  degrees  of  freedom.  The  equations  of  motion  are  then 
of  the  forms 


The  equation  determining  the  periods  of  the  free  oscillations  is 

(a1\2  +  c1)(a^  +  c2)  +  ^\^  =  0  ........................  (ii), 

or  a1a2\*  +  (a1c2  +  a2cl+p2)\2  +  0^  =  0  .....................  (iii). 

For  '  ordinary  '  stability  it  is  sufficient  that  the  roots  of  this  quadratic  in  X2 
should  be  real  and  negative.  Since  alt  az  are  essentially  positive,  it  is  easily 
seen  that  this  condition  is  in  any  case  fulfilled  if  clt  c2  are  both  positive,  and 
that  it  will  also  be  satisfied  even  when  c15  c2  are  both  negative,  provided  /32  be 
sufficiently  great.  It  will  be  shewn  later,  however,  that  in  the  latter  case  the 
equilibrium  is  rendered  unstable  by  the  introduction  of  dissipative  forces. 

To  find  the  forced  oscillations  when  Qly  Q2  vary  as  et<r<,  we  have,  omitting 

the  time-factor, 

(G!  -  <rS)  ft 


'} 


whence 

'""  ~^+<r~-^~u*  (V) 

?2  = 


-  o-2/32 

Let  us  now  suppose  that  c2=0,  or,  in  other  words,  that  the  displacement 
q2  does  not  affect  the  value  of  V—  T0.  We  will  also  suppose  that  Q2  =  0,  i.e. 
that  the  extraneous  forces  do  no  work  during  a  displacement  of  the  type  q2. 
The  above  formulae  then  give 
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In  the  case  of  a  disturbance  of  long  period  we  have  o-  =  0,  approximately,  and 
therefore 

1 


The  displacement  ^t  is  therefore  Zm  than  its  equilibrium-value,  in  the 
ratio  1  :  l+^2/a.2c1;  and  it  is  accompanied  by  a  motion  of  the  type  q2 
although  there  is  no  extraneous  force  of  the  latter  type  (cf.  Art.  210). 
We  pass,  of  course,  to  the  case  of  absolute  equilibrium,  considered  in 
Art.  165,  by  putting  /3  =  0. 

199.  Proceeding  to  the  hydrodynamical  examples,  we  begin 
with  the  case  of  a  plane  horizontal  sheet  of  water  having  in  the 
undisturbed  state  a  motion  of  uniform  rotation  about  a  vertical 
axis*.  The  results  will  apply  without  serious  qualification  to 
the  case  of  a  polar  or  other  basin,  of  not  too  great  dimensions,  on 
a  rotating  globe. 

Let  the  axis  of  rotation  be  taken  as  axis  of  z.  The  axes  of  x 
and  y  being  now  supposed  to  rotate  in  their  own  plane  with  the 
prescribed  angular  velocity  n,  let  us  denote  by  u,  v,  w  the 
velocities  at  time  t,  relative  to  these  axes,  of  the  particle  which 
then  occupies  the  position  (x,  y,  z). 

The  actual  velocities  of  the  same  particle,  parallel  to  the  in- 
stantaneous positions  of  the  axes,  will  be  u  —  ny,  v  +  nx,  w. 

After  a  time  Bt,  the  particle  in  question  will  occupy,  relatively 
to  the  axes,  the  position  (x  +  uSt,  y  4-  v8t,  z  +  w$t),  and  therefore 
the  values  of  its  actual  component  velocities  parallel  to  the  new 
positions  of  the  axes  will  be 

Du 

u+j-§t-n(y  +  v&t), 
JJt 

v  +-  ~  St  +  n  (x  +  uSt), 


*  Sir  W.  Thomson,  "On  Gravitational  Oscillations  of  Rotating  Water,"  Phil* 
Mag.,  Aug.  1880. 
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where 

D      d  i      d   ,      d          d 

fr.=  -ji  +  U  -y-  +  V-J-  +  W-J-  ...............  (1), 

Dt     dt        dx       dy        dz 

as  usual.  These  are  in  directions  making  with  the  original  axis 
of  x  angles  whose  cosines  are  1,  —  nSt,  0,  respectively,  so  that  the 
velocity  parallel  to  this  axis  at  time  t  +  &t  is 

u  +  -r-  St  —  n      +  vSt  —  v  +  nx 


Hence,  and  by  similar  reasoning,  we  obtain,  for  the  component 
accelerations  in  space,  the  expressions 


.........  (2)*. 

In  the  present   application,  the  relative  motion  is   assumed 
to  be  infinitely  small,  so  that  we  may  replace  D/Dt  by  d/dt. 

200.     Now  let  ZQ  be  the  ordinate  of  the  free  surface  when 
there  is  relative  equilibrium  under  gravity  alone,  so  that 


(3), 
y 

as  in  Art.  27.  For  simplicity  we  will  suppose  that  the  slope  of 
this  surface  is  everywhere  very  small,  in  other  words,  if  r  be  the 
greatest  distance  of  any  part  of  the  sheet  from  the  axis  of  rotation, 
n?r/g  is  assumed  to  be  small. 

If  ZQ  +  £  denote  the  ordinate  of  the  free  surface  when  disturbed, 
then  on  the  usual  assumption  that  the  vertical  acceleration  of  the 
water  is  small  compared  with  g,  the  pressure  at  any  point  (x,  y,  z) 
will  be  given  by 


,  1  dp  d%        1  dp  d£ 

whence        —  -£-  =  —  n  &  —  7  -r- , /-  =  —  ri*y  —  g  -^  . 

/o a«  9  das       pay  dy 

The  equations  of  horizontal  motion  are  therefore 

cfa^  cZ£     cZO 

-37  —  %nv  =  —  q^~  — 5— , 
dt  *  dx      dx 

dv  -"•     ^^    ^  (5)> 


-,- 
dt  y  dy      dy 

where  U  denotes  the  potential  of  the  disturbing  forces. 

*  These  are  obviously  equivalent  to  the  expressions  for  the  component  accelera- 
tions which  appear  on  the  left-hand  sides  of  Art.  195  (1). 
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If  we  write  ?  =  -*% (6), 

these  become 


—J  I 

The  equation  of  continuity  has  the  same  form  as  in  Art.  189 
viz. 

dt=     ~dx dy~  (8)> 

where  h  denotes  the  depth,  from  the  free  surface  to  the  bottom,  in 
the  undisturbed  condition.  This  depth  will  not,  of  course,  be 
uniform  unless  the  bottom  follows  the  curvature  of  the  free 
surface  as  given  by  (3). 

If  we  eliminate  £— £  from  the  equations  (7),  by  cross-differentiation, 
we  find 

d  fdv      ( 
dt  \dx     ( 

or,  writing  u=dg/dt,     v  =  dr)/dt, 

and  integrating  with  respect  to  t, 

dv     du      .    (d£     d 


dx     dy  '  ""\daf  '  dy) " (ii)> 

This  is  merely  the  expression  of  von  Helmholtz'  theorem  that  the  product  of 
the  angular  velocity 

fdv      du" 

and  the  cross-section 


of  a  vortex-filament,  is  constant. 

In  the  case  of  a  simple-harmonic  disturbance,  the  time-factor 
being  ei<rt,  the  equations  (7)  and  (8)  become 


and  i<r?=--..  ..(10). 

dx  dy 
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From  (9)  we  find 


and  if  we  substitute  from  these  in  (10),  we  obtain  an  equation  in 
nly. 

In  the  case  of  uniform  depth  the  result  takes  the  form 


where  Vj2  =  d2/da?  +  d2/dy2,  as  before. 

When  £=0,  the  equations  (7)  and  (8)  can  be  satisfied  by  constant  values  of 
u->  vi  £  provided  certain  conditions  are  satisfied.     We  must  have 

2-*t  (iii) 

2ndx~ 

and  therefore  =Q  .................................  (iv). 

**  v^>  y  ) 

The  latter  condition  shews  that  the  contour-lines  of  the  free  surface  must  be 
everywhere  parallel  to  the  contour-lines  of  the  bottom,  but  that  the  value  of 
£  is  otherwise  arbitrary.  The  flow  of  the  fluid  is  everywhere  parallel  to  the 
contour-lines,  and  it  is  therefore  further  necessary  for  the  possibility  of  such 
steady  motions  that  the  depth  should  be  uniform  along  the  boundary  (sup- 
posed to  be  a  vertical  wall).  When  the  depth  is  everywhere  the  same,  the 
condition  (iv)  is  satisfied  identically,  and  the  only  limitation  on  the  value  of 
£  is  that  it  should  be  constant  along  the  boundary. 

201.     A  simple  application  of  these  equations  is  to  the  case  of 
free  waves  in  an  infinitely  long  uniform  straight  canal  *. 


If  we  assume  f=oe*  (<*-*)  +™y,  v  =  0  .....................  (1), 

the  axis  of  x  being  parallel  to  the  length  of  the  canal,  the  equa- 
tions (7)  of  the  preceding  Art.,  with  the  terms  in  f  omitted,  give 

cu  =  g£   2nu  =  -gm£....  .................  (2), 

whilst,  from  the  equation  of  continuity  (Art.  200  (8)), 

c{=hu  ..............................  (3). 

*  Sir  W.  Thomson,  I.e.  ante  p.  331. 


200-202]  STRAIGHT   CANAL.  335 

We  thence  derive 

c2  =  gh,    m  —  —  2n/c  .....................  (4). 

The  former  of  these  results  shews  that  the  wave-velocity  is 
unaffected  by  the  rotation. 

When  expressed  in  real  form,  the  value  of  f  is 

£=ae-™ylccos{k(ct-a})+e}  ...............  (5). 

The  exponential  factor  indicates  that  the  wave-height  increases  as 
we  pass  from  one  side  of  the  canal  to  the  other,  being  least  on  the 
side  which  is  forward,  in  respect  of  the  rotation.  If  we  take 
account  of  the  directions  of  motion  of  a  water-particle,  at  a  crest 
and  at  a  trough,  respectively,  this  result  is  easily  seen  to  be  in 
accordance  with  the  tendency  pointed  out  in  Art.  194*. 

The  problem  of  determining  the  free  oscillations  in  a  rotating 
canal  of  finite  length,  or  in  a  rotating  rectangular  sheet  of  water, 
has  not  yet  been  solved. 

202.  We  take  next  the  case  of  a  circular  sheet  of  water 
rotating  about  its  centre  f. 

If  we  introduce  polar  coordinates  r,  6,  and  employ  the  symbols 
R,  ©  to  denote  displacements  along  and  perpendicular  to  the 
radius  vector,  then  since  R  =  icrR,  ©  =  ^cr@,  the  equations  (9)  of 
Art.  200  are  equivalent  to 


whilst  the  equation  of  continuity  (10)  becomes 

d(hRr) 


'I  lUj'l  TUsU 

Hence 


and  substituting  in  (2)  we  get  the  differential  equation  in  f. 

*  For  applications  to  tidal  phenomena  see  Sir  W.  Thomson,  Nature,  t.  xix. 
pp.  154,  571  (1879). 

t  The  investigation  which  follows  is  a  development  of  some  indications  given 
by  Lord  Kelvin  in  the  paper  referred  to. 
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In  the  case  of  uniform  depth,  we  find 

V^f  ........................  (4), 


where  Vi2  =  ^2  +  ~  4~  +  ~2 

dr*     r  dr     r2 


and  K  =  (<7*-4,n*)lgh  .......................  (6). 

This  might  have  been  written  down  at  once  from  Art.  200  (12). 

The   condition   to   be   satisfied   at   the   boundary  (r  =  a,  say) 
is  R  =  Q,  or 


203.  In  the  case  of  the  free  oscillations  we  have  f  =  0.  The  way 
in  which  the  imaginary  %  enters  into  the  above  equations,  taken 
in  conjunction  with  Fourier's  theorem,  suggests  that  6  occurs 
in  the  form  of  a  factor  eisB,  where  s  is  integral.  On  this  supposi- 
tion, the  differential  equation  (4)  becomes 


=  0    (8), 

TJ    ' 

and  the  boundary-condition  (7)  gives 


for  r  =  a. 

The  equation  (8)  is  of  Bessel's  form,  except  that  K  is  not,  in 
the  present  problem,  necessarily  positive.  The  solution  which  is 
finite  for  r  =  0  may  be  written 


r)  ...........................  (10), 

where 


~ 


According  as  K  is  positive  or  negative,  this  differs  only  by  a 
numerical  factor  from  JS(K^T)  or  7,  (#'*?•),  where  K  is  written 
for  —  /c,  and  I8  (z)  denotes  the  function  obtained  by  making  all 
the  signs  +  on  the  right-hand  side  of  Art.  187  (4)*. 

*  The  functions  I,  (z)  have  been  tabulated  by  Prof.  A.  Lodge,  Brit.  Ass.  Rep. 
1889. 
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In  the  case  of  symmetry  about  the  axis  ($  =  0),  we  have,  in 
real  form, 

oa(<rt  +  e)  ..................  (12), 


where  K  is  determined  by 

JV(«*a)=0  ...........................  (13). 

The  corresponding  values  of  <r  are  then  given  by  (6).  The 
free  surface  has,  in  the  various  modes,  the  same  forms  as  in 
Art.  187,  but  the  frequencies  are  now  greater,  viz.  we  have 


(14), 


where  <TO  is  the  corresponding  value  of  a-  when  there  is  no 
rotation.  It  is  easily  seen,  however,  on  reference  to  (3),  that  the 
relative  motions  of  the  fluid  particles  are  no  longer  purely  radial  ; 
the  particles  describe,  in  fact,  ellipses  whose  major  axes  are  in  the 
direction  of  the  radius  vector. 

When  s  >  0  we  have 

f=4/i(*,r).cos(<rf  +  *0+e)  ...............  (15), 

where  the  admissible  values  of  K,  and  thence  of  <r,  are  determined 
by  (9),  which  gives 

«35/.(*,a)  +  ^/.(*,a)=0  ............  (16). 

The  formula  (15)  represents  a  wave  rotating  relatively  to  the 
water  with  an  angular  velocity  <r/s,  the  rotation  of  the  wave  being 
in  the  same  direction  with  that  of  the  water,  or  the  opposite, 
according  as  <r/n  is  negative  or  positive. 

Some  indications  as  to  the  values  of  o-  may  be  gathered  from  a  graphical 
construction.     If  we  put  Ka2=x,  we  have,  from  (6), 

er/2»=±(l+a/0)*  ..............................  (i), 

where  j3=4n2a%A  ....................................  (ii). 

It  is  easily  seen  that  the  quotient  of 

sf8(K,a)  by  a^f8(K)  a) 

is  a  function  of  «a2,  or  #,  only.  Denoting  this  function  by  $  (a?),  the  equation 
(16)  may  be  written 


The  curve  y=-^(x)  ....................................  (iv) 

L.  22 
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can  be  readily  traced  by  means  of  the  tables  of  the  functions  J8  (z\  I8  (z\  and 
its  intersections  with  the  parabola 


will  give,  by  their  ordinates,  the  values  of  o-/2?i.  The  constant  /3,  on  which 
the  positions  of  the  roots  depend,  is  equal  to  the  square  of  the  ratio 
2na/(gh)%  which  the  period  of  a  wave  travelling  round  a  circular  canal  of 
depth  h  and  perimeter  2?ra  bears  to  the  half-period  (ir/'n)  of  the  rotation  of 
the  water. 

The  accompanying  figures  indicate  the  relative  magnitudes  of  the  lower 
roots,  in  the  cases  s  =  l  and  s  =  2,  when  ft  has  the  values  2,  6,  40,  respectively*. 


y 


With  the  help  of  these  figures  we  can  trace,  in  a  general  way,  the  changes 
in  the  character  of  the  free  modes  as  /3  increases  from  zero.  The  results  may 
be  interpreted  as  due  either  to  a  continuous  increase  of  w,  or  to  a  continuous 
diminution  of  h.  We  will  use  the  terms  *  positive '  and  '  negative '  to  distin- 
guish waves  which  travel,  relatively  to  the  water,  in  the  same  direction  as  the 
rotation  and  the  opposite. 

When  ft  is  infinitely  small,  the  values  of  x  are  given  by  Js'  (#*)  =  0;  these 
correspond  to  the  vertical  asymptotes  of  the  curve  (iv).  The  values  of  a- 
then  occur  in  pairs  of  equal  and  oppositely-signed  quantities,  indicating  that 
there  is  now  no  difference  between  the  velocity  of  positive  and  negative  waves. 
The  case  is,  in  fact,  that  of  Art.  187  (13). 

*  For  clearness  the  scale  of  y  has  been  taken  to  be  10  times  that  of  x. 
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As  £  increases,  the  two  values  of  a  forming  a  pair  become  unequal  in 
magnitude,  and  the  corresponding  values  of  x  separate,  that  being  the  greater 
for  which  a/2?i  is  positive.  When  (3=s  (s+1)  the  curve  (iv)  and  the  parabola 
(v)  touch  at  the  point  (0,  —  1),  the  corresponding  value  of  a-  being  -2n.  As 
/3  increases  beyond  this  critical  value,  one  value  of  x  becomes  negative,  and 
the  corresponding  (negative)  value  of  o-/2n  becomes  smaller  and  smaller. 

Hence,  as  /3  increases  from  zero,  the  relative  angular  velocity  becomes 
greater  for  a  negative  than  for  a  positive  wave  of  (approximately)  the  same 
type ;  moreover  the  value  of  o-  for  a  negative  wave  is  always  greater  than  2n. 


(5  =  2 


•{3=40 


9-3 


26-4 


45-0 


70-9 


As  the  rotation  increases,  the  two  kinds  of  wave  become  more  and  more 
distinct  in  character  as  well  as  in  '  speed.'  With  a  sufficiently  great  value  of 
/3  we  may  have  one,  but  never  more  than  one,  positive  wave  for  which 
o-  is  numerically  less  than  2n.  Finally,  when  /3  is  very  great,  the  value  of  cr 
corresponding  to  this  wave  becomes  very  small  compared  with  n,  whilst  the 
remaining  values  tend  all  to  become  more  and  more  nearly  equal  to  ±2n. 

If  we  use  a  zero  suffix  to  distinguish  the  case  of  n=Q,  we  find 


<V 


(vi), 

22—2 
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where  #0  refers  to  the  proper  asymptote  of  the  curve  (iv).  This  gives  the 
1  speed '  of  any  free  mode  in  terms  of  that  of  the  corresponding  mode  when 
there  is  no  rotation. 

204.     As  a  sufficient  example  of  forced  oscillations  we   may 
assume 

where  the  value  of  <r  is  now  prescribed. 

This  makes  V2f  =0,  and  the  equation  (4)  then  gives 

?  =  4/«  \K>  r)  e%  a        e •(*")» 

where  A  is  to  be  determined  by  the  boundary-condition  (7), 
whence 

•fi+¥) 

.C    (19). 


d    ,.  ,       ,   ,  2sn  ,.  , 
a  faf  •(*>*)  +  —  /•(*>  a 

This  becomes  very  great  when  the  frequency  of  the  disturbance 
is  nearly  coincident  with  that  of  a  free  mode  of  corresponding 
type. 

From  the  point  of  view  of  tidal  theory  the  most  interesting  cases  are 
those  of  5  =  1  with  o-=n,  and  s  =  2  with  <r  =  2?i,  respectively.  These  would 
represent  the  diurnal  and  semidiurnal  tides  due  to  a  distant  disturbing  body 
whose  proper  motion  may  be  neglected  in  comparison  with  the  rotation  n. 

In  the  case  of  *=1  we  have  a  uniform  horizontal  disturbing  force. 
Putting,  in  addition,  a  =  n,  we  find  without  difficulty  that  the  amplitude  of 
the  tide-elevation  at  the  edge  (r  =  a)  of  the  basin  has  to  its  'equilibrium-value' 
the  ratio 

,:N 

"' 


where  z=$J(3p).    With  the  help  of  Lodge's  tables  we  find  that  this  ratio  has 
the  values 

1-000,  -638,         -396, 

forj3=  0,  12,  48,  respectively. 

When  <r  =  2n,  we  have  *=0,  /,(*,  r)  =  r*,  and  thence,  by  (17),  (18),  (19), 

f=C  .......................................  (ii), 

i.e.  the  tidal  elevation  has  exactly  the  equilibrium  -value. 

This  remarkable  result  can  be  obtained  in  a  more  general  manner;  it 
holds  whenever  the  disturbing  force  is  of  the  type 

f=X(r)e*<**+*+'>  ..............................  (iii), 

provided  the  depth  h  be  a  function  of  r  only.     If  we  revert  to  the  equations 
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(1),  we  notice  that  when  o-  =  2^  they  are  satisfied  by  £  =  f,  Q=iE.  To  deter- 
mine R  as  a  function  of  r,  we  substitute  in  the  equation  of  continuity  (2), 
which  gives 

d(hR)     8-1,-  ,  ,  ,.  , 

~^r  -~hR=-x(r)  ...........................  (iv). 

The  arbitrary  constant  which  appears  on  integration  of  this  equation  is  to  be 
determined  by  the  boundary-  condition. 

In  the  present  case  we  have  x(r)  =  O8/a*.    Integrating,  and  making  R=0 
for  r  =  a,  we  find, 

^  =  ^V-rV(2^+s'+e)  ........................  (v). 

The  relation  0  =  iR  shews  that  the  amplitudes  of  R  and  0  are  equal,  while 
their  phases  differ  always  by  90°  ;  the  relative  orbits  of  the  fluid  particles  are 
in  fact  circles  of  radii 


described  each  about  its  centre  with  angular  velocity  2n  in  the  negative 
direction.  We  may  easily  deduce  that  the  path  of  any  particle  in  space  is  an 
ellipse  of  semi-axes  r±T  described  about  the  origin  with  harmonic  motion  in 
the  positive  direction,  the  period  being  %7r/n.  This  accounts  for  the  peculiar 
features  of  the  case.  For  if  £  have  always  the  equilibrium-value,  the  hori- 
zontal forces  due  to  the  elevation  exactly  balance  the  disturbing  force,  and 
there  remain  only  the  forces  due  to  the  undisturbed  form  of  the  free  surface 
(Art.  200  (3)).  These  give  an  acceleration  gdz^dr,  or  n?r,  to  the  centre, 
where  r  is  the  radius-vector  of  the  particle  in  its  actual  position.  Hence  all 
the  conditions  of  the  problem  are  satisfied  by  elliptic-harmonic  motion  of 
the  individual  particles,  provided  the  positions,  the  dimensions,  and  the 
'  epochs  '  of  the  orbits  can  be  adjusted  so  as  to  satisfy  the  condition  of  con- 
tinuity, with  the  assumed  value  of  £  The  investigation  just  given  resolves 
this  point. 

205.  We  may  also  briefly  notice  the  case  of  a  circular  basin 
of  variable  depth,  the  law  of  depth  being  the  same  as  in  Art.  189, 
viz. 


Assuming  that  R,  0,  £  all  vary  as  e  ^    +s  +    ,  and  that  h  is  a  function  of 
r  only,  we  find,  from  Art.  202  (2),  (3), 


Introducing  the  value  of  h  from(l),  we  have,  for  the  free  oscillations 
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This  is  identical  with  Art.  189  (ii),  except  that  we  now  have 

<r2  -  4w2     4ns 
ghQ         o-a? 

in  place  of  o-2/^.     The  solution  can  therefore  be  written  down  from  the 
results  of  that  Art.,  viz.  if  we  put 


a 


wehave  t=A,  ('-)  F   «,  0,  y,~2  )e"™    ™    (iv), 


where  a  =  J£+Js,     0=l+£s-£&,    y=s  +  l  ; 

and  the  condition  of  convergence  at  the  boundary  r  =  a  requires  that 

£=*  +  2;  .......................................  (v), 

where.;'  is  some  positive  integer.     The  values  of  a-  are  then  given  by  (iii). 

The  forms  of  the  free  surface  are  therefore  the  same  as  in  the  case  of  no 
rotation,  but  the  motion  of  the  water-particles  is  different.  The  relative  orbits 
are  in  fact  now  ellipses  having  their  principal  axes  along  and  perpendicular  to 
the  radius  vector  ;  this  follows  easily  from  Art.  202  (3). 

In  the  symmetrical  modes  (s  =  0),  the  equation  (iii)  gives 


where  <TO  denotes  the   'speed3   of  the  corresponding  mode  in  the  case  of 
no  rotation,  as  found  in  Art.  189. 

For  any  value  of  s  other  than  zero,  the  most  important  modes  are  those  for 
which  £=s  +  2.  The  equation  (iii)  is  then  divisible  by  <r  +  2n,  but  this  is  an 
extraneous  factor  ;  discarding  it,  we  have  the  quadratic 


whence 


This  gives  two  waves  rotating  round  the  origin,  the  relative  wave-velocity 
being  greater  for  the  negative  than  for  the  positive  wave,  as  in  the  case 
of  uniform  depth  (Art.  203).  With  the  help  of  (vii)  the  formulae  reduce  to 


the  factor  e*  (e  being  of  course  understood  in  each  case.     Since  0  =  iR, 

the  relative  orbits  are  all  circles.  The  case  s  —  1  is  noteworthy  ;  the  free 
surface  is  then  always  plane,  and  the  circular  orbits  have  all  the  same 
radius. 

When  k  >  s+2,  we  have  nodal  circles.     The  equation  (iii)  is  then  a  cubic 
in  <r/2n  ;  it  is  easily  seen  that  its  roots  are  all  real,  lying  between   —  oo  and 
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—  1,  —  1  and  0,  and  -f  1  and  -f  GO,  respectively.     As  a  numerical  example,  in 
the  case  of  s=l,  £=5,  corresponding  to  the  values 

2,  6,  40 

of  4n2a2/<7/i0,  we  find 

|+ 2-889  +1-874  +1-180, 

o-/2n  =  <-  0-125  -0-100  -0'037, 

(-2-764  -1-774  -1-143. 

The  first  and  last  root  of  each  triad  give  positive  and  negative  waves  of  a 
somewhat  similar  character  to  those  already  obtained  in  the  case  of  uniform 
depth.  The  smaller  negative  root  gives  a  comparatively  slow  oscillation  which, 
when  the  angular  velocity  n  is  infinitely  small,  becomes  a  steady  rotational 
motion,  without  elevation  or  depression  of  the  surface. 

The  most  important  type  of  forced  oscillations  is  such  that 


(x). 

We  readily  verify,  on  substitution  in  (ii),  that 

-J..  ...(xi). 


We  notice  that  when  o-  =  2n  the  tide-height  has  exactly  the  equilibrium- 
value,  in  agreement  with  Art.  204. 

If  01,  o-2  denote  the  two  roots  of  (vii),  the  last  formula  may  be  written 


Tides  on  a  Rotating  Globe. 

206.  We  proceed  to  give  some  account  of  Laplace's  problem 
of  the  tidal  oscillations  of  an  ocean  of  (comparatively)  small  depth 
covering  a  rotating  globe*.  In  order  to  bring  out  more  clearly  the 
nature  of  the  approximations  which  are  made  on  various  grounds, 
we  shall  adopt  a  method  of  establishing  the  fundamental  equations 
somewhat  different  from  that  usually  followed. 

When  in  relative  equilibrium,  the  free  surface  is  of  course  a 
level-surface  with  respect  to  gravity  and  centrifugal  force;  we 
shall  assume  it  to  be  a  surface  of  revolution  about  the  polar  axis, 
but  the  ellipticity  will  not  in  the  first  instance  be  taken  to  be 
small. 

*  "  Eecherches  sur  quelques  points  du  systeme  du  monde,"  Mem.  de  VAcad.  roy. 
des  Sciences,  1775  [1778]  and  1776  [1779] ;  Oeuvres  Completes,  t.  ix.  pp.  88,  187. 
The  investigation  is  reproduced,  with  various  modifications,  in  the  Mecanique 
Celeste,  Livre  4me,  c.  i,  (1799). 
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We  adopt  this  equilibrium-form  of  the  free  surface  as  a  surface 
of  reference,  and  denote  by  6  and  a>  the  co-latitude  (i.e.  the  angle 
which  the  normal  makes  with  the  polar  axis)  and  the  longitude, 
respectively,  of  any  point  upon  it.  We  shall  further  denote  by 
z  the  altitude,  measured  outwards  along  a  normal,  of  any  point 
above  this  surface. 

The  relative  position  of  any  particle  of  the  fluid  being  specified 
by  the  three  orthogonal  coordinates  0,  a>,  2,  the  kinetic  energy  of 
unit  mass  is  given  by 

2T  =  (R  +  zj-  02  4-  -C72  (n  +  o>)2  +  z* (1), 

where  R  is  the  radius  of  curvature  of  the  meridian- section  of  the 
surface  of  reference,  and  OT  is  the  distance  of  the  particle  from 
the  polar  axis.  It  is  to  be  noticed  that  R  is  a  function  of  6  only, 
whilst  OT  is  a  function  of  both  6  and  z ;  and  it  easily  follows  from 
geometrical  considerations  that 

d^l(R  +  z)  dd  =  cos  6,        d&ldz  =  sin  6 (2). 

The  component  accelerations  are  obtained  at  once  from  (1)  by 
Lagrange's  formula.  Omitting  terms  of  the  second  order,  on 
account  of  the  restriction  to  infinitely  small  motions,  we  have 

I/  j  j  ?n       3 1 
I  Ci  (LI.        CL 


^  + 

zr  A     dta 


1  /d  dT     dT\ 
—   -^-TT--r-= 
w  \dtdA     dcoj 


dd  v  '  dz~"  "'(8)' 


d  dT     dT_.. 

dt~dz~dz-=  ""'"  dz 

Hence,  if  we  write  u,  v,  w  for  the  component  relative  velocities  of  a 
particle,  viz. 

«-(£+*)  4,          w  =  «r«,          w  =  z (4), 

and  make  use  of  (2),  the  hydrodynamical  equations  may  be  put  in 
the  forms 


C^+Znucos0  +  2nwsin0=       -        - 
dt  vf  da>  \p 


dt 

'. (5) 
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where  M*  is  the  gravitation-potential  due  to  the  earth's  attraction, 
whilst  II  denotes  the  potential  of  the  extraneous  forces. 

So  far  the  only  approximation  consists  in  the  omission  of  terms 
of  the  second  order  in  u,  v,  w.  In  the  present  application,  the 
depth  of  the  sea  being  small  compared  with  the  dimensions  of  the 
globe,  we  may  replace  R  +  z  by  R.  We  will  further  assume  that 
the  effect  of  the  relative  vertical  acceleration  on  the  pressure  may 
be  neglected,  and  that  the  vertical  velocity  is  small  compared  with 
the  horizontal  velocity.  The  last  of  the  equations  (5)  then  re- 
duces to 


az  \p 

Let  us  integrate  this  between  the  limits  z  and  f,  where  f 
denotes  the  elevation  of  the  disturbed  surface  above  the  surface 
of  reference.  At  the  surface  of  reference  (z  —  0)  we  have 

¥  —  £w2w2  =  const., 

by  hypothesis,  and  therefore  at  the  free  surface  (z  =  f) 
¥  -i?i2OT2  =  const. 


provided  ?-;r(¥-i'**a)        ..................  (?)• 

\_az  Jz=o 

Here  g  denotes  the  value  of  apparent  gravity  at  the  surface  of 
reference;  it  is  of  course,  in  general,  a  function  of  6.  The 
integration  in  question  then  gives 


const.  +#£+fl  ............  (8), 

the  variation  of  H  with  z  being  neglected.  Substituting  from  (8) 
in  the  first  two  of  equations  (5),  we  obtain,  with  the  approxima- 
tions above  indicated, 


, 

- 

dt 


where  ?=-fl/0  ...........................  (10). 

These  equations  are  independent  of  z>  so  that  the  horizontal 
motion  may  be  assumed  to  be  sensibly  the  same  for  all  particles 
in  the  same  vertical  line. 
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As  in  Art.  190,  this  last  result  greatly  simplifies  the  equation 
of  continuity.     In  the  present  case  we  find  without  difficulty 


d(hv)} 
dt         v\  RdO  day  J" 

207.  It  is  important  to  notice  that  these  equations  involve  no 
assumptions  beyond  those  expressly  laid  down  ;  in  particular, 
there  is  no  restriction  as  to  the  ellipticity  of  the  meridian,  which 
may  be  of  any  degree  of  oblateness. 

In  order,  however,  to  simplify  the  question  as  far  as  possible, 
without  sacrificing  any  of  its  essential  features,  we  will  now  take 
advantage  of  the  circumstance  that  in  the  actual  case  of  the  earth 
the  ellipticity  is  a  small  quantity,  being  in  fact  comparable  with 
the  ratio  (n*a/g)  of  centrifugal  force  to  gravity  at  the  equator,  which 
is  known  to  be  about  ^g.  Subject  to  an  error  of  this  order  of 
magnitude,  we  may  put  R  =  a,  TV  =  a  sin  0,  g  =  const.,  where  a  is 
the  earth's  mean  radius.  We  thus  obtain* 

du     0  n         a  d  /v,     -r,. 

-J-  -  2nv  cos  0  =  -£-=-,(£-  f), 
at  a  au 


_  )     d(hv) 

~  ~~  ~ 


dt  a  sin 

){ 
dt~  ~^in~0  dd~  da>~)  ' 

this  last  equation  being  identical  with  Art.  190  (1). 

Two  conclusions  of  some  interest  in  connection  with  our  previous  work 
follow  at  once  from  the  form  of  the  equations  (1).  In  the  first  place,  if  u,  V 
denote  the  velocities  along  and  perpendicular  to  any  horizontal  direction  s,  we 
easily  find,  by  transformation  of  coordinates 


-»v  cos    =  - 

In  the  case  of  a  narrow  canal,  the  transverse  velocity  v  is  zero,  and  the 
equation  (i)  takes  the  same  form  as  in  the  case  of  no  rotation  ;  this  has 
been  assumed  by  anticipation  in  Art.  180.  The  only  effect  of  the  rotation 
in  such  cases  is  to  produce  a  slight  slope  of  the  wave-crests  and  furrows 
in  the  direction  across  the  canal,  as  investigated  in  Art.  201. 

Again,  by  comparison  of  (1)  with  Art.  200  (7),  we  see  that  the  oscillations 
of  a  sheet  of  water  of  relatively  small  dimensions,  in  colatitude  6,  will  take 
place  according  to  the  same  laws  as  those  of  a  plane  sheet  rotating  about 
a  normal  to  its  plane  with  angular  velocity  n  cos  6. 
*  Laplace,  1.  c.  ante  p.  343. 
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As  in  Art.  200,  free  steady  motions  are  possible,  subject  to  certain  con- 
ditions. Putting  f =0,  we  find  that  the  equations  (1)  and  (2)  are  satisfied  by 
constant  values  of  u,  v,  £,  provided 

9            d£                ff        d£  .... 

~  2na  sin  6  cos  B  cfc> '  V==2nacos6  d6 W> 


**  rfffl.)     ° <iu>- 

The  latter  condition  is  satisfied  by  any  assumption  of  the  form 

and  the  equations  (ii)  then  give  the  values  of  u,  v.  It  appears  from  (ii)  that 
the  velocity  in  these  steady  motions  is  everywhere  parallel  to  the  contour-lines 
of  the  disturbed  surface. 

If  h  is  constant,  or  a  function  of  the  latitude  only,  the  only  condition 
imposed  on  £  is  that  it  should  be  independent  of  o> ;  in  other  words  the  eleva- 
tion must  be  symmetrical  about  the  polar  axis. 

208.  We  will  now  suppose  that  the  depth  h  is  a  function  of  6 
only,  and  that  the  barriers  to  the  sea,  if  any,  coincide  with  parallels 
of  latitude.  Assuming,  further,  that  H,  u,  v,  fall  vary  as  ei(trt+8w+t) , 
where  s  is  integral,  we  find 

*M        '          .(3)) 


with  ia£  = —  ~ 

asm  0 

Solving  for  u,  v,  we  get 
iala 


cot  0  )(£-£), 

'  ...(5). 


If  we  put,  for  shortness, 
these  may  be  written 


^    |...(7). 
cosec  " 
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The  formulae  for  the  component  displacements  (f  ,  77,  say),  can 
be  written  down  from  the  relations  u  —  ^  v  =  rj,  or  u  =  ia%>  v  =  lo"77- 
It  appears  that  in  all  cases  of  periodic  disturbing  forces  the  fluid 
particles  describe  ellipses  having  their  principal  axes  along  the 
meridians  and  the  parallels  of  latitude,  respectively. 

Substituting  from  (7)  in  (4)  we  obtain  the  differential  equation 


1     d  j    h  sin  e     (d?     s 
sin  d  dO  I/2  -  cos2  6  (d0  +f^  C  D 


~f  cot  9   |  +  s2f  '  cosec2  0\  +  4  waf  =  -  4ma  f 

..................  (8). 

In  the  case  of  the/ree  oscillations  we  have  f  =  0.  The  manner 
in  which  the  boundary  -conditions  (if  any),  or  the  conditions  of 
finiteness,  then  determine  the  admissible  values  of/,  and  thence  of 
<7,  will  be  understood  by  analogy,  in  a  general  way,  from  Arts.  191, 
193.  For  further  details  we  must  refer  to  the  paper  cited  below*. 
A  practical  solution  of  the  problem,  even  in  the  case  (s  =  0)  of 
symmetry  about  the  axis,  with  uniform  depth,  has  not  yet  been 
worked  out. 

The  more  important  problem  of  the  forced  oscillations,  though 
difficult,  can  be  solved  for  certain  laws  of  depth,  and  for  certain 
special  values  of  <r  which  correspond  more  or  less  closely  to  the 
main  types  of  tidal  disturbance.  To  this  we  now  proceed. 

209.  It  is  shewn  in  the  Appendix  to  this  Chapter  that  the 
tide-generating  potential,  when  expanded  in  simple-harmonic 
functions  of  the  time,  consists  of  terms  of  three  distinct  types. 

The  first  type  is  such  that  the  equilibrium  tide-height  would 
be  given  by 


The  corresponding  forced  waves  are  called  by  Laplace  the  f  Oscilla- 
tions of  the  First  Species  '  ;   they  include  the  lunar   fortnightly 

*  Sir  W.  Thomson,  "  On  the  General  Integration  of  Laplace's  Differential 
Equation  of  the  Tides,"  Phil.  Mag.,  Nov.  1875. 

t  In  strictness,  6  here  denotes  the  geocentric  latitude,  but  the  difference  between 
this  and  the  geographical  latitude  may  be  neglected  in  virtue  of  the  assumptions  in- 
troduced in  Art.  207. 
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and  the  solar  semi-annual  tides,  and,  generally,  all  the  tides  of 
long  period.  Their  characteristic  is  symmetry  about  the  polar  axis. 

Putting  s  =  0  in  the  formulae  of  the  preceding  Art.  we  have 

i<r  df 

U~      A>™  (  fa  _  ™c2  ff\  JQ 

(2), 

<T  COS  6 

V  =  — 


,  .  ,  1      d  (hu  sin  6)  /ox 

and  io-£=  ---  ^-7,—  ^—  ;™  -  -  ..................  (3). 

a  sm  0         dd 

The  equations  (2)  shew  that  the  axes  of  the  elliptic  orbit  of 
any  particle  are  in  the  ratio  of  /  :  cos  6.  Since  /  is  small,  the 
ellipses  are  very  elongated,  the  greatest  length  being  from  E.  to 
W.,  except  in  the  neighbourhood  of  the  equator.  At  the  equator 
itself  the  motion  of  the  particles  vanishes. 

Eliminating  u,  v  between  (2)  and  (3),  or  putting  ,9  =  0  in  Art. 
208  (8),  we  find 

1        d  (    hsinO 


We  shall  consider  only  the  case  of  uniform  depth  (h  =  const.). 
Writing  //.  for  cos  6,  the  equation  then  becomes 


where  /3  =  ^ma/h=  4<ri*a2/gh  .....................  (6). 

The  complete  primitive  of  this  equation  is  necessarily  of  the  form 


where  </>  (p),  F(IJL)  are  even  functions,  and  /(/&)  is  an  odd  function, 
of  //,,  and  the  constants  A,  B  are  arbitrary.  In  the  case  of  an 
ocean  completely  covering  the  globe,  it  is  not  obvious  at  first  sight 
that  there  is  any  limitation  to  the  values  of  A  and  B,  although  on 
physical  grounds  we  are  assured  that  the  solution  of  the  problem  is 
uniquely  determinate,  except  for  certain  special  values  of  the  ratio 
/(=<7/2ft),  which  imply  a  coincidence  between  the  'speed'  of  the 
disturbing  force  and  that  of  one  of  the  free  oscillations  of  sym- 
metrical type.  The  difficulty  disappears  if  we  consider  first,  for  a 
moment,  the  case  of  a  zonal  sea  bounded  by  two  parallels  of 
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latitude.  The  constants  A,  B  are  then  determined  by  the 
conditions  that  u  =  0  at  each  of  these  parallels.  If  the  boundaries 
in  question  are  symmetrically  situated  on  opposite  sides  of  the 
equator,  the  constant  B  will  be  zero,  and  the  odd  function  f(fi) 
may  be  disregarded  ab  initio.  By  supposing  the  boundaries  to 
contract  to  points  at  the  poles  we  pass  to  the  case  of  an  unlimited 
ocean.  If  we  address  ourselves  in  the  first  instance  to  this  latter 
form  of  the  problem,  the  one  arbitrary  constant  (A)  which  it  is 
necessary  to  introduce  is  determined  by  the  condition  that  the 
motion  must  be  finite  at  the  poles. 

210.     The  integration  of  the  equation  (5)  has  been  treated  by 
Lord  Kelvin*  and  Prof.  G.  H.  Darwin  -f. 

We  assume 

-^*^=B&+Btp*+...+Bj+lp,*»+  .........  (8). 

/*  —  /   a/t 

This  leads  to 


.........  (9), 

where  A  is  arbitrary  ;  and  makes 


(10). 

Substituting  in  (5),  and  equating  coefficients  of  the  several  powers 
of  fju,  we  find 

(11), 


=  0 (12), 

and  thenceforward 


*  Sir  W.  Thomson,  "  On  the  '  Oscillations  of  the  First  Species '  in  Laplace's 
Theory  of  the  Tides,"  Phil.  Mag.,  Oct.  1875. 

t  "  On  the  Dynamical  Theory  of  the  Tides  of  Long  Period,"  Proc.  Roy.  Soc., 
Nov.  5,  1886 ;  Encyc.  Britann.,  Art,  "  Tides," 
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It  is  to  be  noticed  that  (12)  may  be  included  under  the  typical 
form  (13),  provided  we  write  B^  —  —  2H'. 

These  equations  determine  Bl}  Bs,  ...  B2j+1)...  in  succession,  in 
terms  of  A,  and  the  solution  thus  obtained  would  be  appropriate, 
as  already  explained,  to  the  case  of  a  zonal  sea  bounded  by  two 
parallels  in  equal  N.  and  S.  latitudes.  In  the  case  of  an  ocean 
covering  the  globe,  it  would,  as  we  shall  prove,  give  infinite 
velocities  at  the  poles,  except  for  one  definite  value  of  A,  to  be 
determined. 

Let  us  write 

B2j+l/B2j^  =  Nj+l  .....................  (14); 

we  shall  shew,  in  the  first  place,  that  as  j  increases  Nj  must  tend 
either  to  the  limit  0  or  to  the  limit  1.  The  equation  (13)  may  be 
written 

* 


N-    -i- 


Hence,  when  j  is  large,  either 


approximately,  or  Nj+l  is  not  small,  in  which  case  Nj+2  will  be 
nearly  equal  to  1,  and  the  values  of  Nj+s,  Nj+4)  ...  will  tend  more 
and  more  nearly  to  1,  the  approximate  formula  being 


_ 


Hence,  with  increasing  j,  Nj  tends  to  one  or  other  of  the  forms 
(16)  and  (17). 

In  the  former  case  (16),  the  series  (8)  will  be  convergent  for 
/*=  +  !,  and  the  solution  is  valid  over  the  whole  globe. 

In  the  other  event  (17),  the  product  N!  .  Na. ...  Nj+1)  and 
therefore  the  coefficient  BZj+1,  tends  with  increasing  j  to  a  finite 
limit  other  than  zero.  The  series  (8)  will  then,  after  some  finite 
number  of  terms,  become  comparable  with  1  -f  yu,2 -f  yu,4  +  ...,  or 
(1  —  /A2)"1,  so  that  we  may  write 

1       dty       T        M  /IQ\ 

—* — s-*^r-=L  +  * — ~i (L^)> 
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where  L   and  M  are  functions  of  &  which  remain  finite  when 
H  =  ±  1.     Hence,  from  (2), 

iff  (1  - 


- 

which  makes  u  infinite  at  the  poles. 

It  follows  that  the  conditions  of  our  problem  can  only  be 
satisfied  if  Nj  tends  to  the  limit  zero  ;  and  this  consideration,  as 
we  shall  see,  restricts  us  to  a  determinate  value  of  the  hitherto 
arbitrary  constant  A. 

The  relation  (15)  may  be  put  in  the  form 


1  PJ  __   AT. 

2j(2j  +  l) 
and  by  successive  applications  of  this  we  find 

ft  ft 


2j(2j+l)        (2j+2)(2j  +  3)  (2j  +  4)  (2j  +  5) 

'  &*  §11  _  SfL     _  +&c 

5r 
(21), 


on  the  present  supposition  that  NJ+JS  tends  with  increasing  k  to  the 
limit  0,  in  the  manner  indicated  by  (16).  In  particular,  this 
formula  determines  the  value  of  Nlt  Now 


and  the  equation  (11)  then  gives 

N1H'  ..................  (22); 


in  other  words,  this  is  the  only  value  of  A  which  is  consistent  with 
a  zero  limit  of  Nj,  and  therefore  with  a  finite  motion  at  the  poles. 
Any  other  value  of  A,  differing  by  however  little,  if  adopted  as  a 
starting-point  for  the  successive  calculation  of  Blt  B3,  ...  will 
inevitably  lead  at  length  to  values  of  Nj  which  approximate  to  the 
limit  1. 

For  this  reason  it  is  not  possible,  as  a  matter   of  practical 
Arithmetic,  to  calculate  Blt  B3,  ...  in  succession  in   the   above 
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manner ;  for  this  would  require  us  to  start  with  exactly  the  right 
value  of  A,  and  to  observe  absolute  accuracy  in  the  subsequent 
stages  of  the  work.  The  only  practical  method  is  to  use  the 
formulae 

D  /  TTf  O  AT"  Z?  AT   T)  Z?  AT"   Z? 

JD^ri     =  — ZlYl5  -D3  =  1V2.Z51,  X>5=  IVgZig,   ..., 

where  the  values  of  Nlf  N2,  N3)  ...  are  to  be  computed  from  tH|£  f^f 
continued  fraction  (21).    It  is  evident  a  posteriori  that  the  solutio^f  X  * 
thus  obtained  will  satisfy  all  the  conditions  of  the  problem,  ai^jl  f 
that  the  series  (9)  will  converge  with  great  rapidity.     The  m<gj;  f 
convenient  plan   of  conducting   the  calculation  is  to  assumes  O  £ 
roughly  approximate  value,  suggested   by  (16),  for   one    of  tkte       J* 
ratios  Nj  of  sufficiently  high  order,  and  thence  to  compute 

in  succession  by  means  of  the  formula  (20).  The  values  of  the 
constants  A,  Bl}  B3,  ...,  in  (9),  are  then  given  by  (22)  and  (23). 
For  the  tidal  elevation  we  find 

yH'  =  -  2NJ/3  -  (1  -/2^i)  v?  -  i-ZVi  (1  - 

1 


. .  N^  (1  -/•#,)  ^  - (24). 

In  the  case  of  the  lunar  fortnightly  tide,  /  is  the  ratio  of  a 
sidereal  day  to  a  lunar  month,  and  is  therefore  equal  to  about  ^, 
or  more  precisely  "0365.  This  makes  /2  =  '00133.  It  is  evident 
that  a  fairly  accurate  representation  of  this  tide,  and  a  fortiori  of 
the  solar  semi-annual  tide,  and  of  the  remaining  tides  of  long 
period,  will  be  obtained  by  putting  /  =  0 ;  this  materially  shortens 
the  calculations. 

The  results  will  involve  the  value  of  /8,  =  4M*a*/gh.  For 
/9  =  40,  which  corresponds  to  a  depth  of  7260  feet,  we  find  in 
this  way 

?/#'  =  1515  -  l-OOOO//,2  +  1'5153/A4  -  T2120/;,6  +  -6063/*8  -  -2076^° 

-f  -0516/*12-  -0097/*14+  -OOlSyu,16-  -0002^8 (25)*, 

whence,  at  the  poles  (/*  =  ±  1), 


*  The   coefficients    in   (25)  and   (26)  differ  only  slightly  from  the  numerical 
values  obtained  by  Prof.  Darwin  for  the  case /= '0365. 

L.  23 


354  TIDAL  WAVES.  [CHAP.  VIII 

and,  at  the  equator  (/A  =  0), 


Again,  for  $  =  10,  or  a  depth  of  29040  feet,  we  get 
£/ZT  =  -2359  -  1-0000/u,2  +  -589V  -  -1623/t6 

+    -0258/A8  -  -0026/*10  +  '0002ju-12  .......  (26). 

This  makes,  at  the  poles, 

t—  tlTx-470, 

and,  at  the  equator, 


For  £  =  5,  or  a  depth  of  58080  feet,  we  find 

?/#'  =  '2723  -  1-0000/A8  +  -340V- 

-  -0509/i6  +  -0043/A8  -  -000  V°  .........  (27). 

This  gives,  at  the  poles, 

?=-JJf'x-651, 

and,  at  the  equator, 


Since  the  polar  and  equatorial  values  of  the  equilibrium  tide  are 
—  \JJ'  and  J  -ET,  respectively,  these  results  shew  that  for  the  depths 
in  question  the  long-period  tides  are,  on  the  whole,  direct,  though 
the  nodal  circles  will,  of  course,  be  shifted  more  or  )ess  from  the 
positions  assigned  by  the  equilibrium  theory.  It  appears,  more- 
over, that,  for  depths  comparable  with  the  actual  depth  of  the  sea, 
the  tide  has  less  than  half  the  equilibrium  value.  It  is  easily 
seen  from  the  form  of  equation  (5),  that  with  increasing  depth, 
and  consequent  diminution  of  ft,  the  tide  height  will  approximate 
more  and  more  closely  to  the  equilibrium  value.  This  tendency  is 
illustrated  by  the  above  numerical  results. 

It  is  to  be  remarked  that  the  kinetic  theory  of  the  long- 
period  tides  was  passed  over  by  Laplace,  under  the  impression 
that  practically,  owing  to  the  operation  of  dissipative  forces, 
they  would  have  the  values  given  by  the  equilibrium  theory. 
He  proved,  indeed,  that  the  tendency  of  frictional  forces  must 
be  in  this  direction,  but  it  has  been  pointed  out  by  Darwin* 
that  in  the  case  of  the  fortnightly  tide,  at  all  events,  it  is 
doubtful  whether  the  effect  would  be  nearly  so  great  as  Laplace 
supposed.  We  shall  return  to  this  point  later. 
*  I.e.  ante  p.  350. 
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211.  It  remains  to  notice  how  the  free  oscillations  are  deter- 
mined. In  the  case  of  symmetry  with  respect  to  the  equator,  we 
have  only  to  put  Hf  =  0  in  the  foregoing  analysis.  The  conditions 
of  convergency  for  //,  =  +  1  determine  Na,  N3,  N^,...  exactly  as 
before;  whilst  equation  (12)  gives  N2  =  1  —  /3/2/2 .  3,  and  there- 
fore, by  (20), 


which  is  equivalent  to  N1  =  cc  .  This  equation  determines  the 
admissible  values  of/(=<r/2w).  The  constants  in  (9)  are  then 
given  by 


where  A  is  arbitrary. 

The  corresponding  theory  for  the  asymmetrical  oscillations 
may  be  left  to  the  reader.  The  right-hand  side  of  (8)  must  now 
be  replaced  by  an  even  function  of  /z.. 


212.  In  the  next  class  of  tidal  motions  (Laplace's  '  Oscillations 
of  the  Second  Species ')  which  we  shall  consider,  we  have 

f  =  #"  sin  0  cos  0  .  cos  (<r£  +  &>  +  e) (1), 

where  a-  differs  not  very  greatly  from  n.     This  includes  the  lunar 
and  solar  diurnal  tides. 

In  the  case  of  a  disturbing  body  whose  proper  motion  could  be 
neglected,  we  should  have  cr  —  n,  exactly,  and  therefore  /=^.  In 
the  case  of  the  moon,  the  orbital  motion  is  so  rapid  that  the  actual 
period  of  the  principal  lunar  diurnal  tide  is  very  appreciably 
longer  than  a  sidereal  day*;  but  the  supposition  that/=J  sim- 
plifies the  formulae  so  materially  that  we  adopt  it  in  the  following 

*  It  is  to  be  remarked,  however,  that  there  is  an  important  term  in  the  harmo- 
nic development  of  1}  for  which  a  =  n  exactly,  provided  we  neglect  the  changes  in 
the  plane  of  the  disturbing  body's  orbit.  This  period  is  the  same  for  the  sun  as  for 
the  moon,  and  the  two  partial  tides  thus  produced  combine  into  what  is  called  the 
'  luni-solar '  diurnal  tide. 

23—2 


356  TIDAL  WAVES.  [CHAP.  VIII 

investigation*.     We  shall  find  that  it  enables  us  to  calculate  the 
forced  oscillations  when  the  depth  follows  the  law 

h  =  (l-qcos*6)h0  ........................  (2), 

where  q  is  any  given  constant. 

Taking  an  exponential  factor  ei(nt+*+e\  and  therefore  putting 
5  =  1,  /=  J,  in  Art.  208  (7),  and  assuming 

f  =  0sin0cos0  ........................  (3), 

we  find  u=  —  icrC/m,     v  =  aG/m.cosO  ...............  (4). 

Substituting  in  the  equation  of  continuity  (Art.  208  (4)),  we  get 

r+r-—  jg  ........................  (5), 

ma  dO 
which  is  consistent  with  the  law  of  depth  (2),  provided 

" 


2qhJma 
- 


One  remarkable  consequence  of  this  formula  is  that  in 
the  case  of  uniform  depth  (q  =  0)  there  is  no  diurnal  tide,  so 
far  as  the  rise  and  fall  of  the  surface  is  concerned.  This  result 
was  first  established  (in  a  different  manner)  by  Laplace,  who 
attached  great  importance  to  it  as  shewing  that  his  kinetic  theory 
is  able  to  account  for  the  relatively  small  values  of  the  diurnal 
tide  which  are  given  by  observation,  in  striking  contrast  to  what 
would  be  demanded  by  the  equilibrium-  theory. 

But,  although  with  a  uniform  depth  there  is  no  rise  and  fall, 
there  are  tidal  currents.  It  appears  from  (4)  that  every  particle 
describes  an  ellipse  whose  major  axis  is  in  the  direction  of  the 
meridian,  and  of  the  same  length  in  all  latitudes.  The  ratio  of  the 
minor  to  the  major  axis  is  cos  6,  and  so  varies  from  1  at  the  poles 
to  0  at  the  equator,  where  the  motion  is  wholly  N.  and  S. 

213.  Finally,  we  have  to  consider  Laplace's  'Oscillations  of  the 
Third  Species/  which  are  such  that 

£  =  JBv"sina0.cos(<rf  +  2fi>+e)  ...............  (1), 

*  Taken  with  very  slight  alteration  from  Airy  ("  Tides  and  Waves,"  Arts.  95...), 
and  Darwin  (Encyc.  Britann.,  t.  xxiii.,  p.  359). 
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where  cr  is  nearly  equal  to  2n.    This  includes  the  most  important  of 
all  the  tidal  oscillations,  viz.  the  lunar  and  solar  semi-diurnal  tides. 

If  the  orbital  motion  of  the  disturbing  body  were  infinitely 
slow  we  should  have  <r  =  2n,  and  therefore  /=  1  ;  for  simplicity 
we  follow  Laplace  in  making  this  approximation,  although  it  is 
a  somewhat  rough  one  in  the  case  of  the  principal  lunar  tide  *. 

A  solution  similar  to  that  of  the  preceding  Art.  can  be  obtained 
for  the  special  law  of  depth 

h  =  h0sitf0  ...........................  (2)f. 

Adopting  an  exponential  factor  e1  {2nt+*<a+e]  ,  and  putting  therefore 
/=  1,  s  =  2,  we  find  that  if  we  assume 

£'=(7sin20  ...........................  (3) 

the  equations  (7)  of  Art.  208  give 


n      ,   *  n 

u=—  Ccote,     «=-—  C  —  .     -      ............  (4), 

m  2m         sin  6 

whence,  substituting  in  Art.  208  (4), 

f=2/*0/ma.C'sin20  .....................  (5). 

Putting  f=  £"  +  f,  and  substituting  from  (1)  and  (3),  we  find 


2h0/ma  /t^ 

and  therefore  £  =  -  ,  --  ^—  -.  —  f  ........................  (7). 

* 


For  such  depths  as  actually  occur  in  the  ocean  we  have  2hQ  <  ma, 
and  the  tide  is  therefore  inverted. 

It  may  be  noticed  that  the  formula?  (4)  make  the  velocity 
infinite  at  the  poles. 

214.     For   any  other   law  of  depth   a   solution   can   only  be 
obtained  in  the  form  of  an  infinite  series. 

In  the  case  of  uniform  depth  we  find,  putting  s  =  2,  y=l, 
4ma//i  =  p  in  Art.  208  (8), 


*  There  is,  however,  a  '  luni-solar  '  semi-diurnal  tide  whose  speed  is  exactly  2n 
if  we  neglect  the  changes  in  the  planes  of  the  orbits.     Cf.  p.  355,  footnote. 
t  Cf.  Airy  and  Darwin,  II.  cc. 
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where  /z-  is  written  for  cos  Q.  In  this  form  the  equation  is  some- 
what intractable,  since  it  contains  terms  of  four  different  dimensions 
in  fju.  It  simplifies  a  little,  however,  if  we  transform  to 


as  independent  variable  ;  viz.  we  find 

1/2  (1  ~  "5)  5'  -  "  §'  -  (S-2"*-/3"4)?'  =  -&*?  =  -  /8JETV.  .  .(9), 
which  is  of  three  different  dimensions  in  v. 

To  obtain  a  solution  for  the  case  of  an  ocean  covering  the 
globe,  we  assume 

Z'  =  B0  +  B.^  +  B^+...+BijVy+  ............  (10). 

Substituting  in  (9),  and  equating  coefficients,  we  find 

#0  =  0,    B2  =  0,    O.£4  =  0  ...............  (11), 

=0  ..................  (12), 


and  thenceforward 

2j  (2j  +  6)  B2j+4  -  2j  (2j  +  3)  B.2j+2  +  0Baj  =  0  ......  (13). 

These  equations  give  B6,  B8)  ...  B2j,  ...  in  succession,  in  terms  of 
B4,  which  is  so  far  undetermined.  It  is  obvious,  however,  from  the 
nature  of  the  problem,  that,  except  for  certain  special  values  of  h 
(and  therefore  of  @),  which  are  such  that  there  is  a  free  oscil- 
lation of  corresponding  type  (s  =  2)  having  the  speed  2n,  the 
solution  must  be  unique.  We  shall  see,  in  fact,  that  unless  B^ 
have  a  certain  definite  value  the  solution  above  indicated  will 
make  the  meridian  component  (u)  of  the  velocity  discontinuous 
at  the  equator*. 

The  argument  is  in  some  respects  similar  to  that  of  Art.  210. 
If  we  denote  by  Nj  the  ratio  B.2j+2/B.2j  of  consecutive  coefficients, 
we  have,  from  (13), 

N.     -9  +  8  ft        1  (U} 

~  ' 


from  which  it  appears  that,  with  increasing  j,  Nj  must  tend  to 
one  or  other  of  the  limits  0  and  1.     More  precisely,  unless  the 
limit  of  NJ  be  zero,  the  limiting  form  of  ^Vj+1  will  be 
(2j+3)/(2j  +  6),  or  1  -  3/2J, 

*  In  the  case  of  a  polar  sea  bounded  by  a  small  circle  of  latitude  whose  angular 
radius  is  <£*-,  the  value  of  B4  is  determined  by  the  condition  that  w=0,  or  d£'ldv=Q, 
at  the  boundary. 
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approximately.  This  is  the  same  as  the  limiting  form  of  the  ratio 
of  the  coefficients  of  T$  and  i$~*  in  the  expansion  of  (1  —  z/2)*.  We 
infer  that,  unless  B±  have  such  a  value  as  to  make  Nm=  0,  the 
terms  of  the  series  (10)  will  become  ultimately  comparable  with 
those  of  (1  —  i^)*,  so  that  we  may  write 

?  =  L  +  (l-vtyM  .....................  (15), 

where  L,  M  are  functions  of  v  which  do  not  vanish  for  v  —  1.  Near 
the  equator  (y  =  1)  this  makes 


(16). 


Hence,   by  Art.  208  (7),  u  would  change  from  a  certain  finite 
value  to  an  equal  but  opposite  value  as  we  cross  the  equator. 

It  is  therefore  essential,  for  our  present  purpose,  to  choose  the 
value  of  B4  so  that  N^  =  0.  This  is  effected  by  the  same  method 
as  in  Art.  210.  Writing  (13)  in  the  form 


we  see  that  Nj  must  be  given  by  the  converging  continued  fraction 

£  £  3 


„      2;(2y+6)    (2j+2)(2;+8)   (2j+4)(27  +  10)        „„. 

l\j  =      '.          ^  rt.  *  -g..          K  ...    (iO> 

2;  +  3  2;  +  5_  2^  +  7        ~ 

2jT6~         2J  +  8"          2JTTO 

This  holds  from  j  =  2  upwards,  but  it  appears  from  (12)  that  it 
will  give  also  the  value  of  N^  (not  hitherto  defined),  provided  we 
use  this  symbol  for  B^fH'".  We  have  then 

Finally,  writing  f=  f  +  f7,  we  obtain 

...(19). 


As  in  Art.  210,  the  practical  method  of  conducting  the  calcula- 
tion is  to  assume  an  approximate  value  for  Nj+l,  where  j  is  a 
moderately  large  number,  and  then  to  deduce  Njt  Nj-lt...  N^,  Nt 
in  succession  by  means  of  the  formula 
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The  above  investigation  is  taken  substantially  from  the  very  remarkable 
paper  written  by  Lord  Kelvin  *  in  vindication  of  Laplace's  treatment  of  the 
problem,  as  given  in  the  Mecanique  Celeste.  In  the  passage  more  especially 
in  question,  Laplace  determines  the  constant  B±  by  means  of  the  continued 
fraction  for  N^  without,  it  must  be  allowed,  giving  any  adequate  justifica- 
tion of  the  step  ;  and  the  soundness  of  this  procedure  had  been  disputed  by 
Airyf,  and  after  him  by  FerrelJ. 

Laplace,  unfortunately,  was  not  in  the  habit  of  giving  specific  references, 
so  that  few  of  his  readers  appear  to  have  become  acquainted  with  the  original 
presentment  §  of  the  kinetic  theory,  where  the  solution  for  the  case  in  question 
is  put  in  a  very  convincing,  though  somewhat  different,  form.  Aiming  in  the 
first  instance  at  an  approximate  solution  by  means  of  a,  finite  series,  thus  : 


Laplace  remarks  ||   that   in  order  to  satisfy  the  differential  equation,  the 
coefficients  would  have  to  fulfil  the  conditions 


as  is  seen  at  onceby  putting  j&2fc  +  4  =  0,  J62fc  +  6=0,...  in  the  general  relation  (13). 

We  have  here  k+l  equations  between  k  constants.  The  method  followed 
is  to  determine  the  constants  by  means  of  the  first  k  relations  ;  we  thus 
obtain  an  exact  solution,  not  of  the  proposed  differential  equation  (9),  but  of  the 
equation  as  modified  by  the  addition  of  a  term  /3^?2j,  +  2i'2A;  +  6  to  the  right-hand 
side.  This  is  equivalent  to  an  alteration  of  the  disturbing  force,  and  if  we  can 
obtain  a  solution  such  that  the  required  alteration  is  very  small,  we  may 
accept  it  as  an  approximate  solution  of  the  problem  in  its  original  form  IF. 

Now,  taking  the  first  k  relations  of  the  system  (ii)  in  reverse  order, 
we  obtain  B^  +  zin  terms  of  B&,  thence  B&  in  terms  of  £2fr~i>  and  so  on,  until, 
finally,  B±  is  expressed  in  terms  of  H'"  ;  and  it  is  obvious  that  if  k  be  large 
enough  the  value  of  B.2k  +  2,  and  the  consequent  adjustment  of  the  disturbing 

*  Sir  W.  Thomson,  "On  an  Alleged  Error  in  Laplace's  Theory  of  the  Tides," 
Phil  Mag.,  Sept.  1875. 

t  "  Tides  and  Waves,"  Art.  111. 

J  "Tidal  Researches,"  U.S.  Coast  Survey  Rep.,  1874,  p.  154. 

§  "Recherches  sur  quelques  points  du  systeme  du  monde,"  Mem.  de  VAcad. 
roy.  des  Sciences,  1776  [1779] ;  Oeuvres  Completes,  t.  ix.,  pp.  187.... 

||  Oeuvres,  t.  ix.,  p.  218.     The  notation  has  been  altered. 

H  It  is  remarkable  that  this  argument  is  of  a  kind  constantly  employed  by  Airy 
himself  in  his  researches  on  waves. 
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force  which  is  required  to  make  the  solution  exact,  will  be  very  small.     This 
will  be  illustrated  presently,  after  Laplace,  by  a  numerical  example. 

The  process  just  given  is  plainly  equivalent  to  the  use  of  the  continued 
fraction  (17)  in  the  manner  already  explained,  starting  with  j+l=k,  and 
jyk=(3/2k  (2k  +  3).  The  continued  fraction,  as  such,  does  not,  however,  make 
its  appearance  in  the  memoir  here  referred  to,  but  was  introduced  in  the 
Mecanique  Celeste,  probably  as  an  after-thought,  as  a  condensed  expression  of 
the  method  of  computation  originally  employed. 

The  following  table  gives  the  numerical  values  of  the  coeffi- 
cients of  the  several  powers  of  v  in  the  formula  (19)  for  %/H'",  in 
the  cases  ft  =  40,  20,  10,  5,  1,  which  correspond  to  depths  of  7260, 
14520,  29040,  58080,  290400,  feet,  respectively*.  The  last  line 
gives  the  value  of  QH"f  for  v  =  1,  i.e.  the  ratio  of  the  amplitude 
at  the  equator  to  its  equilibrium-value.  At  the  poles  (z/  =  0), 
the  tide  has  in  all  cases  the  equilibrium-value  zero. 


/3  =  40 

/3  =  20 

/3=10 

0=5 

/3=1 

I/2 

4-  I'OOOO 

+  1-0000 

+  1-0000 

+  1-0000 

+  1-0000 

J/4 

+  20-1862 

-0-2491 

+  6-1960 

+  0-7504 

+0-1062 

I/6 

+  10-1164 

-1-4056 

+3-2474 

+0-1566 

+0-0039 

& 

-  13-1047 

-0-8594 

+0-7238 

+0-0157 

+0-0001 

j,10 

-  15-4488 

-0-2541 

+0-0919 

+0-0009 

,43 

-    7-4581 

-  0-0462 

+0-0076 

,44 

-   2-1975 

-  0-0058 

+  0-0004 

1/16 

-    0-4501 

-0-0006 

,48 

-   0-0687 

1/20 

-   0-0082 

j/22 

-   0-0008 

1/24 

-  o-oooi 

-   7-434 

-1-821 

+  11-267 

+  1-924 

+  1-110 

We  may  use  the  above  results  to  estimate  the  closeness  of  the  approxima- 
tion in  each  case.  For  example,  when  /3  =  40,  Laplace  finds  B^=  ~  '000004/jT'" ; 
the  addition  to  the  disturbing  force  which  is  necessary  to  make  the  solution 
exact  would  then  be  —  -00002/T' V30,  and  would  therefore  bear  to  the  actual 
force  the  ratio  -  -00002  j/28. 

It  appears  from  (19)  that  near  the  poles,  where  v  is  small,  the 
tides  are  in  all  cases  direct.  For  sufficiently  great  depths,  @  will 


*  The  first  three  cases  were  calculated  by  Laplace,  I.e.  ante  p.  360 ;  the  last  by 
Lord  Kelvin.     The  results  have  been  roughly  verified  by  the  present  writer. 
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be  very  small,  and  the  formulae  (17)  and  (19)  then  shew  that  the 
tide  has  everywhere  sensibly  the  equilibrium  value,  all  the  coeffi- 
cients being  small  except  the  first,  which  is  unity.  As  h  is 
diminished,  /3  increases,  and  the  formula  (17)  shews  that  each 
of  the  ratios  Nj  will  continually  increase,  except  when  it  changes 
sign  from  +  to  —  by  passing  through  the  value  oo .  No  singu- 
larity in  the  solution  attends  this  passage  of  Nj  through  oo  , 
except  in  the  case  of  NI,  since,  as  is  easily  seen,  the  product 
Nj^Nj  remains  finite,  and  the  coefficients  in  (19)  are  therefore  all 
finite.  But  when  NI  =  CO  ,  the  expression  for  £  becomes  infinite, 
shewing  that  the  depth  has  then  one  of  the  critical  values 
already  referred  to. 

The  table  above  given  indicates  that  for  depths  of  29040  feet, 
and  upwards,  the  tides  are  everywhere  direct,  but  that  there  is 
some  critical  depth  between  29040  feet  and  14520  feet,  for  which 
the  tide  at  the  equator  changes  from  direct  to  inverted.  The 
largeness  of  the  second  coefficient  in  the  case  /3  =  40  indicates  that 
the  depth  could  not  be  reduced  much  below  7260  feet  before 
reaching  a  second  critical  value. 

Whenever  the  equatorial  tide  is  inverted,  there  must  be  one 
or  more  pairs  of  nodal  circles  (f  =  0),  symmetrically  situated  on 
opposite  sides  of  the  equator.  In  the  case  of  /3  =  40,  the  position 
of  the  nodal  circles  is  given  by  v  =  '9o,  or  0  =  90°  ±  18°,  approxi- 
mately *. 

215.  We  close  this  chapter  with  a  brief  notice  of  the  question 
of  the  stability  of  the  ocean,  in  the  case  of  rotation. 

It  has  been  shewn  in  Art.  197  that  the  condition  of  secular 
stability  is  that  V  —  T0  should  be  a  minimum  in  the  equilibrium 
configuration.  If  we  neglect  the  mutual  attraction  of  the  elevated 
water,  the  application  to  the  present  problem  is  very  simple.  The 
excess  of  the  quantity  V—  T0  over  its  undisturbed  value  is  evidently 

s (i), 


where  "^  denotes  the  potential  of  the  earth's  attraction,  &S  is  an 
element  of  the  oceanic  surface,  and  the  rest  of  the  notation  is  as 

*  For  a  fuller  discussion  of  these  points  reference  may  be  made  to  the  original 
investigation  of  Laplace,  and  to  Lord  Kelvin's  papers. 
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before.  Since  M*  -  Jw'V2  is  constant  over  the  undisturbed  level 
(z  =  0),  its  value  at  a  small  altitude  z  may  be  taken  to  be  gz  +  const., 
where,  as  in  Art.  206, 


Since  f/£dS  =  0,  on  account  of  the  constancy  of  volume,  we  find 
from  (1)  that  the  increment  of  V—  T0  is 

Hfo?*8 (3). 

This   is   essentially   positive,   and    the    equilibrium    is    therefore 
secularly  stable*. 

It  is  to  be  noticed  that  this  proof  does  not  involve  any 
restriction  as  to  the  depth  of  the  fluid,  or  as  to  smallness  of  the 
ellipticity,  or  even  as  to  symmetry  of  the  undisturbed  surface  with 
respect  to  the  axis  of  rotation. 

If  we  wish  to  take  into  account  the  mutual  attraction  of  the 
water,  the  problem  can  only  be  solved  without  difficulty  when  the 
undisturbed  surface  is  nearly  spherical,  and  we  neglect  the  varia- 
tion of  g.  The  question  (as  to  secular  stability)  is  then  exactly  the 
same  as  in  the  case  of  no  rotation.  The  calculation  for  this  case 
will  find  an  appropriate  place  in  the  next  chapter.  The  result,  as 
we  might  anticipate  from  Art.  192,  is  that  the  ocean  is  stable  if, 
and  only  if,  its  density  be  less  than  the  mean  density  of  the  Earth  *. 

*  Cf.  Laplace,  Mecanique  Celeste,  Livre  4me,  Arts.  13,  14. 
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ON   TIDE-GENERATING   FORCES. 

a.  IF,  in  the  annexed  figure,  0  and  C  be  the  centres  of  the  earth  and  of 
the  disturbing  body  (say  the  moon),  the  potential  of  the  moon's  attraction  at 
a  point  P  near  the  earth's  surface  will  be  -  yM/CP,  where  H  denotes  the 


moon's  mass,  and  y  the  gravitation-constant.  If  we  put  OC=D,  OP  =  r,  and 
denote  the  moon's  (geocentric)  zenith-distance  at  P,  viz.  the  angle  POC,  by  ^, 
this  potential  is  equal  to 


(Z>2- 

We  require,  however,  not  the  absolute  accelerative  effect  on  P,  but  the 
acceleration  relative  to  the  earth.  Now  the  moon  produces  in  the  whole 
mass  of  the  earth  an  acceleration  yJ///)2*  parallel  to  OC,  and  the  potential  of 
a  uniform  field  of  force  of  this  intensity  is  evidently 

yM 
~  jyi'r  cos  ^* 

Subtracting  this  from  the  former  result  we  get,  for  the  potential  of  the  relative 
attraction  on  P, 


(i). 


This  function  Q  is  identical  with   the  'disturbing-function'   of  planetary 
theory. 

*  The  effect  of  this  is  to  produce  a  monthly  inequality  in  the  motion  of  the 
earth's  centre  about  the  sun.  The  amplitude  of  the  inequality  in  radius  vector  is 
about  3000  miles;  that  of  the  inequality  in  longitude  is  about  1".  Laplace, 
Hecanique  Celeste,  Livre  6m3,  Art.  30,  and  Livre  13me,  Art.  10. 
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Expanding  in  powers  of  r/Dt  which  is  in  our  case  a  small  quantity,  and 
retaining  only  the  most  important  term,  we  find 


Considered  as  a  function  of  the  position  of  P,  this  is  a  zonal  harmonic  of  the 
second  degree,  with  OC  as  axis. 

The  reader  will  easily  verify  that,  to  the  order  of  approximation  adopted, 
G  is  equal  to  the  joint  potential  of  two  masses,  each  equal  to  \M^  placed,  one 
at  C,  and  the  other  at  a  point  C'  in  CO  produced  such  that  OC'  =  OC*. 

b.  In  the  '  equilibrium-theory  '  of  the  tides  it  is  assumed  that  the  free  surface 
takes  at  each  instant  the  equilibrium-form  which  might  be  maintained  if  the 
disturbing  body  were  to  retain  unchanged  its  actual  position  relative  to  the 
rotating  earth.  In  other  words,  the  free  surface  is  assumed  to  be  a  level- 
surface  under  the  combined  action  of  gravity,  of  centrifugal  force,  and  of  the 
disturbing  force.  The  equation  to  this  level-surface  is 

¥-^2s72  +  G  =  const  ............................  (iii), 

where  n  is  the  angular  velocity  of  the  rotation,  or  denotes  the  distance  of  any 
point  from  the  earth's  axis,  and  ¥  is  the  potential  of  the  earth's  attraction. 
If  we  use  square  brackets  [  ]  to  distinguish  the  values  of  the  enclosed  quanti- 
ties at  the  undisturbed  level,  and  denote  by  £  the  elevation  of  the  water 
above  this  level  due  to  the  disturbing  potential  Q,  the  above  equation  is  equi- 
valent to 


(iv), 


approximately,  where  dfdz  is  used  to  indicate  a  space-differentiation  along  the 
normal  outwards.  The  first  term  is  of  course  constant,  and  we  therefore 
have 

(v), 


where,  as  in  Art.  206,  g=\  -=- (* - ^n2^}     (vi). 


Evidently,  g  denotes  the  value  of  '  apparent  gravity  '  ;  it  will  of  course  vary 
more  or  less  with  the  position  of  P  on  the  earth's  surface. 

It  is  usual,  however,  in  the  theory  of  the  tides,  to  ignore  the  slight 
variations  in  the  value  of  #,  and  the  effect  of  the  ellipticity  of  the  undisturbed 
level  on  the  surface-  value  of  Q.  Putting,  then,  r=a,  g=yE/a2,  where  E 
denotes  the  earth's  mass,  and  a  the  mean  radius  of  the  surface,  we  have, 
from  (ii)  and  (v), 

(vii), 


where  ffsss9'''a  ...........................  (viii)' 

as  in  Art.  177.     Hence  the  equilibrium-form  of  the  free  surface  is  a  harmonic 
*  Thomson  and  Tait,  Natural  Philosophy,  Art.  804. 
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spheroid  of  the  second  order,  of  the  zonal  type,  having  its  axis  passing  through 
the  disturbing  body. 

C.  Owing  to  the  diurnal  rotation,  and  also  to  the  orbital  motion  of  the 
disturbing  body,  the  position  of  the  tidal  spheroid  relative  to  the  earth  is 
continually  changing,  so  that  the  level  of  the  water  at  any  particular  place 
will  continually  rise  and  fall.  To  analyse  the  character  of  these  changes,  let 
6  be  the  co-latitude,  and  «  the  longitude,  measured  eastward  from  some  fixed 
meridian,  of  any  place  P,  and  let  A  be  the  north-polar-distance,  and  a  the 
hour-angle  west  of  the  same  meridian,  of  the  disturbing  body.  We  have, 
then, 

cos^=cos  Acos0  +  sin  Asin0cos(a  +  o>) (ix), 

and  thence,  by  (vii), 

C  =  fJ2r(cos2  A  -i)  (cos*  0-1) 
+  %Hsiu  2  A  sin  20  cos  (a  -f-  u>) 
+  £#  sin2  A  sin2  0  cos  2  (a +  <»)  +  # (x). 

Each  of  these  terms  may  be  regarded  as  representing  a  partial  tide,  and 
the  results  superposed. 

Thus,  the  first  term  is  a  zonal  harmonic  of  the  second  order,  and  gives  a 
tidal  spheroid  symmetrical  with  respect  to  the  earth's  axis,  having  as  nodal 
lines  the  parallels  for  which  cos2  6 = £,  or  6 = 90°  ±  35°  16'.  The  amount  of  the 
tidal  elevation  in  any  particular  latitude  varies  as  cos2A-|.  In  the  case 
of  the  moon  the  chief  fluctuation  in  this  quantity  has  a  period  of  about  a 
fortnight ;  we  have  here  the  origin  of  the  *  lunar  fortnightly '  or  '  declina- 
tionaP  tide.  When  the  sun  is  the  disturbing  body,  we  have  a  'solar  semi- 
annual' tide.  It  is  to  be  noticed  that  the  mean  value  of  cos2A-^  with 
respect  to  the  time  is  not  zero,  so  that  the  inclination  of  the  orbit  of  the 
disturbing  body  to  the  equator  involves  as  a  consequence  a  permanent  change 
of  mean  level.  Of.  Art.  180. 

The  second  term  in  (x)  is  a  spherical  harmonic  of  the  type  obtained  by 
putting  7i  =  2,  s=I  in  Art.  87  (6).  The  corresponding  tidal  spheroid  has  as 
nodal  lines  the  meridian  which  is  distant  90°  from  that  of  the  disturbing 
body,  and  the  equator.  The  disturbance  of  level  is  greatest  in  the  meridian 
of  the  disturbing  body,  at  distances  of  45°  N.  and  S.  of  the  equator.  The 
oscillation  at  any  one  place  goes  through  its  period  with  the  hour-angle  a, 
i.e.  in  a  lunar  or  solar  day.  The  amplitude  is,  however,  not  constant,  but 
varies  slowly  with  A,  changing  sign  when  the  disturbing  body  crosses  the 
equator.  This  term  accounts  for  the  lunar  and  solar  *  diurnal '  tides. 

The  third  term  is  a  sectorial  harmonic  (ft =2,  s=2),  and  gives  a  tidal 
spheroid  having  as  nodal  lines  the  meridians  which  are  distant  45°  E.  and  W. 
from  that  of  the  disturbing  body.  The  oscillation  at  any  place  goes  through 
its  period  with  2a,  i.  e.  in  half  a  (lunar  or  solar)  day,  and  the  amplitude  varies 
as  sin2  A,  being  greatest  when  the  disturbing  body  is  on  the  equator.  We 
have  here  the  origin  of  the  lunar  and  solar  'semi-diurnal'  tides. 
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The  '  constant  '  C  is  to  be  determined  by  the  consideration  that,  on  account 
of  the  invariability  of  volume,  we  must  have 

SSCdS  =  0  ....................................  (xi), 

where  the  integration  extends  over  the  surface  of  the  ocean.  If  the  ocean 
cover  the  whole  earth  we  have  (7=0,  by  the  general  property  of  spherical 
surface-harmonics  quoted  in  Art.  88.  It  appears  from  (vii)  that  the  greatest 
elevation  above  the  undisturbed  level  is  then  at  the  points  ^  =  0,  ^  =  180°,  i.e. 
at  the  points  where  the  disturbing  body  is  in  the  zenith  or  nadir,  and  the 
amount  of  this  elevation  is  \H.  The  greatest  depression  is  at  places  where 
^  =  90°,  i.e.  the  disturbing  body  is  on  the  horizon,  and  is  \H.  The  greatest 
possible  range  is  therefore  equal  to  H. 

In  the  case  of  a  limited  ocean,  C  does  not  vanish,  but  has  at  each  instant  a 
definite  value  depending  on  the  position  of  the  disturbing  body  relative  to  the 
earth.  This  value  may  be  easily  written  down  from  equations  (x)  and  (xi)  ; 
it  is  a  sum  of  spherical  harmonic  functions  of  A,  a,  of  the  second  order,  with 
constant  coefficients  in  the  form  of  surface-integrals  whose  values  depend  on 
the  distribution  of  land  and  water  over  the  globe.  The  changes  in  the  value 
of  (7,  due  to  relative  motion  of  the  disturbing  body,  give  a  general  rise  and 
fall  of  the  free  surface,  with  (in  the  case  of  the  moon)  fortnightly,  diurnal,  and 
semi-diurnal  periods.  This  *  correction  to  the  equilibrium-theory,'  as  usually 
presented,  was  first  fully  investigated  by  Thomson  and  Tait*.  The  necessity 
for  a  correction  of  the  kind,  in  the  case  of  a  limited  sea,  had  however  been 
recognized  by  D.  Bernoulli  f. 

d.  We  have  up  to  this  point  neglected  the  mutual  attraction  of  the  par- 
ticles of  the  water.  To  take  this  into  account,  we  must  add  to  the  disturbing 
potential  Q  the  gravitation-potential  of  the  elevated  water.  In  the  case  of  an 
ocean  covering  the  earth,  the  correction  can  be  easily  applied,  as  in  Art.  192. 
Putting  7i  =  2  in  the  formulae  of  that  Art.,  the  addition  to  the  value  of  fi  is 
-f  p/Po-  #£  ;  and  we  thence  find  without  difficulty 


It  appears  that  all  the  tides  are  increased,  in  the  ratio  (1  —  fp/po)"1-     If  we 
assume  p/p0  =  '18,  this  ratio  is  T12. 

e.  So  much  for  the  equilibrium-theory.  For  the  purposes  of  the  kinetic 
theory  of  Arts.  206  —  214,  it  is  necessary  to  suppose  the  value  (x)  of  £  to  be 
expanded  in  a  series  of  simple-harmonic  functions  of  the  time.  The  actual 

*  Natural  Philosophy,  Art.  808  ;  see  also  Prof.  G.  H.  Darwin,  "  On  the  Cor- 
rection to  the  Equilibrium  Theory  of  the  Tides  for  the  Continents,"  Proc.  Roy.  Soc., 
April  1,  1886.  It  appears  as  the  result  of  a  numerical  calculation  by  Prof.  H.  H. 
Turner,  appended  to  this  paper,  that  with  the  actual  distribution  of  land  and  water 
the  correction  is  of  little  importance. 

t  Traite  sur  le  Flux  et  Reflux  de  la  Her,  c.  xi.  (1740).  This  essay,  as  well  as  the 
one  by  Maclaurin  cited  on  p.  322,  and  another  on  the  same  subject  by  Euler,  is 
reprinted  in  Le  Seur  and  Jacquier's  edition  of  Newton's  Principia. 
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expansion,  taking  account  of  the  variations  of  A  and  a,  and  of  the  distance 
D  of  the  disturbing  body,  (which  enters  into  the  value  of  #),  is  a  somewhat 
complicated  problem  of  Physical  Astronomy,  into  which  we  do  not  enter  here*. 

Disregarding  the  constant  (7,  which  disappears  in  the  dynamical  equations 
(1)  of  Art.  207,  the  constancy  of  volume  being  now  secured  by  the  equation  of 
continuity  (2),  it  is  easily  seen  that  the  terms  in  question  will  be  of  three 
distinct  types. 

First,  we  have  the  tides  of  long  period,  for  which 

£=#'(cos20-i).cos(o-*  +  0  .....................  (xiii). 

The  most  important  tides  of  this  class  are  the  *  lunar  fortnightly  '  for  which, 
in  degrees  per  mean  solar  hour,  o-  =  l°'098,  and  the  'solar  semi-annual'  for 
which  <r  =  0°-082. 

Secondly,  we  have  the  diurnal  tides,  for  which 


where  a  differs  but  little  from  the  angular  velocity  n  of  the  earth's  rotation. 
These  include  the  'lunar  diurnal'  [&=  13°  -943],  the  'solar  diurnal'  [a  =  14°  -959], 
and  the  'luni-solar  diurnal'  [0-  =  ft  =  15°  -041]. 

Lastly,  we  have  the  semi-diurnal  tides,  for  which 

f=#"'siii20.cos(<r*  +  2a>  +  e)  .....................  (xv)f, 

where  or  differs  but  little  from  2w.  These  include  the  '  lunar  semi-diurnal  ' 
[0-  =  28°  -984],  the  'solar  semi-diurnal'  [o-=30°],  and  the  'luni-solar  semi- 
diurnal '  [o-  =  2w  =  30°  -082]. 

For  a  complete  enumeration  of  the  more  important  partial  tides,  and  for 
the  values  of  the  coefficients  H',  H"  ,  H'"  in  the  several  cases,  we  must  refer 
to  the  papers  by  Lord  Kelvin  and  Prof.  G.  H.  Darwin,  already  cited.  In  the 
Harmonic  Analysis  of  Tidal  Observations,  which  is  the  special  object  of  these 
investigations,  the  only  result  of  dynamical  theory  which  is  made  use  of  is  the 
general  principle  that  the  tidal  elevation  at  any  place  must  be  equal  to  the 
sum  of  a  series  of  simple-harmonic  functions  of  the  time,  whose  periods  are 
the  same  as  those  of  the  several  terms  in  the  development  of  the  disturbing 
potential,  and  are  therefore  known  a  priori.  The;  amplitudes  and  phases  of 
the  various  partial  tides,  for  any  particular  port,  are  then  determined  by 
comparison  with  tidal  observations  extending  over  a  sufficiently  long  period  J. 

*  Reference  may  be  made  to  Laplace,  Mecanique  Celeste,  Livre  13me,  Art.  2  ;  to 
the  investigations  of  Lord  Kelvin  and  Prof.  G.  H.JDarwin  in  the  Brit.  Ass.  Reports 
for  1868,  1872,  1876,  1883,  1885  ;  and  to  the  Art.  on  "  Tides,"  by  the  latter  author, 
in  the  Encyc.  Britann.  (9th  ed.). 

t  It  is  evident  that  over  a  small  area,  near  the  poles,  which  may  be  treated  as 
sensibly  plane,  the  formulas  (xiv)  and  (xv)  make 

f  xrcos(<r«  +  a>  +  e),    and   f  <x  r2  cos  (<rt  +  2w  +  e), 

respectively,  where  r,  w  are  plane  polar  coordinates.  These  forms  have  been  used 
by  anticipation  in  Arts.  188,  204. 

J  It  is  of  interest  to  note,  in  connection  with  Art.  184,  that  the  tide-gauges, 
being  situated  in  relatively  shallow  water,  are  sensibly  affected  by  certain  tides  of 
the  second  order,  which  therefore  have  to  be  taken  account  of  in  the  general 
scheme  of  Harmonic  Analysis. 
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We  thus   obtain  a  practically  complete  expression  which  can  be  used  for 
the  systematic  prediction  of  the  tides  at  the  port  in  question. 

f  One  point  of  special  interest  in  the  Harmonic  Analysis  is  the  deter- 
mination of  the  long-period  tides.  It  has  been  already  stated  that  owing  to 
the  influence  of  dissipative  forces  these  must  tend  to  approximate  more  or  less 
closely  to  their  equilibrium  values.  Unfortunately,  the  only  long-period  tide, 
whose  coefficient  can  be  inferred  with  any  certainty  from  the  observations, 
is  the  lunar  fortnightly,  and  it  is  at  least  doubtful  whether  the  dissipative 
forces  are  sufficient  to  produce  in  this  case  any  great  effect  in  the  direction 
indicated.  Hence  the  observed  fact  that  the  fortnightly  tide  has  less  than 
its  equilibrium  value  does  not  entitle  us  to  make  any  inference  as  to  elastic 
yielding  of  the  solid  body  of  the  earth  to  the  tidal  distorting  forces  exerted  by 
the  moon*. 

*  Prof.  G.  H.  Darwin,  I.e.  ante  p.  350. 
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SURFACE    WAVES. 

216.  WE  have  now  to  investigate,  as  far  as  possible,  the  laws 
of  wave-motion  in  liquids  when  the  restriction  that  the  vertical 
acceleration  may  be  neglected  is  no  longer  imposed.  The  most 
important  case  not  covered  by  the  preceding  theory  is  that  of 
waves  on  relatively  deep  water,  where,  as  will  be  seen,  the  agita- 
tion rapidly  diminishes  in  amplitude  as  we  pass  downwards  from 
the  surface  ;  but  it  will  be  understood  that  there  is  a  continuous 
transition  to  the  state  of  things  investigated  in  the  preceding 
chapter,  where  the  horizontal  motion  of  the  fluid  was  sensibly  the 
same  from  top  to  bottom. 

We  begin  with  the  oscillations  of  a  horizontal  sheet  of  water, 
and  we  will  confine  ourselves  in  the  first  instance  to  cases  where 
the  motion  is  in  two  dimensions,  of  which  one  (x)  is  horizontal, 
and  the  other  (y)  vertical.  The  elevations  and  depressions  of  the 
free  surface  will  then  present  the  appearance  of  a  series  of  parallel 
straight  ridges  and  furrows,  perpendicular  to  the  plane  xy. 

The  motion,  being  assumed  to  have  been  generated  originally 
from  rest  by  the  action  of  ordinary  forces,  will  be  necessarily 
irrotational,  and  the  velocity-potential  </>  will  satisfy  the  equation 

*=0  (1) 

* 


dx* 


with  the  condition  -£•  =  0   .  .  (2) 

dn 

at  a  fixed  boundary. 
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To  find  the  condition  which  must  be  satisfied  at  the  free 
surface  (p  =  const.),  let  the  origin  0  be  taken  at  the  undisturbed 
level,  and  let  Oy  be  drawn  vertically  upwards.  The  motion  being 
assumed  to  be  infinitely  small,  we  find,  putting  fl  =  gy  in  the 
formula  (4)  of  Art.  21,  and  neglecting  the  square  of  the  velocity  (q), 


(3)- 


Hence  if  rj  denote  the  elevation  of  the  surface  at  time  t  above  the 
point  (x,  0),  we  shall  have,  since  the  pressure  there  is  uniform, 


provided  the  function  F(t},  and  the  additive  constant,  be  supposed 
merged  in  the  value  of  d<f>/dt.  Subject  to  an  error  of  the  order 
already  neglected,  this  may  be  written 


*-JL?L <5)- 

Since  the  normal  to  the  free  surface  makes  an  infinitely  small 
angle  (drj/dx)  with  the  vertical,  the  condition  that  the  normal 
component  of  the  fluid  velocity  at  the  free  surface  must  be  equal 
to  the  normal  velocity  of  the  surface  itself  gives,  with  sufficient 
approximation, 

d*_  wi  (6) 


This  is  in  fact  what  the  general  surface  condition  (Art.  10  (3)) 
becomes,  if  we  put  F(x,  y,  z,  t)  =  y  —  rj,  and  neglect  small  quanti- 
ties of  the  second  order. 

Eliminating  ??  between  (5)  and  (6),  we  obtain  the  condition 


to  be  satisfied  when  y  =  0. 

In  the  case  of  simple-harmonic  motion,  the  time-factor  being 
condition  becomes 


24—2 
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217.  Let  us  apply  this  to  the  free  oscillations  of  a  sheet  of 
water,  or  a  straight  canal,  of  uniform  depth  h,  and  let  us  suppose 
for  the  present  that  there  are  no  limits  to  the  fluid  in  the  direction 
of  x,  the  fixed  boundaries,  if  any,  being  vertical  planes  parallel  to  xy. 

Since  the  conditions  are  uniform  in  respect  to  #,  the  simplest 
supposition  we  can  make  is  that  <f>  is  a  simple-harmonic  function 
of  x  ;  the  most  general  case  consistent  with  the  above  assumptions 
can  be  derived  from  this  by  superposition,  in  virtue  of  Fourier's 
Theorem. 

We  assume  then 

(j)  =  Pcoskx.ei^t+^  ........................  (1), 

where  P  is  a  function  of  y  only.     The  equation  (1)  of  Art.  216 
gives 


whence  P  =  A&+Ber*y  ........................  (3). 

The  condition  of  no  vertical  motion  at  the  bottom  is  dcf>/dy  =  0 
for  y  —  —  h,  whence 


=,  say. 
This  leads  to 

$  =  C  cosh  k(y  +  h]  cos  kx  .  ei(<Tt+e)  ...............  (4). 

The  value  of  a  is  then  determined  by  Art.  216  (8),  which  gives 

o-2  =  gk  tanh  kh  ........................  (5). 

Substituting  from  (4)  in  Art.  216  (5),  we  find 

ia-C 
77  =  -  cosh  kh  cos  kx.e*^^  ...............  (6), 

9 

or,  writing  a  =  —  <rC/g  .  cosh  kht 

and  retaining  only  the  real  part  of  the  expression, 

7j  =  a  cos  kx  .  sin  (<rt  +  e)  ..................  (7). 

This  represents  a  system  of  '  standing  waves,'  of  wave-length 
X  =  2-7T/&,  and  vertical  amplitude  a.  The  relation  between  the 
period  (27T/0-)  and  the  wave-length  is  given  by  (5).  Some  numeri- 
cal examples  of  this  dependence  will  be  given  in  Art.  218. 
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In  terms  of  a  we  have 

ga  cosh  k  (y  +  h)        ,  /   ,       \  /0\ 

6  =  —Z -^— - —  cos  lex .  cos  (at  +  e) (8), 

a-       cosh  kh 

and  it  is  easily  seen  from  Art.  62  that  the  corresponding  value  of 
the  stream-function  is 

ga  sinh  k  (y  +  h)   .    7  (          N  /nx 

-\lr=^ r^-5 —  sin  &a? .  cos  (at  4-  e) (9). 

o-        cosh  M 

If  x,  y  be  the  coordinates  of  a  particle  relative  to  its  mean 
position  (x,  y),  we  have 

~dt  =  ~d~x)   ~dt=~Ty  (10)' 

if  we  neglect  the  differences  between  the  component  velocities  at 
the  points  (x}  y)  and  (x  +  x,  y  +  y),  as  being  small  quantities  of 
the  second  order. 

Substituting  from  (8),  and  integrating  with  respect  to  t,  we  find 

x  =  —  a .   .;  y  7 —  sni  kx .  sin  (at  +  e), 

sinn  Kit 


Y  =     a .   ,,, — '  cos  ^ .  sm  (at  +  e) 

smh  M 

where  a  slight  reduction  has  been  effected  by  means  of  (5).  The 
motion  of  each  particle  is  rectilinear,  a  ad  simple-harmonic,  the 
direction  of  motion  varying  from  vertical,  beneath  the  crests  and 
hollows  (kx=m7r),  to  horizontal,  beneath  the  nodes  (kx  =  (m  +  £)  TT). 
As  we  pass  downwards  from  the  surface  to  the  bottom  the  ampli- 
tude of  the  vertical  motion  diminishes  from  a  cos  kx  to  0,  whilst 
that  of  the  horizontal  motion  diminishes  in  the  ratio  coshM  :  1. 

When  the  wave-length  is  very  small  compared  with  the 
depth,  kh  is  large,  and  therefore  tanh  kh  =  l.  The  formulae  (11) 
then  reduce  to 

x  =  —  a^y  sin  kx .  sin  (crt  +  e),  \  ...  ~, 

y=     ad^  cos  kx .  sin  (at  +  e)  j 

with  <r*  =  gk (13)* 

The    motion    now   diminishes   rapidly   from    the    surface   down- 
*  This  case  may  of  course  be  more  easily  investigated  independently. 
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wards;  thus  at  a  depth  of  a  wave-length  the  diminution  of 
amplitude  is  in  the  ratio  e~'2n  or  1/535.  The  forms  of  the  lines 
of  (oscillatory)  motion  (^  =  const.),  for  this  case,  are  shewn 
in  the  annexed  figure. 


In  the  above  investigation  the  fluid  is  supposed  to  extend  to  infinity  in 
the  direction  of  #,  and  there  is  consequently  no  restriction  to  the  value  of  /•. 
The  formulae  also,  give,  however,  the  longitudinal  oscillations  in  a  canal  of  finite 
length,  provided  k  have  the  proper  values.  If  the  fluid  be  bounded  by  the 
vertical  planes  #  =  0,  x= I  (say),  the  condition  dfyldx—Q  is  satisfied  at  both  ends 
provided  sin^  =  0,  or  kl  =  mir,  where  «i  =  l,  2,  3, ....  The  wave-lengths  of  the 
normal  modes  are  therefore  given  by  the  formula  \  =  2,l/m.  Cf.  Art.  175. 


218.  The  investigation  of  the  preceding  Art.  relates  to  the 
case  of  '  standing '  waves ;  it  naturally  claims  the  first  place,  as  a 
straightforward  application  of  the  usual  method  of  treating  the 
free  oscillations  of  a  system  about  a  state  of  equilibrium. 

In  the  case,  however,  of  a  sheet  of  water,  or  a  canal,  of  uniform 
depth,  extending  to  infinity  in  both  directions,  we  can,  by  super- 
position of  two  systems  of  standing  waves  of  the  same  wave-length, 
obtain  a  system  of  progressive  waves  which  advance  unchanged 
with  constant  velocity.  For  this,  it  is  necessary  that  the  crests 
and  troughs  of  one  component  system  should  coincide  (horizon- 
tally) with  the  nodes  of  the  other,  that  the  amplitudes  of  the  two 
systems  should  be  equal,  and  that  their  phases  should  differ  by  a 
quarter-period. 

Thus  if  we  put  77  =  %  +  ^ (1), 

where  Vi  =  a  sm  &#  cos  °^>     Vz  =  a  cos  kx  sin  crt (2), 

we  get  97  =  a  sin  (kx  ±a~t) (3), 

which  represents  (Art.  167)  an  infinite  train  of  waves  travelling 
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in   the   negative   or   positive   direction   of  x,   respectively,   with 
the  velocity  c  given  by 

.....................  (4), 


where  the  value  of  <r  has  been  substituted  from  Art.  217  (5).     In 
terms  of  the  wave-length  (\)  we  have 


When  the  wave-length  is  anything  less  than  double  the  depth, 
we  have  tanhM  =  l,  sensibly,  and  therefore 


-©'-(£)' 


On  the  other  hand  when  \  is  moderately  large  compared  with  h 
we  have  tanh  kh  =  kh,  nearly,  so  that  the  velocity  is  independent 
of  the  wave-length,  being  given  by 


(7), 


as  in  Art.  167.  This  formula  is  here  obtained  on  the  assumption 
that  the  wave-profile  is  a  curve  of  sines,  but  Fourier's  theorem 
shews  that  this  restriction  is  now  unnecessary. 

It  appears,  on  tracing  the  curve  y  =  (tanh  as)  /as,  or  from  the 
numerical  table  to  be  given  presently,  that  for  a  given  depth  h 
the  wave-velocity  increases  constantly  with  the  wave-length, 
from  zero  to  the  asymptotic  value  (7). 

Let  us  now  fix  our  attention,  for  definiteness,  on  a  train  of 
simple-harmonic  waves  travelling  in  the  positive  direction,  i.e.  we 
take  the  lower  sign  in  (1)  and  (3).  It  appears,  on  comparison 
with  Art.  217  (7),  that  the  value  of  %  is  deduced  by  putting 
e  =  -|TT,  and  subtracting  JTT  from  the  value  of  &#f,  and  that  of  rj.2 
by  putting  e  =  0,  simply.  This  proves  a  statement  made  above  as 
to  the  relation  between  the  component  systems  of  standing  waves, 


*  Green,  "Note  on  the  Motion  of  Waves  in  Canals,"  Camb.  Tram.,  t.  vii.  (1839); 
Mathematical  Papers,  p.  279. 

t  This  is  of  course  merely  equivalent  to  a  change  of  the  origin  from  which  x  is 
measured, 
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and  also  enables  us  to  write  down  at  once  the  proper  modifications 
of  the  remaining  formulae  of  the  preceding  Art. 


Thus,  we  find,  for  the  component  displacements  of  a  particle, 
cosh  k (y 

T UOS  \KW  —  (71/J, 

(8). 


cosy  ,, 

a        .  ,   ,  .  —  -  cos  (lac  —  a-t), 
smh  kh  ^  ' 


x  =  X  — 


This  shews  that  the  motion  of  each  particle  is  elliptic-harmonic, 
the  period  (27T/0-,  =  Vc»)  being  of  course  that  in  which  the  dis- 
turbance travels  over  a  wave-length.  The  semi-axes,  horizontal 
and  vertical,  of  the  elliptic  orbits  are 

cosh  k(y  +  h)       ,       sinh  k(y  +  h) 

a  -  r-TTTT  —    and   a  --  ^rri  —  > 
sinh  kh  smh  kh 

respectively.  These  both  diminish  from  the  surface  to  the  bottom 
(y  =  —  h),  where  the  latter  vanishes.  The  distance  between  the 
foci  is  the  same  for  all  the  ellipses,  being  equal  to  a  cosech  kh.  It 
easily  appears,  on  comparison  of  (8)  with  (3),  that  a  surface-particle 
is  moving  in  the  direction  of  wave-propagation  when  it  is  at  a  crest, 
and  in  the  opposite  direction  when  it  is  in  a  trough*. 

When  the  depth  exceeds  half  a  wave-length,  e~kh  is  very  small, 
and  the  formulae  (8)  reduce  to 


so  that  each  particle  describes  a  circle,  with  constant  angular 
velocity  <r,  =  (#X/27r)*t-  The  radii  of  these  circles  are  given  by 
the  formula  afo,  and  therefore  diminish  rapidly  downwards. 


In  the  following  table,  the  second  column  gives  the  values  of  sech  kh 
corresponding  to  various  values  of  the  ratio  h/\.  This  quantity  measures  the 
ratio  of  the  horizontal  motion  at  the  bottom  to  that  at  the  surface.  The  third 
column  gives  the  ratio  of  the  vertical  to  the  horizontal  diameter  of  the  elliptic 
orbit  of  a  surface  particle.  The  fourth  and  fifth  columns  give  the  ratios 
of  the  wave-velocity  to  that  of  waves  of  the  same  length  on  water  of  infinite 
depth,  and  to  that  of  '  long  '  waves  on  water  of  the  actual  depth,  respectively. 

*  The  results  of  Arts.  217,  218,  for  the  case  of  finite  depth,  were  given,  substan- 
tially, by  Airy,  "Tides  and  Waves,"  Arts.  160...  (1845). 
t  Green,  L  c.  ante  p.  375. 
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hl\ 

sech  kh 

tanh  kh 

cl(gk-y 

cl(gh)l 

o-oo 

1-000 

o-ooo 

o-ooo 

1-000 

•01 

•998 

•063 

•250 

•999 

•02 

•992 

•125 

•354 

•997 

•03 

•983 

•186 

•432 

•994 

•04 

•969 

•246 

•496 

•990 

•05 

•953 

•304 

•552 

•984 

•06 

•933 

•360 

•600 

•977 

•07 

•911 

•413 

•643 

•970 

•08 

•886 

•464 

•681 

•961 

•09 

•859 

•512 

•715 

•951 

•10 

•831 

•557 

•746 

•941 

•20 

•527 

•850 

•922 

•823 

•30 

•297 

•955 

•977 

•712 

•40 

•161 

•987 

•993 

•627 

•50 

•086 

•996 

•998 

•563 

•60 

•046 

•999 

•999 

•515 

•70 

•025 

1-000 

1-000 

•477 

•80 

•013 

1-000 

1-000 

•446 

•90 

•007 

1-000 

1-000 

•421 

1-00 

•004 

1-000 

1-000 

•399 

00 

•000 

1-000 

1-000 

•000 

The  annexed  tables  of  absolute  values  of  periods  and  wave-velocities  are 
abridged  from  Airy's  treatise*.     The  value  of  g  adopted  by  him  is  32'16  f.s.s. 


Depth  of 

Length  of  wave,  in  feet 

water, 

in  feet 

1 

10 

] 

100 

1000 

iVG     lH   SCCO 

10,000 
ids 

1 

0-442 

1-873 

17-645 

176-33 

1763-3 

10 

0-442 

1-398 

5-923 

55-80 

557-62 

100 

0-442 

1-398 

4-420 

18-73 

176-45 

1000 

0-442 

1-398 

4-420 

13-98 

59-23 

10,000 

0-442 

1-398 

4-420 

13-98 

44-20 

Depth  of 

Length  of  wave,  in  feet 

water, 

in  feet 

1 

10 

100 

1000 

10,000 

00 

Wave-velocity,  in  feet  per  second 

1 

2-262 

5-339 

5-667 

5-671 

5-671 

5-671 

10 

2-262 

7-154 

16-88 

17-92 

17-93 

17-93 

100 

2-262 

7-154 

22-62 

53-39 

56-67 

56-71 

1000 

2-262 

7-154 

22-62 

71-54 

168-8 

179-3 

10,000 

2-262 

7-154 

22-62 

71-54 

226-2 

567-1 

Tides  and  Waves,"  Arts.  169,  170. 
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The  possibility  of  progressive  waves  advancing  with  unchanged  form  is  of 
course  limited,  theoretically,  to  the  case  of  uniform  depth  ;  but  the  foregoing 
numerical  results  shew  that  practically  a  variation  in  the  depth  will  have  no 
appreciable  influence,  provided  the  depth  everywhere  exceeds  (say)  half  the 
wave-length. 

We  remark,  finally,  that  the  theory  of  progressive  waves  may 
be  obtained,  without  the  intermediary  of  standing  waves,  by 
assuming  at  once,  in  place  of  Art.  217  (1), 

*x)   ...........................  (10). 


The  conditions  to  be  satisfied  by  P  are  exactly  the  same  as  before, 
and  we  easily  find,  in  real  form, 

(11), 


ga  cosh  k  (y  +  h) 
6=^-  ?.i     'cos(kx-at)  ............  (12), 

or        cosh  kh 

with  the  same  determination  of  <r  as  before.  From  (12)  all  the 
preceding  results  as  to  the  motion  of  the  individual  particles  can 
be  inferred  without  difficulty. 


219.  The  energy  of  a  system  of  standing  waves  of  the  simple- 
harmonic  type  is  easily  found.  If  we  imagine  two  vertical  planes 
to  be  drawn  at  unit  distance  apart,  parallel  to  xy,  the  potential 
energy  per  wave-length  of  the  fluid  between  these  planes  is,  as  in 
Art.  171, 

fx 
^gp  I    jf  dx. 

Jo 
Substituting  the  value  of  77  from  Art.  217  (7),  we  obtain 

^gpa?\ .  sin2  (at  +  e) (1). 

The  kinetic  energy  is,  by  the  formula  (1)  of  Art.  61, 


Y         dx. 

y  j  j/=o 

Substituting   from  Art.  217  (8),  and  remembering  the  relation 
between  cr  and  k,  we  obtain 


.  cos2  (trt  +  e) (2). 

The  total  energy,  being  the  sum  of  (1)  and  (2),  is  constant, 
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and  equal  to  ^gpal\.  We  may  express  this  by  saying  that  the 
total  energy  per  unit  area  of  the  water-surface  is  {gpa?. 

A  similar  calculation  may  be  made  for  the  case  of  progressive 
waves,  or  we  may  apply  the  more  general  method  explained  in 
Art.  171.  In  either  way  we  find  that  the  energy  at  any  instant 
is  half  potential  and  half  kinetic,  and  that  the  total  amount,  per 
unit  area,  is  ^gpa?.  In  other  words,  the  energy  of  a  progressive 
wave-system  of  amplitude  a  is  equal  to  the  work  which  would  be 
required  to  raise  a  stratum  of  the  fluid,  of  thickness  a,  through  a 
height  £a. 

220.  So  long  as  we  confine  ourselves  to  a  first  approximation 
all  our  equations  are  linear;  so  that  if  </>!,  </>2,  ...  be  the  velocity- 
potentials  of  distinct  systems  of  waves  of  the  simple-harmonic 
type  above  considered,  then 

<#>=4>i  +  <£2+  ...........................  (1) 

will  be  the  velocity-potential  of  a  possible  form  of  wave-motion, 
with  a  free  surface.  Since,  when  0  is  determined,  the  equation  of 
the  free  surface  is  given  by  Art.  216  (5),  the  elevation  above  the 
mean  level  at  any  point  of  the  surface,  in  the  motion  given  by  (1), 
will  be  equal  to  the  algebraic  sum  of  the  elevations  due  to  the 
separate  systems  of  waves  <f>lt  <f>2)  ...  Hence  each  of  the  latter 
systems  is  propagated  exactly  as  if  the  others  were  absent,  and 
produces  its  own  elevation  or  depression  at  each  point  of  the 
surface. 

We  can  in  this  way,  by  adding  together  terms  of  the  form  given  in 
Art.  218  (12),  with  properly  chosen  values  of  a,  build  up  an  analytical  ex- 
pression for  the  free  motion  of  the  water  in  an  infinitely  long  canal,  due  to  any 
arbitrary  initial  conditions.  Thus,  let  us  suppose  that,  when  £  =  0,  the  equa- 
tion of  the  free  surface  is 

*=/(*),  .......................................  (i), 

and  that  the  normal  velocity  at  the  surface  is  then  F(x\  or,  to  our  order  of 
approximation, 

(ii). 


The  value  of  0  is  found  to  be 
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and  the  equation  of  the  free  surface  is 

,=  rnr  dx/<x)«»*(x-*)VcoB** 

(iv). 


These  formulae,  in  which  c  is  a  function  of  k  given  by  Art.  218  (4),  may  be 
readily  verified  by  means  of  Fourier's  expression  for  an  arbitrary  function  as 
a  definite  integral,  viz. 


- 
""  J 


dk  \\       d\f(\)co$k(\-x)\  (v). 

0  \J    -«  J 

When  the  initial  conditions  are  arbitrary,  the  subsequent  motion  is  made 
up  of  systems  of  waves,  of  all  possible  lengths,  travelling  in  either  direction, 
each  with  the  velocity  proper  to  its  own  wave-length.  Hence,  in  general,  the 
form  of  the  free  surface  is  continually  altering,  the  only  exception  being  when 
the  wave-length  of  every  component  system  which  is  present  in  sensible 
amplitude  is  large  compared  with  the  depth  of  the  fluid.  In  this  case  the 
velocity  of  propagation  (gtifi  is  independent  of  the  wave-length,  so  that,  if  we 
have  waves  travelling  in  one  direction  only,  the  wave-profile  remains  un- 
changed in  form  as  it  advances,  as  in  Art.  167. 

In  the  case  of  infinite  depth,  the  formulae  (iii),  (iv)  take  the  simpler  forms 

dk£*r       L  ( f"  ]    .      1,1 

~  T~    (gk)   \  I       <*X/ (X)  cos  *  (X  -  X)  f  sin  g*K*t 

n      %     L  (J    -oo  J 

/   /"oo  1  .     .       ~~l 

(vi), 


(vii). 

The  problem  of  tracing  out  the  consequences  of  a  limited  initial  disturbance, 
in  this  case,  received  great  attention  at  the  hands  of  the  earlier  investigators 
in  the  subject,  to  the  neglect  of  the  more  important  and  fundamental  pro- 
perties of  simple-harmonic  trains.  Unfortunately,  the  results,  even  on  the 
simplest  suppositions  which  we  may  make  as  to  the  nature  and  extent  of  the 
original  disturbance,  are  complicated  and  difficult  of  interpretation.  We  shall 
therefore  content  ourselves  with  the  subjoined  references,  which  will  enable 
the  reader  to  make  himself  acquainted  with  what  has  been  achieved  in  this 
branch  of  the  subject*. 

*  Poisson,  "  Memoire  sur  la  Theorie  des  Ondes,"  Mem.  de  VAcad.  roy.  des 
Sciences,  1816. 

Cauchy,  1.  c.  ante  p.  18. 

Sir  W.  Thomson,  "On  the  Waves  produced  by  a  Single  Impulse  in  Water  of 
any  Depth,  or  in  a  Dispersive  Medium,"  Proc.  Roy.  Soc.,  Feb.  3,  18  7. 

W.  Burnside,  "  On  Deep- Water  Waves  resulting  from  a  Limited  Original 
Disturbance,"  Proc.  Lond.  Math.  Soc.,  t.  xx.,  p.  22  (1888). 
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221.  A  remarkable  result  of  the  dependence  of  the  velocity  of 
propagation  on  the  wave-length  is  furnished  by  the  theory  of 
group-velocity.  It  has  often  been  noticed  that  when  an  isolated 
group  of  waves,  of  sensibly  the  same  length,  is  advancing  over 
relatively  deep  water,  the  velocity  of  the  group  as  a  whole  is  less 
than  that  of  the  waves  composing  it.  If  attention  be  fixed  on  a 
particular  wave,  it  is  seen  to  advance  through  the  group,  gradually 
dying  out  as  it  approaches  the  front,  whilst  its  former  position  in 
the  group  is  occupied  in  succession  by  other  waves  which  have 
come  forward  from  the  rear. 

The  simplest  analytical  representation  of  such  a  group  is 
obtained  by  the  superposition  of  two  systems  of  waves  of  the  same 
amplitude,  and  of  nearly  but  not  quite  the  same  wave-length. 
The  corresponding  equation  of  the  free  surface  will  be  of  the  form 

f]  =  a  sin  k  (x  —  ct)  +  a  sin  k'  (x  —  c'i) 

/I*        V  l*f*  J/J '//     \  /£»  _L  Z*'  Zv»  _l     V /f 

—  /  A/  ft/  tv\j  fv  \s      i  \        •         I  fv  ~T  fv  A/v     \^  IV  L/ 

=  2a  cos 

If  k,  k'  be  very  nearly  equal,  the  cosine  in  this  expression  varies 
very  slowly  with  x ;  so  that  the  wave-profile  at  any  instant  has 
the  form  of  a  curve  of  sines  in  which  the  amplitude  alternates 
gradually  between  the  values  0  and  2a.  The  surface  therefore 
presents  the  appearance  of  a  series  of  groups  of  waves,  separated 
at  equal  intervals  by  bands  of  nearly  smooth  water.  The  motion 
of  each  group  is  then  sensibly  independent  of  the  presence  of  the 
others.  Since  the  interval  between  the  centres  of  two  successive 
groups  is  %7r/(k  —  k'),  and  the  time  occupied  by  the  system  in 
shifting  through  this  space  is  27r/(kc  —  k'c'),  the  group -velocity  is 
(kc  —  k'c')l(k  —  k'),  or  d  (kc)/dk,  ultimately.  In  terms  of  the  wave- 
length X  (=  2-7T/&),  the  group- velocity  is 

dc 


This  result  holds  for  any  case  of  waves  travelling  through  a 
uniform  medium.     In  the  present  application  we  have 


c=  f  tanhM    (3), 
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and  therefore,  for  the  group-velocity, 

d(kc)_ 
dk    ~* 


The  ratio  which  this  bears  to  the  wave-velocity  c  increases  as  kh 
diminishes,  being  \  when  the  depth  is  very  great,  and  unity  when 
it  is  very  small,  compared  with  the  wave-length. 

The  above  explanation  seems  to  have  been  first  suggested  by 
Stokes*.  The  question  was  attacked  from  another  point  of  view 
by  Prof.  Osborne  Reynolds  f,  by  a  calculation  of  the  energy  propa- 
gated across  a  vertical  plane  of  particles.  In  the  case  of  infinite 
depth,  the  velocity-potential  corresponding  to  a  simple-harmonic 
train  of  waves 

v)  =  a  sin  k  (x  —  ct)  ........................  (5), 

is  <f>  =  aceky  cos  k(x  —  ct)  .....................  (6), 

as  may  be  verified  by  the  consideration  that  for  y  =  0  we  must 
have  drj/dt  =  —  dfyjdy.  The  variable  part  of  the  pressure  is  pd$/dt, 
if  we  neglect  terms  of  the  second  order,  so  that  the  rate  at  which 
work  is  being  done  on  the  fluid  to  the  right  of  the  plane  x  is 


-  I      p  £  dy  =  ptffcc*  sin2  k  (x  -  ct)  I 

J  —  x         ^*«£  7—oo 


(x  —  ct)  .....  .  ......  (7), 

since  c2  =  g/k.  The  mean  value  of  this  expression  is  %gpa?c.  It 
appears  on  reference  to  Art.  219  that  this  is  exactly  one-half  of 
the  energy  of  the  waves  which  cross  the  plane  in  question  per 
unit  time.  Hence  in  the  case  of  an  isolated  group  the  supply  of 
energy  is  sufficient  only  if  the  group  advance  with  half  the 
velocity  of  the  individual  waves. 

It  is  readily  proved  in  the  same   manner   that  in  the  case 

*  Smith's  Prize  Examination,  1876.  See  also  Lord  Eayleigh,  Theory  of  Sound, 
Art.  191. 

t  "  On  the  Kate  of  Progression  of  Groups  of  Waves,  and  the  Kate  at  which 
Energy  is  Transmitted  by  Waves,"  Nature,  t.  xvi.,  p.  343  (1877).  Professor 
Reynolds  has  also  constructed  a  model  which  exhibits  in  a  very  striking  manner 
the  distinction  between  wave-velocity  and  group-velocity  in  the  case  of  the 
transverse  oscillations  of  a  row  of  equal  pendulums  whose  bobs  are  connected 
by  a  string, 
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of  a  finite  depth   h   the   average   energy   transmitted   per   unit 
time  is 


which  is,  by  (4),  the  same  as 


Hence  the  rate  of  transmission  of  energy  is  equal  to  the  group- 
velocity,  d(kc)/dk)  found  independently  by  the  former  line  of 
argument. 

These  results  have  a  bearing  on  such  questions  as  the  '  wave- 
resistance'  of  ships.  It  appears  from  Art.  227,  below,  in  the 
two-dimensional  form  of  the  problem,  that  a  local  disturbance 
of  pressure  advancing  with  velocity  c  [<  (gh)^]  over  still  water  of 
depth  h  is  followed  by  a  simple-harmonic  train  of  waves  of  the 
length  (%7r/k)  appropriate  to  the  velocity  c,  and  determined  there- 
fore by  (3);  whilst  the  water  in  front  of  the  disturbance  is  sensibly 
at  rest.  If  we  imagine  a  fixed  vertical  plane  to  be  drawn  in  the  rear 
of  the  disturbance,  the  space  in  front  of  this  plane  gains,  per  unit 
time,  the  additional  wave-energy  \gpa?c,  where  a  is  the  amplitude 
of  the  waves  generated.  The  energy  transmitted  across  the  plane 
is  given  by  (8).  The  difference  represents  the  work  done  by  the 
disturbing  force.  Hence  if  R  denote  the  horizontal  resistance 
experienced  by  the  disturbing  body,  we  have 

R  = 


As  c  increases  from  zero  to  (gh)*,  kh  diminishes  from  05  to  0,  and 
therefore  R  diminishes  from  J#/oa2  to  ()•(•. 

When  c  >  (gJift,  the  water  is  unaffected  beyond  a  certain  small 
distance  on  either  side,  and  the  wave-resistance  R  is  then  zeroj. 

*  Lord  Kayleigh,  "  On  Progressive  Waves,"  Proc.  Lond.  Math.  Soc.,  t.  ix.,  p.  21 
(1877);  Theory  of  Sound,  t.  i.,  Appendix. 

t  It  must  be  remarked,  however,  that  the  amplitude  a  due  to  a  disturbance  of 
given  character  will  also  vary  with  c. 

I  Cf.  Sir  W.  Thomson  "  On  Ship  Waves,"  Proc.  Inst.  Mech.  Eng.,  Aug.  3, 1887; 
Popular  Lectures  and  Addresses,  London,  1889-94,  t.  iii.,  p.  450.  A  formula  equi- 
valent to  (10)  was  given  in  a  paper  by  the  same  author,  "  On  Stationary  Waves  in 
Flowing  Water,"  Phil.  Mag.,  Nov.  1886. 
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222.  The  theory  of  progressive  waves  may  be  investigated,  in 
a  very  compact  manner,  by  the  method  of  Art.  172*. 

Thus  if  <j>,  >|r  be  the  velocity-  and  stream-functions  when  the 
problem  has  been  reduced  to  one  of  steady  motion,  we  assume 

=  -  (x  +  iy)  + 


whence  <f>/c  =  —  #  —  (ae~ky  —  jSe^)  sin  kx,\  , 

Tjr/c  =  -  ?/  +  (ae-ty  +  $<&)  cos  Tex  j 

This  represents  a  motion  which  is  periodic  in  respect  to  x,  super- 
posed on  a  uniform  current  of  velocity  c.  We  shall  suppose  that 
ka.  and  k{3  are  small  quantities  ;  in  other  words  that  the  amplitude 
of  the  disturbance  is  small  compared  with  the  wave-length. 

The  profile  of  the  free  surface  must  be  a  stream-line  ;  we  will 
take  it  to  be  the  line  ty  =  0.  Its  form  is  then  given  by  (1),  viz.  to 
a  first  approximation  we  have 

y  =  (*  +  &)  COB  fas  ........................  (2), 

shewing  that  the  origin  is  at  the  mean  level  of  the  surface. 
Again,  at  the  bottom  (y  =  —h)  we  must  also  have  i/r  =  const.  ;  this 
requires 


aekh  _|_  fie-kh  _  Q 

The  equations  (1)  may  therefore  be  put  in  the  forms 

<f>/c  =  —{K+C  cosh  k  (y  4-  h)  sin  kxt\ 
^Ir/c  =  —  y+C sinh  k(y  +  h)  cos  kx  }  ' 

The  formula  for  the  pressure  is 

p  .   (7dd>\2      fd<b\*\ 

—  =  const.  —  ay  —  *  <  I  -^-     +  I  -=*-    r 
p  2  [\<&c/      \ctyx  J 

c2 
=  const.  —  #2/  —  -  {1  —  2A:Ocosh  k(y  +  h)  cos  &#}, 

neglecting  A;2(72.     Since  the  equation  to  the  stream-line  -fy  =  0  is 

y  =  C  sinh  M  cos  kx (4), 

approximately,  we  have,  along  this  line, 

-  =  const.  +  (Arc2  coth  kh  —  g)  y. 
*  Lord  Kayleigh,  I.  c.  ante  p.  279. 
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The  condition  for  a  free  surface  is  therefore  satisfied,  provided 

,    tanhM 


This  determines  the  wave-length  (2-7T/&)  of  possible  stationary 
undulations  on  a  stream  of  given  uniform  depth  h}  and  velocity  c. 
It  is  easily  seen  that  the  value  of  kh  is  real  or  imaginary 
according  as  c  is  less  or  greater  than  (gh)^. 

If,  on  the  other  hand,  we  impress  on  everything  the  velocity 
—  c  parallel  to  #,  we  get  progressive  waves  on  still  water,  and  (5) 
is  then  the  formula  for  the  wave-velocity,  as  in  Art.  218. 

When  the  ratio  of  the  depth  to  the  wave-length  is  sufficiently  great,  the 
formulae  (1)  become 

=--* 


cons.  -      - 
If  we  neglect  F/32,  the  latter  equation  may  be  written 


leading  to         £  =  const.  -  gy  -  1  (1  -  2*/3e*»  cos  Tex  +  &&<?*}  ...............  (ii). 


/Y\ 

-=  const.  +  (kc2  —  g)  y  +  fcc\lr  .........................  (iii). 

Hence  if  c2  =  #/£  .......................................  (iv), 

the  pressure  will  be  uniform  not  only  at  the  upper  surface,  but  along  every 
stream-line  ^  =  const.*  This  point  is  of  some  importance  ;  for  it  shews  that 
the  solution  expressed  by  (i)  and  (iv)  can  be  extended  to  the  case  of  any 
number  of  liquids  of  different  densities,  arranged  one  over  the  other  in 
horizontal  strata,  provided  the  uppermost  surface  be  free,  and  the  total  depth 
infinite.  And,  since  there  is  no  limitation  to  the  thinness  of  the  strata,  we 
may  even  include  the  case  of  a  heterogeneous  liquid  whose  density  varies 
continuously  with  the  depth. 

223.  The  method  of  the  preceding  Art.  can  be  readily 
adapted  to  a  number  of  other  problems. 

For  example,  to  find  the  velocity  of  propagation  of  waves  over 
the  common  horizontal  boundary  of  two  masses  of  fluid  which  are 
otherwise  unlimited,  we  may  assume 

cos  Aw,) 


where  the  accent  relates  to  the  upper  fluid.     For  these  satisfy  the 

*  This  conclusion,  it  must  be  noted,  is  limited  to  the  case  of  infinite  depth. 
It  was  first  remarked  by  Poisson,  I.e.  ante,  p.  380. 

L.  25 


386  SURFACE   WAVES.  [CHAP.  IX 

condition  of  irrotational  motion,  V2\|r  =  0  ;  and  they  give  a  uniform 
velocity  c  at  a  great  distance  above  and  below  the  common  surface, 
at  which  we  have  ty  =  ifr  =  0,  say,  and  therefore  y  —  /3  cos  kx,  ap- 
proximately. 

The  pressure-equations  are 

v  c2 

*-  =  const.  —  gy  —  -=  (1  —  Zkfie^  cos  kx), 

P 

f)'  C2 

—  ,  =  const.  —  gy  —  -=  (1  +  VkfftT**  cos  kx), 

which  give,  at  the  common  surface, 

pfp  =  const.  -(g-kc*)yy 
p'lp  =  const.  -(g  +  kc*)  y, 

the  usual  approximations  being  made.  The  condition  p=p'  thus 
leads  to 


a  result  first  obtained  by  Stokes. 

The  presence  of  the  upper  fluid  has  therefore  the  effect  of 
diminishing  the  velocity  of  propagation  of  waves  of  any  given 
length  in  the  ratio  {(1  -  «)/(!  -f  s)}i,  where  s  is  the  ratio  of  the 
density  of  the  upper  to  that  of  the  lower  fluid.  This  diminution 
has  a  two-fold  cause  ;  the  potential  energy  of  a  given  deformation 
of  the  common  surface  is  diminished,  whilst  the  inertia  is  in- 
creased. As  a  numerical  example,  in  the  case  of  water  over 
mercury  (s~1  =  13'6)  the  above  ratio  comes  out  equal  to  '929. 

It  is  to  be  noticed,  in  this  problem,  that  there  is  a  disconti- 
nuity of  motion  at  the  common  surface.  The  normal  velocity 
(d^rjdx)  is  of  course  continuous,  but  the  tangential  velocity 
(-  d^jr/dy)  changes  from  c(l—kft  cos  kx)  to  c  (1  +  kj3  cos  kx)  as  we 
cross  the  surface  ;  in  other  words  we  have  (Art.  149)  a  vortex-sheet 
of  strength  -  kcft  cos  kx.  This  is  an  extreme  illustration  of  the 
remark,  made  in  Art.  18,  that  the  free  oscillations  of  a  liquid  of 
variable  density  are  not  necessarily  irrotational. 

If  p  <  p,  the  value  of  c  is  imaginary.  The  undisturbed 
equilibrium  -arrangement  is  then  of  course  unstable. 
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The  case  where  the  two  fluids  are  bounded  by  rigid  horizontal  planes 
y=—h,  y  =  hr,  is  almost  equally  simple.    We  have,  in  place  of  (1), 


sin 


_  sinh  Tc  (y  —  h'} 

-y-f*  ' 


leading  to  C2  =  ?. r-r? — —, — TT-TT;..  ...(ii). 

k   p  coth  M+p' coth  M' 

When  kh  and  kh'  are  both  very  great,  this  reduces  to  the  form  (2).    When  kh' 
is  large,  and  kh  small,  we  have 


the  main  effect  of  the  presence  of  the  upper  fluid  being  now  the  change  in 
the  potential  energy  of  a  given  deformation. 

When  the  upper  surface  of  the  upper  fluid  is  free,  we  may  assume 

^sinh&fy-f  A)        ,  \ 

Wr/c=  -y  +  0 •  v 71      cosfcc,  I 

1  smhM  \. (iv)} 

\lr'/c  =  -  y  +  (j8  cosh  %  +  -y  sinh  %)  cos  lex  ) 

and  the  conditions  that  -^  =  1^',  ^=j0'  at  the  free  surface  then  lead  to  the 
equation 

c4  (p  coth  kh  coth  M'  +  p')  -  c2p  (coth  M'  +  coth  kh}    + (p  -  p')     =  0 (v). 


Since  this  is  a  quadratic  in  c2,  there  are  two  possible  systems  of  waves  of  any 
given  length  (2ir/&).  This  is  as  we  should  expect,  since  when  the  wave-length 
is  prescribed  the  system  has  virtually  two  degrees  of  freedom,  so  that  there 
are  two  independent  modes  of  oscillation  about  the  state  of  equilibrium.  For 
example,  in  the  extreme  case  where  pip  is  small,  one  mode  consists  mainly  in 
an  oscillation  of  the  upper  fluid  which  is  almost  the  same  as  if  the  lower  fluid 
were  solidified,  whilst  the  other  mode  may  be  described  as  an  oscillation  of  the 
lower  fluid  which  is  almost  the  same  as  if  its  upper  surface  were  free. 

The  ratio  of  the  amplitudes  at  the  upper  and  lower  surfaces  is  found 
to  be 

kcz  cosh  kh'  -  g  sinh  kh' 

Of  the  various  special  cases  that  may  be  considered,  the  most  interesting 
is  that  in  which  kh  is  large ;  i.  e.  the  depth  of  the  lower  fluid  is  great  compared 
with  the  wave-length.  Putting  coth  kh  —  1,  we  see  that  one  root  of  (v)  is  now 

c2=g/k (vii), 

exactly  as  in  the  case  of  a  single  fluid  of  infinite  depth,  and  that  the  ratio  of 
the  amplitudes  is  ekh'.  This  is  merely  a  particular  case  of  the  general  result 
stated  at  the  end  of  Art.  222  ;  it  will  in  fact  be  found  on  examination  that 

25—2 
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there  is  now  no  slipping  at  the  common  boundary  of  the  two  fluids.     The 
second  root  of  (v)  is 


and  for  this  the  ratio  (vi)  assumes  the  value 

'™ (ix)- 


If  in  (viii)  and  (ix)  we  put  khf  =  oo  ,  we  fall  back  on  a  former  case  ;  whilst  if  we 
make  kk'  small,  we  find 


and  the  ratio  of  the  amplitudes  is 

.(xi). 


These  problems  were  first  investigated  by  Stokes*.  The  case  of  any 
number  of  superposed  strata  of  different  densities  has  been  treated  by  Webbf 
and  GreenhillJ.  For  investigations  of  the  possible  rotational  oscillations  in  a 
heterogeneous  liquid  the  reader  may  consult  the  papers  cited  below  §. 


224.  As  a  further  example  of  the  method  of  Art.  222,  let  us 
suppose  that  two  fluids  of  densities  p,  p',  one  beneath  the  other, 
are  moving  parallel  to  x  with  velocities  U,  U',  respectively,  the 
common  surface  (when  undisturbed)  being  of  course  plane  and 
horizontal.  This  is  virtually  a  problem  of  small  oscillations  about 
a  state  of  steady  motion. 

The  fluids  being  supposed  unlimited  vertically,  we  assume,  for 
the  lower  fluid 

^r  =  -U{y-pekycoskx] (1), 

and  for  the  upper  fluid 

(2), 


*  "  On  the  Theory  of  Oscillatory  Waves,"  Camb.  Trans,  t.  viii.  (1847) ;  Math, 
and  Phys.  Papers,  t.  i.,  pp.  212—219. 

t  Math.  Tripos  Papers,  1884. 

•»•  (i  \Vave  Motion  in  Hydrodynamics,"  Amer.  Journ.  Math.,  t.  ix.  (1887). 

§  Lord  Kayleigh,  "Investigation  of  the  Character  of  the  Equilibrium  of  an 
Incompressible  Heavy  Fluid  of  Variable  Density."  Proc.  Lond.  Math.  Soc.t  t.  xiv., 
p.  170  (1883). 

Burnside,  "  On  the  small  Wave-Motions  of  a  Heterogeneous  Fluid  under  Gravity." 
Proc.  Lond.  Math.  Soc.,  t.  xx.,  p.  392  (1889). 

Love,  "Wave-Motion  in  a  Heterogeneous  Heavy  Liquid."  Proc.  Lond.  Math. 
Soc.,  t.  xxii.,  p.  307  (1891). 
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the  origin  being  at  the  mean  level  of  the  common  surface,  which 
is  assumed  to  be  stationary,  and  to  have  the  form 

y  =  ft  cos  kx  ...........................  (3). 

The  pressure-equations  give 

£  =  const.  -  gy  -  J  U2  (1  -  2A?£e**  cos  lex), 

p, 

£  =  const.  -gy-\  W*  (1  +  Zkpe-*1*  cos  kx) 
P 

whence,  at  the  common  surface, 

£=  const. 
P 


•    =  const.  -  (k  U'2  +g)y 
P 

Since  we  must  have  p=p'  over  this  surface,  we  get 

pU'  +  pW-fa-p1)  .....................  (6). 

This    is    the    condition    for    stationary   waves   on   the   common 
surface  of  the  two  currents   U,   V. 

If  we  put  U'  =  U,  we  fall  back  on  the  case  of  Art.  223.    Again 
if  we  put 


we  get  the  case  where  the  upper  fluid  has  a  velocity  u  relative  to 
the  lower  ;  c  then  denotes  the  velocity  (relative  to  the  lower  fluid) 
of  waves  on  the  common  surface.  An  interesting  application  of 
this  is  to  the  effect  of  wind  on  the  velocity  of  water-waves. 

The  equation  (6)  now  takes  the  form 


or,  if  we  write  s  for  p'/p,  and  put  c0  for  the  wave-velocity  in  the 
absence  of  wind,  as  given  by  Art.  223  (2), 


2su  su2 

TTt'^-r 

The  roots  of  this  quadratic  in  c  are 

su        (  su2 


c  ~~ 
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These  are  both  real,  provided 

u<^.c. (10), 

and  they  have,  moreover,  opposite  signs,  if 

u<(!±-t<v-  ..-(ID. 


In  this  latter  case  waves  of  the  prescribed  length  (2-7T/&)  may 
travel  with  or  against  the  wind,  but  the  velocity  is  greater  with 
the  wind  than  against  it.  If  u  lie  between  the  limits  (10)  and  (11), 
waves  of  the  given  length  cannot  travel  against  the  wind.  Finally 
when  u  exceeds  the  limit  (10),  the  values  of  c  are  imaginary.  This 
indicates  that  the  plane  form  of  the  common  surface  is  now  un- 
stable. Any  disturbance  whose  wave-length  is  less  than 


(12) 


I-*2'  g  ' 

tends  to  increase  indefinitely. 

Hence,  if  there  were  no  modifying  circumstances,  the  slightest 
breath  of  wind  would  suffice  to  ruffle  the  surface  of  water.  We 
shall  give,  later,  a  more  complete  investigation  of  the  present 
problem,  taking  account  of  capillary  forces,  which  act  in  the 
direction  of  stability. 

It  appears  from  (6)  that  if  p  =  //,  or  if  g  =  0,  the  plane  form  of 
the  surface  is  unstable  for  all  wave-lengths. 

These  results  illustrate  the  statement,  as  to  the  instability  of 
surfaces  of  discontinuity  in  a  liquid,  made  in  Art.  80*. 

When  the  currents  are  confined  by  fixed  horizontal  planes  y=  -h,  y=h', 
we  assume 


The  condition  for  stationary  waves  on  the  common  surface  is  then  found 
to  be 


(iii)f. 


This  instability  was  first  remarked  by  voii  Helmholtz,  I.e.  ante,  p.  24. 
Greenhill,  I.e.  ante,  p.  388. 
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It  appears  on  examination  that  the  undisturbed  motion  is  stable  or 
unstable,  according  as 

^  p  coth  kk+p'  coth  kh' 

u  <  " —        3-*- T.CO (iv), 

>   (ppf  coth  kh  coth  M')* 

where  u  is  the  velocity  of  the  upper  current  relative  to  the  lower,  and  c0  is 
the  wave- velocity  when  there  are  no  currents  (-Art.  223  (ii)).  When  h  and  h' 
both  exceed  half  the  wave-length,  this  reduces  practically  to  the  former 
result  (10). 


225.     These  questions  of  stability  are  so  important  that  it  is 
worth  while  to  give  the  more  direct  method  of  treatment*. 

If  </>  be  the  velocity-potential  of  a  slightly  disturbed  stream 
flowing  with  the  general  velocity  U  parallel  to  xt  we  may  write 

0  =  -Cfo  +  <fc  ...........................  (1), 

where  fa  is  small.     The  pressure-formula  is,  to  the  first  order, 


and  the  condition  to  be  satisfied  at  a  bounding  surface  y  =  77,  where 
rj  is  small,  is 


......................    . 

dt         dx         dy 

To  apply  this  to  the  problem  stated  at  the  beginning  of  Art. 
224,  we  assume,  for  the  lower  fluid, 

^  =  Cfe*iH-*«ta+rf)  ........................  (4); 

for  the  upper  fluid 

<£/  =  O'tf-fclH-itte+irf)    .....................   (5); 

with,  as  the  equation  of  the  common  surface, 


The  continuity  of  the  pressure  at  this  surface  requires,  by  (2), 
p{i(<r  +  kU)C-ga}=p'{i(<r  +  kU')C'-ga}  ......  (7); 

whilst  the  surface-condition  (3)  gives 

a  =  -  kC, 


*  Sir  W.  Thomson,  "  Hydrokinetic  Solutions  and  Observations,"  Phil.  Mag., 
Nov.  1871;  Lord  Bayleigh,  "On  the  Instability  of  Jets,"  Proc.  Lond.  Math.  Soc., 
t.  x.,  p.  4  (1878). 
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Eliminating  a,  C,  C',  we  get 

p(<T  +  kU)*  +  p'(<T  +  kUy  =  gk(p-p')  ............  (9). 

It  is  obvious  that  whatever  the  values  of  Uy  U',  other  than 
zero,  the  values  of  a  will  become  imaginary  when  k  is  sufficiently 
great. 

Nothing  essential  is  altered  in  the  problem  if  we  impress  on 
both  fluids  an  arbitrary  velocity  in  the  direction  of  x.  Hence, 
putting  U  =  0,  U'  =  u,  we  get 

p<T*  +  p'(<r  +  ku)*  =  gk(p-p')  ...............  (10), 

which  is  equivalent  to  Art.  224  (7). 

If  p  =  p'}  it  is  evident  from  (9)  that  a  will  be  imaginary  for  all 
values  of  k.  Putting  U'  =  —  U,  we  get 

<r  =  ±ikU  ...........................  (11). 

Hence,  taking  the  real  part  of  (6),  we  find 

7j  =  ae±kutcoska}  ........................  (12). 

The  upper  sign  gives  a  system  of  standing  waves  whose  height 
continually  increases  with  the  time,  the  rate  of  increase  being 
greater,  the  shorter  the  wave-length. 

The  case  of  p  —  p,  with  U=U\  is  of  some  interest,  as  illustrating  the 
flapping  of  sails  and  flags*.  We  may  conveniently  simplify  the  question  by 
putting  U=U'=0',  any  common  velocity  may  be  superposed  afterwards  if 
desired. 

On  the  present  suppositions,  the  equation  (9)  reduces  to  o-2  =  0.  On 
account  of  the  double  root  the  solution  has  to  be  completed  by  the  method 
explained  in  books  on  Differential  Equations.  In  this  way  we  obtain  the  two 
independent  solutions 

•* 


,-«* 


and 


The  former  solution  represents  a  state  of  equilibrium;  the  latter  gives  a 
system  of  stationary  waves  with  amplitude  increasing  proportionally  to  the 
time. 

In  this  problem  there  is  no  physical  surface  of  separation  to  begin  with ; 
but  if  a  slight  discontinuity  of  motion  be  artificially  produced,  e.g.  by  impulses 

*  Lord  Eayleigh,  I.e. 
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applied  to  a  thin  membrane  which  is  afterwards  dissolved,  the  discontinuity 
will  persist,  and,  as  we  have  seen,  the  height  of  the  corrugations  will  continu- 
ally increase. 

The  above  method,  when  applied  to  the  case  where  the  fluids  are  confined 
between  two  rigid  horizontal  planes  y—  -k,  y=ti>  leads  to 

p(<r  +  kU)*cothkk+p'(<T+kU')2cothkh'=gk(p-p')  .........  (iii), 

which  is  equivalent  to  Art.  224  (iii). 

226.  We  may  next  calculate  the  effect  of  an  arbitrary,  but 
steady,  application  of  pressure  to  the  surface  of  a  stream  flowing 
with  uniform  velocity  c  in  the  direction  of  x  positive*. 

It  is  to  be  noted  that,  in  the  absence  of  dissipative  forces,  this 
problem  is  to  a  certain  extent  indeterminate,  for  on  any  motion 
satisfying  the  prescribed  pressure-conditions  we  may  superpose  a 
train  of  free  waves,  of  arbitrary  amplitude,  whose  length  is  such 
that  their  velocity  relative  to  the  water  is  equal  and  opposite  to 
that  of  the  stream,  and  which  therefore  maintain  a  fixed  position 
in  space. 

To  remove  this  indeterminateness  we  may  suppose  that  the 
deviation  of  any  particle  of  the  fluid  from  the  state  of  uniform 
flow  is  resisted  by  a  force  proportional  to  the  relative  velocity. 
This  law  of  resistance  is  not  that  which  actually  obtains  in  nature, 
but  it  will  serve  to  represent  in  a  rough  way  the  effect  of  small 
dissipative  forces  ;  and  it  has  the  great  mathematical  convenience 
that  it  does  not  interfere  with  the  irrotational  character  of  the 
motion.  For  if  we  write,  in  the  equations  of  Art.  6, 

X  =  -p(u-c),     Y=-g-/jiV,    Z=-nw  .........  (1), 

where  the  axis  of  y  is  supposed  drawn  vertically  upwards,  and  c 
denotes  the  velocity  of  the  stream,  the  investigation  of  Art.  34, 
when  applied  to  a  closed  circuit,  gives 


Q  ............  (2), 

whence  /  (udx  +  vdy  +  wdz)  =  Ce~^  ......  ...........  (3). 

*  The  first  steps  of  the  following  investigation  are  adapted  from  a  paper  by 
Lord  Kayleigh,  "On  the  Form  of  Standing  Waves  on  the  Surface  of  Eunning 
Water,"  Proc.  Lond.  Math.  Soc.,  t.  xv.,  p.  69  (1883),  being  simplified  by  the 
omission,  for  the  present,  of  all  reference  to  Capillarity.  The  definite  integrals 
involved  are  treated,  however,  in  a  somewhat  more  general  manner,  and  the 
discussion  of  the  results  necessarily  follows  a  different  course. 
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Hence  the  circulation  in  a  circuit  moving  with  the  fluid,  if  once 
zero,  is  always  zero. 

If  (j>  be  the  velocity-potential,  the  equations  of  motion  have 
now  the  integral 

this  being,  in  fact,  the  form  assumed  by  Art.  21  (4)  when  we  write 

in  accordance  with  (1)  above. 

To  calculate,  in  the  first  place,  the  effect  of  a  simple-harmonic 
distribution  of  pressure  we  assume 

<f>/c  =  —  x  +  fte^y  sin  kx,  \ 

''  >    (b). 

The   equation   (4)   becomes,  on   neglecting  as  usual  the  square 
of  k&, 

n\ 

"  =  . . .  —  ay  +  B^y  (kc2  cos  kx  +  ac  sin  kx) (7). 

P 

This  gives  for  the  variable  part  of  the  pressure  at  the  upper 
surface  (^  =  0) 

—  =  j3  }(&c2  —  g)  cos  kx  +  /z,c  sin  kx} (8), 

which  is  equal  to  the  real  part  of 


If  we  equate  the  coefficient  to  P,  we  may  say  that  to  the  pressure 

7  =  p«tt* W 

corresponds  the  surface-form 

9-w^=ijf <10>- 

Hence  taking  the  real  parts,  we  find  that  the  surface-pressure 

^•=Pcoskx (11) 

produces  the  wave-form 

_  r>  (1™*  ~~  9}  cos  hx  —  fie  sin  kx 
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If  we  write  K  =  g/c2,  so  that  2?r//c  is  the  wave-length  of  the 
free  waves  which  could  maintain  their  position  in  space  against 
the  flow  of  the  stream,  the  last  formula  may  be  written 

P   (k  —  K)  cos  kx  —  fa  sin  lex 

-  -  - 


where  ^  =  //,/c. 

This  shews  that  if  p.  be  small  the  wave-crests  will  coincide  in  position  with 
the  maxima,  and  the  troughs  with  the  minima,  of  the  applied  pressure,  when 
the  wave-length  is  less  than  27r/«  ;  whilst  the  reverse  holds  in  the  opposite 
case.  This  is  in  accordance  with  a  general  principle.  If  we  impress  on 
everything  a  velocity  —c  parallel  to  #,  the  result  obtained  by  putting  ^  =  0  in 
(13)  is  seen  to  be  merely  a  special  case  of  Art.  165  (12). 

In  the  critical  case  of  £  =  *,  we  have 

P 

y=---sm^» 

shewing  that  the  excess  of  pressure  is  now  on  the  slopes  which  face  down  the 
stream.  This  explains  roughly  how  a  system  of  progressive  waves  may  be 
maintained  against  our  assumed  dissipative  forces  by  a  properly  adjusted 
distribution  of  pressure  over  their  slopes. 

227.  The  solution  expressed  by  (13)  may  be  generalized,  in 
the  first  place  by  the  addition  of  an  arbitrary  constant  to  xt  and 
secondly  by  a  summation  with  respect  to  k.  In  this  way  we  may 
construct  the  effect  of  any  arbitrary  distribution  of  pressure,  say 


using  Fourier's  expression 

/(#)=!(    dk(     f(\)cosk(x-\)d\  ........  (15). 

7T  J  o  J  -oo  * 

It  will  be  sufficient  to  consider  the  case  where  the  imposed 
pressure  is  confined  to  an  infinitely  narrow  strip  of  the  surface, 
since  the  most  general  case  can  be  derived  from  this  by  in- 
tegration. We  will  suppose  then  that  /"(A,)  vanishes  for  all  but 
infinitely  small  values  of  X,  so  that  (15)  becomes 


x)=- 

7T  J  0 


(16)*. 


*  The  indeterminateness  of  this  expression  may  be  avoided  by  the  temporary  use 
of  Poisson's  formula 

-00  ,.00 

/(a)  =  Lt        -  I     e~akdk         f  (\)  cos  k  (x  -  \)  d\ 

a=°  *•  J  o  J  -« 

in  place  of  (15). 
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Hence  in  (13)  we  must  replace  P  by  Q/ir.Sk,  where 


and  integrate  with  respect  to  k  between  the  limits  0  and  oo  ;  thus 


If  we  put  £=&  +  m,  where  k,  m  are  taken  to  be  the  rectangular  coordinates 
of  a  variable  point  in  a  plane,  the  properties  of  the  expression  (18)  are 
contained  in  those  of  the  complex  integral 


It  is  known  (Art.  62)  that  the  value  of  this  integral,  taken  round  the 
boundary  of  any  area  which  does  not  include  the  singular  point  (£=c),  is  zero. 
In  the  present  case  we  have  c  =  K  +  i^  ,  where  K  and  /^  are  both  positive. 

Let  us  first  suppose  that  x  is  positive,  and  let  us  apply  the  above  theorem 
to  the  region  which  is  bounded  externally  by  the  line  m—0  and  by  an  infinite 
semicircle,  described  with  the  origin  as  centre  on  the  side  of  this  line  for 
which  m  is  positive,  and  internally  by  a  small  circle  surrounding  the  point 
(K,  /*!).  The  part  of  the  integral  due  to  the  infinite  semicircle  obviously 
vanishes,  and  it  is  easily  seen,  putting  g-c=rel9,  that  the  part  due  to  the  small 
circle  is 


if  the  direction  of  integration  be  chosen  in  accordance  with  the  rule  of  Art.  33. 
We  thus  obtain 


r. 

7    *- 


* 


which  is  equivalent  to 

*  K+  ** 


dk  ............  (ii). 

On  the  other  hand,  when  x  is  negative  we  may  take  the  integral  (i)  round 
the  contour  made  up  of  the  line  m  =  0  and  an  infinite  semicircle  lying  on  the 
side  for  which  m  is  negative.  This  gives  the  same  result  as  before,  with  the 
omission  of  the  term  due  to  the  singular  point,  which  is  now  external  to  the 
contour.  Thus,  for  x  negative, 


/°°            eikx  r*> 

j — : — -dk=  I 
0  k-(K+lpl)      J0 


dk (iii). 

An  alternative  form  of  the  last  term  in  (ii)  may  be  obtained  by  integrating 
round  the  contour  made  up  of  the  negative  portion  of  the  axis  of  £,  and  the 
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positive  portion  of  the  axis  of  m,  together  with  an  infinite  quadrant.    We 
thus  find 

A)  pikx  f00  p-mx 

\        j—p  —  i-c«tt+l     .  — 

;_»  *-(«+*/*i)     JQ  «»- 


which  is  equivalent  to 

f°       e~ikx       ji       I"       e~mx      j 

-j  —  -.  -  —.dk  =  \       -  r  dm  ..................  (iv). 

J     J  +  fc  +  t/iO          J     m-^  +  iK 


This  is  for  x  positive.  In  the  case  of  x  negative,  we  must  take  as  our 
contour  the  negative  portions  of  the  axes  of  £,  m,  and  an  infinite  quadrant. 
This  leads  to 

»-ikx 


f*>          Pmx 

=       — r ^dm, (v), 

Jo  m+^-iK  v  h 


o 
as  the  transformation  of  the  second  member  of  (iii). 

In  the  foregoing  argument  /^  is  positive.     The  corresponding  results  for 
the  integral 


are  not  required  for  our  immediate  purpose,  but  it  will  be  convenient  to  state 
them  for  future  reference.     For  x  positive,  we  find 

r°°  ftikx  f™         p-ikx  r00        p-mx 

I     fT-r  —  ^-.dk=\    1—  -.  --  ^£^=1    —  -  -  -dm...  (vii); 
J0  k-(K-i^}          J0  Ir+^-t^)          JQ  m+^  +  i* 

whilst,  for  x  negative, 

r  _^_  ^=  _  MJ^*+  r  «~ikx.  _& 

JQ  k-k-in)  JQ  *-HK--W 

"  m  ......  (viii). 


The  verification  is  left  to  the  reader. 

If  we  take  the  real  parts  of  the  formulae  (ii),  (iv),  and  (iii),  (v),  respectively, 
we  obtain  the  results  which  follow. 

The  formula  (18)  is  equivalent,  for  x  positive,  to 

7TC2  0          _  .  r°°  (k  +  K)  cos  kx  —  fa  sin  Tex  77 

- 


and,  for  a;  negative,  to 
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The  interpretation  of  these  results  is  simple.  The  first  term  of 
(19)  represents  a  train  of  simple-harmonic  waves,  on  the  down- 
stream side  of  the  origin,  of  wave-length  2?rc2/^,  with  amplitudes 
gradually  diminishing  according  to  the  law  e~^x.  The  remaining 
part  of  the  deformation  of  the  free-surface,  expressed  by  the 
definite  integals  in  (19)  and  (20),  though  very  great  for  small 
values  of  x,  diminishes  very  rapidly  as  cc  increases,  however  small 
the  value  of  the  frictional  coefficient  j^. 

When  /Ltj  is  infinitesimal,  our  results  take  the  simpler  forms 
7TC2  T00  cos  lex  ,, 


r 

Jo 


dm  ............  (21), 

o 

for  x  positive,  and 

coskx  ,,        °°  memx     ,  /0.x 

dm  ............  (22)' 


for  x  negative.  The  part  of  the  disturbance  of  level  which  is 
represented  by  the  definite  integrals  in  these  expressions  is  now 
symmetrical  with  respect  to  the  origin,  and  diminishes  constantly 
as  the  distance  from  the  origin  increases.  It  is  easily  found,  by 
usual  methods,  that  when  KX  is  moderately  large 

•"*•          l         3!        5!     (23), 


the  series  being  of  the  kind  known  as  'semi-convergent.'  It 
appears  that  at  a  distance  of  about  half  a  wave-length  from  the 
origin,  on  the  down-stream  side,  the  simple-harmonic  wave-system 
is  fully  established. 

The  definite  integrals  in  (21)  and  (22)  can  be  reduced  to  known  functions 
as  follows.     If  we  put  (k+K)  x=u,  we  have,  for  x  positive, 


r 


cos  (KX  -  u] 
—  *  --  '- 

U 

-  Ci  K.X  cos  KX  +  (|7r  -  Si  KX)  sin  <x  ......  (ix), 


„  K   -       . 

dk=  —  *  --  '-du 

U 


where,  in  the  usual  notation, 

~             T00  cos  u  ,  Cu  sin  u  7 

Ciu=-l      -  du,  Siu—  I     --  du  ...............  (x). 

Ju        U  Jo       U                                          V    ; 
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The  functions  Ci  u  and  Si  u  have  been  tabulated  by  Glaisher*.  It  appears 
that  as  u  increases  from  zero  they  tend  very  rapidly  to  their  asymptotic  values 
0  and  |TT,  respectively.  For  small  values  of  u  we  have 


, 


3.3! '  5.5! 
where  y  is  Euler's  constant  -5772.... 

The  expressions  (19),  (20)  and  (21),  (22)  alike  make  the  eleva- 
tion infinite  at  the  origin,  but  this  difficulty  disappears  when  the 
pressure,  which  we  have  supposed  concentrated  on  a  mathematical 
line  of  the  surface,  is  diffused  over  a  band  of  finite  breadth.  In 
fact,  to  calculate  the  effect  of  a  distributed  pressure,  it  is  only 
necessary  to  write  x—x'  for  x,  in  (21)  and  (22),  to  replace  Q  by 
Ap/p .  Sx',  where  &p/p  is  any  given  function  of  #',  and  to  in- 
tegrate with  respect  to  x'  between  the  proper  limits.  It  follows 
from  known  principles  of  the  Integral  Calculus  that,  if  Ap  be 
finite,  the  resulting  integrals  are  finite  for  all  values  of  x. 

If  we  write  x  (**)— Citt  smu  +  (lpr  —  Si^)  cos  u (xn>)> 

it  is  easily  found  from  (19)  and  (20)  that,  when  ^  is  infinitesimal,  we  have,  for 
positive  values  of  x, 

^j  /     ydx——  27rcosK.r-f-x(K#) (xiii), 

™  J  x 

and  for  negative  values  of  x 

ra> 

-j£   I    ydx=—ir-x(  —  Kx} (xiv). 

^  J  x 

In  particular,  the  integral  depression  of  the  free  surface  is  given  by 


(xv), 


and  is  therefore  independent  of  the  velocity  of  the  stream. 

By  means  of  a  rough  table  of  the  function  x  (u\  it  is  easy  to  construct  the 
wave-profile  corresponding  to  a  uniform  pressure  applied  over  a  band  of  any 
given  breadth.  It  may  be  noticed  that  if  the  breadth  of  the  band  be  an 
exact  multiple  of  the  wave-length  (2ir/*),  we  have  zero  elevation  of  the  surface 
at  a  distance,  on  the  down-stream  as  well  as  on  the  up-stream  side  of  the 
seat  of  disturbance. 

*  "  Tables  of  the  Numerical  Values  of  the  Sine-Integral,  Cosine-Integral,  and 
Exponential-Integral,"  Phil.  Trans.,  1870.  The  expression  of  the  last  integral  in 
(22)  in  terms  of  the  sine-  and  cosine-integrals,  was  obtained,  in  a  different  manner 

/•QO          j  f\  r£Q 

from  the  above,  by  Schlomilch,  "  Sur  1'integrale  d^finie  I     — ; %e       '"  ^rette, 

t.  xxxiii.  (1846) ;  see  also  De  Morgan,  Differential  and  Integral  Calculus,  London, 
1842,  p.  654. 
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The  figure  on  p.  400  shews,  with  a  somewhat  extravagant  vertical  scale, 
the  case  where  the  band  (AB)  has  a  breadth  K~\  or  -159  of  the  length  of  a 
standing  wave. 

The  circumstances  in  any  such  case  might  be  realized  approximately  by 
dipping  the  edge  of  a  slightly  inclined  board  into  the  surface  of  a  stream, 
except  that  the  pressure  on  the  wetted  area  of  the  board  would  not  be  uniform, 
but  would  diminish  from  the  central  parts  towards  the  edges.  To  secure 
a  uniform  pressure,  the  board  would  have  to  be  curved  towards  the  edges,  to 
the  shape  of  the  portion  of  the  wave-profile  included  between  the  points 
A,  B  in  the  figure. 

If  we  impress  on  everything  a  velocity  —  c  parallel  to  x,  we 
get  the  case  of  a  pressure-disturbance  advancing  with  constant 
velocity  c  over  the  surface  of  otherwise  still  water.  In  this  form 
of  the  problem  it  is  not  difficult  to  understand,  in  a  general  way, 
the  origin  of  the  train  of  waves  following  the  disturbance.  It  is 
easily  seen  from  the  theory  of  forced  oscillations  referred  to  in  Art. 
165  that  the  only  motion  which  can  be  maintained  against  small 
dissipative  forces  will  consist  of  a  train  of  waves  of  the  velocity 
c,  equal  to  that  of  the  disturbance,  and  therefore  of  the  wave- 
length 27rc2/<7-  And  the  theory  of  '  group- velocity '  explained  in 
Art.  221  shews  that  a  train  of  waves  cannot  be  maintained  ahead 
of  the  disturbance,  since  the  supply  of  energy  is  insufficient. 

228.  The  main  result  of  the  preceding  investigation  is  that  a 
line  of  pressure  athwart  a  stream  flowing  with  velocity  c  produces 
a  disturbance  consisting  of  a  train  of  waves,  of  length  27rc2/#, 
lying  on  the  down-stream  side.  To  find  the  effect  of  a  line  of 
pressure  oblique  to  the  stream,  making  (say)  an  angle  JTT  —  6  with 
its  direction,  we  have  only  to  replace  the  velocity  of  the  stream 
by  its  two  components,  c  cos  0  and  c  sin  0,  perpendicular  and 
parallel  to  the  line.  If  the  former  component  existed  alone,  we 
should  have  a  train  of  waves  of  length  2?rc2/^ .  cos2  6,  and  the 
superposition  of  the  latter  component  does  not  affect  the  con- 
figuration. Hence  the  waves  are  now  shorter,  in  the  ratio  cos2  6  : 1. 
It  appears  also  from  Art.  227  (21)  that,  for  the  same  integral 
pressure,  the  amplitude  is  greater,  varying  as  sec2  6,  but  against 
this  must  be  set  the  increased  dissipation  to  which  the  shorter 
waves  are  subject*. 

To  infer  the  effect  of  a  pressure  localized  about  a  point  of  the 

*  On  the  special  hypothesis  made  above  this  is  indicated  by  the  factor  e~Ml<r  in 
Art.  227  (19),  where  ^=^c .  sec  6. 
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surface,  we  have  only  to  take  the  mean  result  of  a  series  of  lines 
of  pressure  whose  inclinations  6  are  distributed  uniformly  between 
the  limits  +  JTT*.  This  result  is  expressed  by  a  definite  integral 
whose  interpretation  would  be  difficult ;  but  a  general  idea  of  the 
forms  of  the  wave-ridges  may  be  obtained  by  a  process  analogous 
to  that  introduced  by  Huyghens  in  Physical  Optics,  viz.  by  tracing 
the  envelopes  of  the  straight  lines  which  represent  them  in  the 
component  systems.  It  appears  on  reference  to  (21)  that  the 
perpendicular  distance  p  of  any  particular  ridge  from  the  origin 
is  given  by 

*p  =  (2*-j)w, 

where  s  is  integral,  and  K  =  g/tf  cos2  0.  The  tangential  polar  equa- 
tion of  the  envelopes  in  question  is  therefore 

p  =  acos*0 (1), 

where,  for  consecutive  crests  or  hollows,  a  differs  by  2?rc2/^.     The 


forms  of  the  curves  are  shewn  in  the  annexed  figure,  traced  from 
the  equations 


dt) 
x=pcos  6  —  -^sin  6=    \ a  (5  cos  0  —  cos  30), 


(2). 


y  =p  sin  6  +  ^  cos  0  =  -  Ja  (sin  6  +  sin  30)     J 
This  artifice  is  taken  from  Lord  Kayleigh's  paper,  cited  on  p.  393. 
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The  values  of  x  and  y  are  both  stationary  when  sin2  6  =  £ ;  this 
gives  a  series  of  cusps  lying  on  the  straight  lines 

y\x  =  ±  2-»  =  ±  tan-1 19°  28'  *. 

We  have  here  an  explanation,  at  all  events  as  to  the  main 
features,  of  the  peculiar  system  of  waves  which  accompanies  a  ship 
in  sufficiently  rapid  motion  through  the  water.  To  an  observer  on 
board  the  problem  is  of  course  one  of  steady  motion  ;  and  although 
the  mode  of  disturbance  is  somewhat  different,  the  action  of  the 
bows  of  the  ship  may  be  roughly  compared  to  that  of  a  pressure- 
point  of  the  kind  we  have  been  considering.  The  preceding 
figure  accounts  clearly  for  the  two  systems  of  transverse  and 
diverging  waves  which  are  in  fact  observed,  and  for  the  specially 
conspicuous  'echelon'  waves  at  the  cusps,  where  these  two  systems 
coalesce.  These  are  well  shewn  in  the  annexed  drawing f  by 
Mr.  R.  E.  Froude  of  the  waves  produced  by  a  model. 


A  similar  system  of  waves  is  generated  at  the  stern  of  the 
ship,  which  may  roughly  be  regarded  as  a  negative  pressure-point. 

*  Of.  Sir  W.  Thomson,  "  On  Ship  Waves,"  Proc.  Inst.  Mech.  Eng.,  Aug.  3,  1887, 
Popular  Lectures,  t.  iii.,  p.  482,  where  a  similar  drawing  is  given.  The  investigation 
there  referred  to,  based  apparently  on  the  theory  of  '  group -velocity,'  has  unfortu- 
nately not  been  published.  See  also  E.  E.  Froude,  "On  Ship  Kesistance,"  Papers 
of  the  Greenock  Phil.  Soc.,  Jan.  19,  1894. 

t  Copied,  by  the  kind  permission  of  Mr  Froude  and  the  Council  of  the  Institute 
of  Naval  Architects,  from  a  paper  by  the  late  W.  Froude,  "  On  the  Effect  on  the 
Wave-Making  Kesistance  of  Ships  of  Length  of  Parallel  Middle  Body,"  Trans.  Inst. 
Nav.  Arch,,  t.  xvii.  (1877). 
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With  varying  speeds  of  the  ship  the  stern-waves  may  tend  parti- 
ally to  annul,  or  to  exaggerate,  the  effect  of  the  bow-waves,  and 
consequently  the  wave-resistance  to  the  ship  as  a  whole  for  a 
given  speed  may  fluctuate  up  and  down  as  the  length  of  the  ship 
is  increased*. 

229.  If  in  the  problem  of  Art.  226  we  suppose  the  depth  to  be 
finite  and  equal  to  h,  there  will  be,  in  the  absence  of  dissipation, 
indeterminateness  or  not,  according  as  the  velocity  c  of  the  stream 
is  less  or  greater  than  (gh)l,  the  maximum  wave-velocity  for  the 
given  depth.  See  Art.  222.  The  difficulty  presented  by  the  former 
case  can  be  evaded  as  before  by  the  introduction  of  small  frictional 
forces  ;  but  it  may  be  anticipated  from  the  investigation  of  Art.  227 
that  the  main  effect  of  these  will  be  to  annul  the  elevation  of  the 
surface  at  a  distance  on  the  up-stream  side  of  the  region  of 
disturbed  pressure  t,  and  if  we  assume  this  at  the  outset  we  need 
not  complicate  our  equations  by  retaining  the  frictional  terms. 

For  the  case  of  a  simple-harmonic  distribution  of  pressure  we 
assume 

(f)/c  =  —  x  -f  j3  cosh  k  (y  +  h)  sin  lex,  \  ,-. 

•x/r/c  =  —  y  +  yS  sinh  k(y  +  h)  cos  kx  }  " 

as  in  Art.  222  (3).     Hence,  at  the  surface 

y  =  /3  sinh  kh  cos  kx  .....................  (2), 

we  have 

—2  =  —  m/  —  J  (o2  —  c2)  =  /3  (kc~  cosh  kh  —  g  sinh  kh)  cos  kx  ...  (3), 
P 

so  that  to  the  imposed  pressure 

coskx..  ......  (4), 


P 
will  correspond  the  surface-form 

sinhM 


7  ,„. 

-        COS  KX  ............  (o). 


&c2  cosh  kh  —  g  sinh  kh 

*  See  W.  Fronde,  I.e.,  and  E.  E.  Froude,  "  On  the  Leading  Phenomena  of  the 
Wave-Making  Eesistance  of  Ships,"  Trans.  Inst.  Nav.  Arch.,  t.  xxii.  (1881),  where 
drawings  of  actual  wave-patterns  under  varied  conditions  of  speed  are  given,  which 
are,  as  to  their  main  features,  in  striking  agreement  with  the  results  of  the  above 
theory.  Some  of  these  drawings  are  reproduced  in  Lord  Kelvin's  paper  in  the  Proc. 
Inst.  Mech.  Eng.,  above  cited. 

t  There  is  no  difficulty  in  so  modifying  the  investigation  as  to  take  the  frictional 
forces  into  account,  when  these  are  very  small, 
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As  in  Art.  226,  the  pressure  is  greatest  over  the  troughs,  and 
least  over  the  crests,  of  the  waves,  or  vice  versd,  according  as  the 
wave-length  is  greater  or  less  than  that  corresponding  to  the  velo- 
city c,  in  accordance  with  general  theory. 

The  generalization  of  (5)  by  Fourier's  method  gives,  with  the  help  and  in 
the  notation  of  Art.  227  (15)  and  (17), 

.  J.L ;.„ 

dk...  ...(i\ 


as  the  representation  of  the  effect  of  a  pressure  of  integral  amount  pQ  applied 
to  a  narrow  band  of  the  surface  at  the  origin.     This  may  be  written 


cos 


ucothu-gh/c2 
Now  consider  the  complex  integral 


/i 


where  £=u  +  iv.  The  function  under  the  integral  sign  has  a  singular  point  at 
f  =  +  i  oo  ,  according  as  x  is  positive  or  negative,  and  the  remaining  singular 
points  are  given  by  the  roots  of 


(tanh  £)/£=<%/*  .................................  (iv). 

Since  (i)  is  an  even  function  of  x,  it  will  be  sufficient  to  take  the  case  of  x 
positive. 

Let  us  first  suppose  that  c2  >  gh.     The  roots  of  (iv)  are  then  all  pure 
imaginaries;  viz.  they  are  of  the  form  ±ip,  where  /3  is  a  root  of 


The  smallest  positive  root  of  this  lies  between  0  and  ^77-  ,  and  the  higher  roots 
approximate  with  increasing  closeness  to  the  values  (s  +  %)7r,  where  s  is  integral. 
We  will  denote  these  roots  in  order  by  /30,  (3lt  j32>----  Let  us  now  take  the 
integral  (iii)  round  the  contour  made  up  of  the  axis  of  u,  an  infinite  semicircle 
on  the  positive  side  of  this  axis,  and  a  series  of  small  circles  surrounding  the 
singular  points  f=fc/30,  ifa  ^32v»  The  part  due  to  the  infinite  semicircle 
obviously  vanishes.  Again,  it  is  known  that  if  a  be  a  simple  root  of  /(£)=0 
the  value  of  the  integral 


taken  in  the  positive  direction  round  a  small  circle  enclosing  the  point  £=a  is 
equal  to 


*  Forsyth,  Theory  of  Functions,  Art.  24. 
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Now  in  the  case  of  (iii)  we  have, 


a  [c    \        c 
whence,  putting  a  =  i/3a,  the  expression  (vi)  takes  the  form 

ZnB8e-^h  .................................  (viii), 

where  B8=  -    &      ^   ..  ...  (ix). 


The  theorem  in  question  then  gives 


/: 


jxulh  /•<»  aixulh 


-f-  , 

_oo  u  coth  u  -  gk/c2          J  o  u  coth  u  -  gh/c2  o 

If  in  the  former  integral  we  write  -  u  for  u,  this  becomes 


f. 


o  u  coth  u- gk/c2  o 

The  surface-form  is  then  given  by 


. (xii). 

It  appears  that  the  surface-elevation  (which  is  symmetrical  with  respect 
to  the  origin)  is  insensible  beyond  a  certain  distance  from  the  seat  of  disturb- 
ance. 

When,  on  the  other  hand,  c2  <  gh,  the  equation  (iv)  has  a  pair  of  real  roots 
( +  a,  say),  the  lowest  roots  ( +/30)  of  (v)  having  now  disappeared.  The  integral 
(ii)  is  then  indeterminate,  owing  to  the  function  under  the  integral  sign 
becoming  infinite  within  the  range  of  integration.  One  of  its  values,  viz.  the 
'  principal  value,'  in  Cauchy's  sense,  can  however  be  found  by  the  same  method 
as  before,  provided  we  exclude  the  points  £=  ±a  from  the  contour  by  drawing 
semicircles  of  small  radius  f  round  them,  on  the  side  for  which  v  is  positive. 
The  parts  of  the  complex  integral  (iii)  due  to  these  semicircles  will  be 


/'(±«)' 
where  /'  (a)  is  given  by  (vii) ;  and  their  sum  is  therefore  equal  to 

2rrA  sin  axjh (xiii)> 

where  A= -7-JU ~ (xiv). 


The  equation  corresponding  to  (xi)  now  takes  the  form 

j  [a"e  +  ["    I  _5££S/*        d».  _, 

(Jo         J  a+e  j  u  coth  u-gh/c2 
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so  that,  if  we  take  the  principal  value  of  the  integral  in  (ii),  the  surface-form 
on  the  side  of  .^-positive  is 


Hence  at  a  distance  from  the  origin  the  deformation  of  the  surface  consists 
of  the  simple-harmonic  train  of  waves  indicated  by  the  first  term,  the  wave- 
length Z-Trhla  being  that  corresponding  to  a  velocity  of  propagation  c  relative 
to  still  water. 

Since  the  function  (ii)  is  symmetrical  with  respect  to  the  origin,  the 
corresponding  result  for  negative  values  of  x  is 


(xvii). 


The  general  solution  of  our  indeterminate  problem  is  completed  by  adding 
to  (xvi)  and  (xvii)  terms  of  the  form 


+  Dsin  axfh  ........  ...............  (xviii). 

The  practical  solution  including  the  effect  of  infinitely  small  dissipative 
forces  is  obtained  by  so  adjusting  these  terms  as  to  make  the  deformation  of 
the  surface  insensible  at  a  distance  on  the  up-stream  side.  We  thus  get, 
finally,  for  positive  values  of  x, 


(xix), 
and,  for  negative  values  of  x, 


For  a  different  method  of  reducing  the  definite  integral  in  this  problem  we 
must  refer  to  the  paper  by  Lord  Kelvin  cited  below. 


230.     The  same  method  can  be  employed  to  investigate  the 
effect  on  a  uniform  stream  of  slight  inequalities  in  the  bed.* 

Thus,  in  the  case  of  a  simple-harmonic  corrugation  given  by 

2/  =  —  h  +  ycos  kx (1), 

the  origin  being  as  usual  in  the  undisturbed  surface,  we  assume 

<j)/c  =  —  x  +  (a  cosh  ky  +  ft  sinh  ky)  sin  kx, } 
T|T/C  =  —  i/  +  (a  sinh  ky  +  fB  cosh  ky)  cos  kx  }  " 

The  condition  that  (1)  should  be  a  stream-line  is 

7  =  —  a  sinh  kh  +  ft  cosh  kh (3). 

*  Sir  W,  Thomson,  "  On  Stationary  Waves  in  Flowing  Water,"  Phil.  Mag.,  Oct. 
Nov.  and  Dec.  1886,  and  Jan.  1887. 


408  SURFACE   WAVES.  [CHAP.  IX 

The  pressure-formula  is 

-  =  const.  —gy  +  kc2(a  cosh  ky  +  /3  sinh  ky)  cos  kx  ...  (4), 
approximately,  and  therefore  along  the  stream-line  i/r  =  0 
*-  =  const.  +  (&c2a  —  gf$)  cos  &#, 

so  that  the  condition  for  a  free  surface  gives 

kc?a-g/3  =  0  ...........................  (5). 

The  equations  (3)  and  (5)  determine  a  and  p.     The  profile  of  the 
free  surface  is  then  given  by 
y  -  $  cos  kx 

ry 

~~  cosh  kh  —g/kc*  .  sinh  kk 

If  the  velocity  of  the  stream  be  less  than  that  of  waves  in  still 
water  of  uniform  depth  h,  of  the  same  length  as  the  corrugations, 
as  determined  by  Art.  218  (4),  the  denominator  is  negative,  so 
that  the  undulations  of  the  free  surface  are  inverted  relatively  to 
those  of  the  bed.  In  the  opposite  case,  the  undulations  of  the 
surface  follow  those  of  the  bed,  but  with  a  different  vertical  scale. 
When  c  has  precisely  the  value  given  by  Art.  218  (4),  the  solution 
fails,  as  we  should  expect,  through  the  vanishing  of  the  denomi- 
nator. To  obtain  an  intelligible  result  in  this  case  we  should  be 
compelled  to  take  special  account  of  dissipative  forces. 

The  above  solution  may  be  generalized,  by  Fourier's  Theorem,  so  as  to 
apply  to  the  case  where  the  inequalities  of  the  bed  follow  any  arbitrary  law. 
Thus,  if  the  profile  of  the  bed  be  given  by 


i  / 

w  J  0 


that  of  the  free  surface  will  be  obtained  by  superposition  of  terms  of  the  type 
6)  due  to  the  various  elements  of  the  Fourier-integral  ;  thus 


1  r  77  r          /(A)  cos*  (a?  -A) 
y=-\    dk  \  u7,        ,70     -T-71 

•n  J  0      J  _«  cosh  kh  -  g/kc2  .  smh  kh 


In  the  case  of  a  single  isolated  inequality  at  the  point  of  the  bed  verti- 
cally beneath  the  origin,  this  reduces  to 

Q  f00  coskx 


Jf 

TT  J  0  cosh  kh  —  g/kc2 .  sinh  kh 

Q    /"°°  u  cos  (xujh) 

irh  J  Q  u  cosh  u  —  gh/c2 .  sinh  u 


die 
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ere  Q  represents  the  area  incln 
leral  level  of  the  bed.     For  a  d 

The  discussion  of  the  integral 


where  Q  represents  the  area  included  by  the  profile  of  the  inequality  above  the 
general  level  of  the  bed.     For  a  depression  Q  will  of  course  be  negative. 


can  be  conducted  exactly  as  in  the  last  Art.  The  function  to  be  integrated 
differs  in  fact  only  by  the  factor  f  /sinh  £  ;  the  singular  points  therefore  are  the 
same  as  before,  and  we  can  at  once  write  down  the  results. 

Thus  when  c2  >  gh  we  find,  for  the  surface-form, 


the  upper  or  the  lower  sign  being  taken  according  as  x  is  positive  or  negative. 
When  c2  <gh,  the  'practical'  solution  is,  for  x  positive, 


h       smh  a 
and,  for  x  negative, 


The  symbols  a,  /3,,  A,  B8  have  here  exactly  the  same  meanings  as  in 
Art.  230*. 


Waves  of  Finite  Amplitude. 

231.  The  restriction  to  '  infinitely  small '  motions,  in  the 
investigations  of  Arts.  216,...  implies  that  the  ratio  (a/\)  of 
the  maximum  elevation  to  the  wave-length  must  be  small.  The 
determination  of  the  wave- forms  which  satisfy  the  conditions  of 
uniform  propagation  without  change  of  type,  when  this  restric- 
tion is  abandoned,  forms  the  subject  of  a  classical  research  by 
Sir  G.  Stokesf. 

The  problem  is,  of  course,  most  conveniently  treated  as  one 
of  steady  motion.  If  we  neglect  small  quantities  of  the  order 

*  A  very  interesting  drawing  of  the  wave-profile  produced  by  an  isolated  in- 
equality in  the  bed  is  given  in  Lord  Kelvin's  paper,  Phil.  Mag.,  Dec.  1886. 

t  "On  the  theory  of  Oscillatory  Waves,"  Camb.  Trans.,  t.  viii.  (1847);  reprinted, 
with  a  "Supplement,"  Math,  and  Phys.  Papers,  t.  i.,  pp.  197,  314. 

The  outlines  of  a  more  general  investigation,  including  the  case  of  permanent 
waves  on  the  common  surface  of  two  horizontal  currents,  have  been  given  by 
von  Helmholtz,  "  Zur  Theorie  von  Wind  und  Wellen,"  Berl.  Monatsber.,  July  25, 
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a?/\3,  the  solution  of  the  problem  in  the  case  of  infinite  depth 
is  contained  in  the  formulae 


sn 


The  equation  of  the  wave-profile  ijr  =  0  is  found  by  successive 
approximations  to  be 

y  =  fi^  cos  kx  =  ft  (1  +  ky  +  py  +  .  .  .  )  cos  kx 
=  p/32  +  ft  (1  +  f  &2/32)  cos  kx  +  %kj32  cos  2kx  +  f  &2/33  cos  3A;#  +  ... 

............  (2); 

or,  if  we  put  0(1+  &2/32)  =  a, 

y  —  %ka?  =  a  cos  kx  +  ^ka?  cos  2&#  +  |&2a3  cos  3^  4  ......  (3). 

So  far  as  we  have  developed  it,  this  coincides  with  the  equation  of 
a  trochoid,  the  circumference  of  the  rolling  circle  being  Zir/k,  or  X, 
and  the  length  of  the  arm  of  the  tracing  point  being  a. 

We  have  still  to  shew  that  the  condition  of  uniform  pressure 
along  this  stream-line  can  be  satisfied  by  a  suitably  chosen  value 
of  c.  We  have,  from  (1),  without  approximation 


=  const.  -  gy  -  \<?  {1  -  2k/3e&  cos  kx  +  k^e^}  .....  (4), 
and  therefore,  at  points  of  the  line  y  =  fieky  cos  kx, 
£  =  const.  +  (kc2  -g)y-  -p2c2/3V^ 


=  const.  +  (ktf-g-k3c*l3'2)y+  ...............  (5). 

Hence  the  condition  for  a  free  surface  is  satisfied,  to  the  present 
order  of  approximation,  provided 


(6). 


This  determines  the  velocity  of  progressive  waves  of  per- 
manent type,  and  shews  that  it  increases  somewhat  with  the 
amplitude  a. 

For  methods  of  proceeding  to  a  higher  approximation,  and  for 
the  treatment  of  the  case  of  finite  depth,  we  must  refer  to  the 
original  investigations  of  Stokes. 

*  Lord  Eayleigh,  1.  c.  ante  p.  279. 
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The  figure  shews  the  wave-profile,  as  given  by  (3),  in  the  case 
of  ka  =  J,  or  a/\  =  '0796. 


The  approximately  trochoidal  form  gives  an  outline  which  is 
sharper  near  the  crests,  and  flatter  in  the  troughs,  than  in  the  case 
of  the  simple-harmonic  waves  of  infinitely  small  amplitude  investi- 
gated in  Art.  218,  and  these  features  become  accentuated  as  the 
amplitude  is  increased.  If  the  trochoidal  form  were  exact,  instead 
of  merely  approximate,  the  limiting  form  would  have  cusps  at  the 
crests,  as  in  the  case  of  Gerstner's  waves  to  be  considered  presently. 
In  the  actual  problem,  which  is  one  of  irrotational  motion,  the 
extreme  form  has  been  shewn  by  Stokes*,  in  a  very  simple  manner, 
to  have  sharp  angles  of  120°. 

The  problem  being  still  treated  as  one  of  steady  motion,  the  motion  near 
the  angle  will  be  given  by  the  formulae  of  Art.  63  ;  viz.  if  we  introduce  polar 
coordinates  r,  6  with  the  crest  as  origin,  and  the  initial  line  of  6  drawn 
vertically  downwards,  we  have 


(i), 

with  the  condition  that  >//•=()  when  0=±a  (say),  so  that  ma=^n.     This 
formula  leads  to 

q=m€rm~l  ....................................  (ii), 

where  q  is  the  resultant  fluid  velocity.     But  since  the  velocity  vanishes  at  the 
crest,  its  value  at  a  neighbouring  point  of  the  free  surface  will  be  given  by 

q2=2grcosa  .................................  (iii), 

as  in  Art.  25  (2).     Comparing  (ii)  and  (iii),  we  see  that  we  must  have  w=f  , 
and  therefore  a 


In  the  case  of  progressive  waves  advancing  over  still  water,  the  particles 
at  the  crests,  when  these  have  their  extreme  forms,  are  moving  forwards  with 
exactly  the  velocity  of  the  wave. 

Another  point  of  interest  in  connection  with  these  waves  of  permanent 
type  is  that  they  possess,  relatively  to  the  undisturbed  water,  a  certain 

*  Math,  and  Phys.  Papers,  t.  i.,  p.  227. 

t  The  wave-profile  has  been  investigated  and  traced,  for  the  neighbourhood  of 
the  crest,  by  Michell,  "  The  Highest  Waves  in  Water,"  Phil.  Mag.,  Nov.  1893.  He 
finds  that  the  extreme  height  is  -142  X,  and  that  the  wave-velocity  is  greater  than  in 
the  case  of  infinitely  small  height  in  the  ratio  of  1*2  to  1. 
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momentum  in  the  direction  of  wave-propagation.  The  momentum,  per  wave- 
length, of  the  fluid  contained  between  the  free  surface  and  a  depth  h  (beneath 
the  level  of  the  origin)  which  we  will  suppose  to  be  great  compared  with  X,  is 


(iv), 


since  \^  =  0,  by  hypothesis,  at  the  surface,  and  =  cA,  by  (1),  at  the  great  depth 
h.  In  the  absence  of  waves,  the  equation  to  the  upper  surface  would  be 
y=4£a2,  by  (3),  and  the  corresponding  value  of  the  momentum  would  there- 
fore be 

pc(A+pa')X  ..................................  (v). 

The  difference  of  these  results  is  equal  to 

irpa2?  ......................................  .(vi), 

which  gives  therefore  the  momentum,  per  wave-length,  of  a  system  of 
progressive  waves  of  permanent  type,  moving  over  water  which  is  at  rest  at  a 
great  depth. 

To  find  the  vertical  distribution  of  this  momentum,  we  remark  that  the 
equation  of  a  stream-line  -^  —  ch'  is  found  from  (2)  by  writing  y-\-  h'  fory,  and 
pe-kh'  for  ^  TI^  mean-level  of  this  stream-line  is  therefore  given  by 

y=  -A'  +  i^e-a*  ...........................  (vii). 

Hence  the  momentum,  in  the  case  of  undisturbed  flow,  of  the  stratum  of 
fluid  included  between  the  surface  and  the  stream-line  in  question  would 
be,  per  wave-length, 


The  actual  momentum  being  pcA'X,  we  have,  for  the  momentum  of  the  same 
stratum  in  the  case  of  waves  advancing  over  still  water, 

7rpa*c(l-e-zkh')  .................................  (ix). 

It  appears  therefore  that  the  motion  of  the  individual  particles,  in  these 
progressive  waves  of  permanent  type,  is  not  purely  oscillatory,  and  that  there 
is,  on  the  whole,  a  slow  but  continued  advance  in  the  direction  of  wave- 
propagation*.  The  rate  of  this  flow  at  a  depth  A'  is  found  approximately 
by  differentiating  (ix)  with  respect  to  A',  and  dividing  by  pX,  viz.  it  is 

Watce-M  ....................................  (x). 

This  diminishes  rapidly  from  the  surface  downwards. 

232.  A  system  of  exact  equations,  expressing  a  possible  form 
of  wave-motion  when  the  depth  of  the  fluid  is  infinite,  was  given 
so  long  ago  as  1802  by  Gerstnerf,  and  at  a  later  period  indepen- 
dently by  Rankine.  The  circumstance,  however,  that  the  motion 

'      *  Stokes,  L  c.  ante,  p.  409.     Another  very  simple  proof  of  this  statement  has 
been  given  by  Lord  Bayleigh,  1.  c.  ante,  p.  279. 

t  Professor  of  Mathematics  at  Prague,  1789—1823. 
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in  these  waves  is  not  irrotational  detracts  somewhat  from  the 
physical  interest  of  the  results. 

If  the  axis  of  x  be  horizontal,  and  that  of  y  be  drawn  vertically 
upwards,  the  formulae  in  question  may  be  written 

x  =  a  -f  T  ekb  sin  k  (a  +  ct), 


y  =  b—j-ekb  cos  k  (a  +  ct) 

K 

where  the  specification  is  on  the  Lagrangian  plan  (Art.  16),  viz., 
a,  b  are  two  parameters  serving  to  identify  a  particle,  and  x,  y  are 
the  coordinates  of  this  particle  at  time  t.  The  constant  k  deter- 
mines the  wave-length,  and  c  is  the  velocity  of  the  waves,  which 
are  travelling  in  the  direction  of  ^-negative. 

To  verify  this  solution,  and  to  determine  the  value  of  c,  we 
remark,  in  the  first  place,  that 

d(x,y)_ 

3<M)~ 

so  that  the  Lagrangian  equation  of  continuity  (Art.  16  (2))  is 
satisfied.  Again,  substituting  from  (1)  in  the  equations  of  motion 
(Art.  13),  we  find 


£(*  +  »)-     kc^^k(a  +  et), 
db\p 


(3); 


^P 

\ 

=  —  kc2e^b  cos  k  (a 
dl)\p      "V 

whence 

-  =  const.  —  g  ]  b  —  j  ekb  cos  k  (a  +  ct)  [• 
P  (       * 

-  c2e*b  cos  k  (a  +  c£)  +  Jc2e2fc6 (4). 

For   a   particle   on    the   free   surface   the   pressure   must   be 
constant ;  this  requires 


cf.  Art.  218.     This  makes 


=  const.  -  gb  +  Jc2^6  ...................  (6). 
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It  is  obvious  from  (1)  that  the  path  of  any  particle  (a,  b)  is  a 
circle  of  radius  k~l^b. 


The  figure  shews  the  forms  of  the  lines  of  equal  pressure 
b  =  const.,  for  a  series  of  equidistant  values  of  6*.  These  curves 
are  trochoids,  obtained  by  rolling  circles  of  radii  Ar"1  on  the  under 
sides  of  the  lines  y=b  +  k~\  the  distances  of  the  tracing  points 
from  the  respective  centres  being  k~l^b.  Any  one  of  these  lines 
may  be  taken  as  representing  the  free  surface,  the  extreme 
admissible  form  being  that  of  the  cycloid.  The  dotted  lines 
represent  the  successive  forms  taken  by  a  line  of  particles  which 
is  vertical  when  it  passes  through  a  crest  or  a  trough. 

It  has  been  already  stated  that  the  motion  of  the  fluid  in  these  waves  is 
rotational.  To  prove  this,  we  remark  that 


.  dx 


.  dx 


which  is  not  an  exact  differential. 


*  The  diagram  is  very  similar  to  the  one  given  originally  by  Gerstner,  and  copied 
more  or  less  closely  by  subsequent  writers. 
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The  circulation  in  the  boundary  of  the  parallelogram  whose  vertices 
coincide  with  the  particles 


(a,  6),  (a  +  8a,  6),  (a,  b  +  8b),  (a+da,  b+8b) 
is,by(i),  - 


and  the  area  of  the  circuit  is 

d  (x  ti) 

-^—. — i-T  8ctoo  =  (l  — 

<*(«,&) 

Hence  the  angular  velocity  (o>)  of  the  element  (a,  6)  is 


.(ii). 


This  is  greatest  at  the  surface,  and  diminishes  rapidly  with  increasing  depth. 
Its  sense  is  opposite  to  that  of  the  revolution  of  the  particles  in  their  circular 
orbits. 

A  system  of  waves  of  the  present  type  cannot  therefore  be  originated  from 
rest,  or  destroyed,  by  the  action  of  forces  of  the  kind  contemplated  in  the 
general  theorem  of  Arts.  18,  34.  We  may  however  suppose  that  by  properly 
adjusted  pressures  applied  to  the  surface  of  the  waves  the  liquid  is  gradually 
reduced  to  a  state  of  flow  in  horizontal  lines,  in  which  the  velocity  (uf)  is 
a  function  of  the  ordinate  (/)  only*.  In  this  state  we  shall  have  #'=a, 
while  y'  is  a  function  of  b  determined  by  the  condition 

d(x'^}_d(x,y] 
d(a,b)  ~  d(a,  b}'" 


mi  •         i  du'     du'  dy'  dii' 

This  makes  -^  =  -=-,  -£-=  -  2o>  -£.  = 

db      dy'  db  db 


and  therefore  u' 


Hence,  for  the  genesis  of  the  waves  by  ordinary  forces,  we  require  as  a 
foundation  an  initial  horizontal  motion,  in  the  direction  opposite  to  that  of 
propagation  of  the  waves  ultimately  set  up,  which  diminishes  rapidly  from  the 
surface  downwards,  according  to  the  law  (vi),  where  6  is  a  function  of  y  deter- 
mined by 


It  is  to  be  noted  that  these  rotational  waves,  when  established,  have  zero 
momentum. 

*  For  a  fuller  statement  of  the  argument  see  Stokes,  Math,  and  Phys.  Papers, 
t.  i.,  p.  222. 
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233.  Rankine's  results  were  obtained  by  him  by  a  synthetic 
process  for  which  we  must  refer  to  his  paper*. 

Gerstner's  procedure  *f,  again,  is  different.  He  assumed, 
erroneously,  that  when  the  problem  is  reduced  to  one  of  steady 
motion  the  pressure  must  be  uniform,  not  only  along  that  par- 
ticular stream-line  which  coincides  with  the  free  surface,  but  also 
along  every  other  stream-line.  Considered,  however,  as  a  deter- 
mination of  the  only  type  of  steady  motion,  under  gravity,  which 
possesses  this  property,  his  investigation  is  perfectly  valid,  and, 
especially  when  regard  is  had  to  its  date,  very  remarkable. 

The  argument,  somewhat  condensed  with  the  help  of  the  more  modern 
invention  of  the  stream-function,  is  as  follows. 

Fixing  our  attention  at  first  on  any  one  stream-line,  and  choosing  the  origin 
on  it  at  a  point  of  minimum  altitude,  let  the  axis  of  x  be  taken  horizontal, 
in  the  general  direction  of  the  flow,  and  let  that  of  y  be  drawn  vertically  up- 
wards. If  v  be  the  velocity  at  any  point,  and  v0  the  velocity  at  the  origin,  we 
have,  resolving  along  the  arc  s, 


on  account  of  the  assumed  uniformity  of  pressure.     Hence 

«a  =  V-25^ • (")» 

as  in  Art.  25.     Again,  resolving  along  the  normal, 

v* ldp_    dx 

where  §n  is  an  element  of  the  normal,  and  R  is  the  radius  of  curvature. 

Now  v—  -d-^/dn,  where  ^  is  the  stream-function,  so  that  if  we  write  cr  for 
dp/pd\lf,  which  is,  by  hypothesis,  constant  along  the  stream-line,  we  have 

v2  dx 


Putting  IIR  =  --^ 

multiplying  by  dyjds^  and  making  use  of  (i),  we  obtain 

d2x     dv  dx_        dy 

whence,  on  integration, 

dx 


*  "On  the  Exact  Form  of  Waves  near  the  Surface  of  Deep  Water,"  Phil.  Trans., 
1863. 

t  "Theorie  der  Wellen,"  Abh.  der  k.  bohm.  Ges.  der  Wiss.,  1802;  Gilbert's 
Annalen  der  Physik,  t.  xxxii.  (1809). 
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which  is  a  formula  for  the  horizontal  velocity.     Combined  with  (ii),  this  gives 

y)  ........  ....  (vii), 

provided  p  =  v0/<r-g/(r2  .................................  (viii). 

Hence,  for  the  vertical  velocity,  we  have 

(ix). 


If  the  coordinates  x,  y  of  any  particle  on  the  stream-line  be  regarded  as 
functions  of  t,  we  have,  then, 


jj—  "o     »y>          dt~"^^*J~ifn  ^ 

whence  x  —  —  £-f/3sin  o-tf,    y—^(\.  —  coso-£) (xi), 


if  the  time  be  reckoned  from  the  instant  at  which  the  particle  passes  through  the 
origin  of  coordinates.  The  equations  (xi)  determine  a  trochoid  ;  the  radius  of 
the  rolling  circle  is  <7/o-2,  and  the  distance  of  the  tracing  point  from  the  centre 
is  £.  The  wave-length  of  the  curve  is  X  =  27r<7/<r2. 

It  remains  to  shew  that  the  trochoidal  paths  can  be  so  adjusted  that  the 
condition  of  constancy  of  volume  is  satisfied.  For  this  purpose  we  must 
take  an  origin  of  y  which  shall  be  independent  of  the  particular  path  considered, 
so  that  the  paths  are  now  given  by 

x  —  £  t  +  /3  sin  o-t,    y  =  b-$  cos  at (xii), 

(T 

where  6  is  a  function  of  £,  and  conversely.  It  is  evident  that  o-  must  be  an 
absolute  constant,  since  it  determines  the  wave-length.  Now  consider  two 
particles  P,  P',  on  two  consecutive  stream-lines,  which  are  in  the  same  phase 
of  their  motions.  The  projections  of  PP'  on  the  coordinate  axes  are 

8/3  sin  at  and  8b  —  dpcoso-t. 

The  flux  (Art.  59)  across  a  line  fixed  in  space  which  coincides  with  the 
instantaneous  position  of  PP'  is  obtained  by  multiplying  these  projections  by 

dyfdt  and   -dxjdt, 

respectively,  and  adding ;  viz.  we  find 

/„  \ 

(xiii). 


In  order  that  this  may  be  independent  of  tf,  we  must  have 

/>, 

27 
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or  /3  =  Cfe«>  ...........  .$  ........  .....  ........  (xiv), 

where  k  =  a2lg=^trl\.....  ............................  (xv). 

Hence,  finally, 

t,    y=b-Cekbcoskct  ..................  (xvi), 


where  c  =  ^=(^-)    ..  ................  ............  (xvii). 

a-      \2ir/ 

The  addition  of  a  constant  to  6  merely  changes  the  position  of  the  origin  and 
the  value  of  (7;  we  may  therefore  suppose  that  6=0  for  the  limiting  cycloidal 
form  of  the  path.  This  makes  C=k~l. 

If  the  time  be  reckoned  from  some  instant  other  than  that  of  passage 
through  a  lowest  point,  we  must  in  the  above  formulae  write  a  +  ct  for  ct,  where 
a  is  arbitrary.  If  we  further  impress  on  the  whole  mass  a  velocity  c  in  the 
direction  of  ^-negative,  we  obtain  the  formulae  (1)  of  Art.  232. 


234.  Scott  Russell,  in  his  interesting  experimental  investiga- 
tions*, was  led  to  pay  great  attention  to  a  particular  type  which 
he  calls  the  '  solitary  wave/  This  is  a  wave  consisting  of  a  single 
elevation,  of  height  not  necessarily  small  compared  with  the  depth 
of  the  fluid,  which,  if  properly  started,  may  travel  for  a  consider- 
able distance  along  a  uniform  canal,  with  little  or  no  change  of 
type.  Waves  of  depression,  of  similar  relative  amplitude,  were 
found  not  to  possess  the  same  character  of  permanence,  but  to 
break  up  into  series  of  shorter  waves. 

The  solitary  type  may  be  regarded  as  an  extreme  case  of 
Stokes'  oscillatory  waves  of  permanent  type,  the  wave-length 
being  great  compared  with  the  depth  of  the  canal,  so  that  the 
widely  separated  elevations  are  practically  independent  of  one 
another.  The  methods  of  approximation  employed  by  Stokes 
become,  however,  unsuitable  when  the  wave-length  much  exceeds 
the  depth  ;  and  the  only  successful  investigations  of  the  solitary 
wave  which  have  yet  been  given  proceed  on  different  lines. 

The  first  of  these  was  given  independently  by  Boussinesqf  and  Lord 
Rayleigh  J.  The  latter  writer,  treating  the  problem  as  one  of  steady  motion, 
starts  virtually  from  the  formula 


........................  (i), 

where  F(x)  is  real.     This  is  especially  appropriate  to  cases,  such  as  the 

*  "Keport  on  Waves,"  Brit.  Ass.  Rep.,  1844. 

•f  Comptes  Rendus,  June  19,  1871. 

t  "On  Waves,"  Phil  Mag.,  April,  1876. 
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present,  where  one  of  the  family  of  stream-lines  is  straight.     We  derive 
from  (i) 


where  the  accents  denote  differentiations  with  respect  to  x.  The  stream-line 
^  =  0  here  forms  the  bed  of  the  canal,  whilst  at  the  free  surface  we  have 
\fr  =  -  cA,  where  c  is  the  uniform  velocity,  and  h  the  depth,  in  the  parts  of  the 
fluid  at  a  distance  from  the  wave,  whether  in  front  or  behind. 

The  condition  of  uniform  pressure  along  the  free  surface  gives 

u*  +  v*  =  c*-2g(y-k)  ..............................  (iii), 

or,  substituting  from  (ii), 

F"t-y*F'F'"  +  y*F"*  +  ...=:c*-<2g(y-h')  ...............  (iv). 

But,  from  (ii),  we  have,  along  the  same  surface, 

yF'-^F'"  +  ...=  -ch  .............................  (v). 

It  remains  to  eliminate  /^between  (iv)  and  (v)  ;  the  result  will  be  a  differential 
equation  to  determine  the  ordinate  y  of  the  free  surface.  If  (as  we  will 
suppose)  the  function  F'  (x)  and  its  differential  coefficients  vary  slowly  with 
x,  so  that  they  change  only  by  a  small  fraction  of  their  values  when  x  increases 
by  an  amount  comparable  with  the  depth  k,  the  terms  in  (iv)  and  (v)  will  be  of 
gradually  diminishing  magnitude,  and  the  elimination  in  question  can  be 
carried  out  by  a  process  of  successive  approximation. 

Thus,  from  (v), 


and  if  we  retain  only  terms  up  to  the  order  last  written,  the  equation  (iv) 
becomes 


or,  on  reduction, 

q  o     -.9  19  -919  ..»\T**/« 

t7 

If  we  multiply  by  y',  and  integrate,  determining  the  arbitrary  constant  so 
as  to  make  y'  =  Q  for  y =A,  we  obtain 

~^+3~y=  ~A  +  ~P~ 
or  y2  =  3^^-2  (l-*|) (viii). 


Hence  y'  vanishes  only  for  y  —  h  and  y  =  c2/#,  and  since  the  last  factor  must 
be  positive,  it  appears  that  &\g  is  a  maximum  value  of  y.    Hence  the  wave  is 

27—2 


420 


SURFACE   WAVES. 


[CHAP,  ix 


necessarily  one  of  elevation  only,  and  denoting  by  a  the  maximum  height  above 
the  undisturbed  level,  we  have 

c?=ff(h  +  a)  ....................................  (ix), 

which  is  exactly  the  empirical  formula  for  the  wave-velocity  adopted  by 
Russell. 

The  extreme  form  of  the  wave  will,  as  in  Art.  231,  have  a  sharp  crest  of 
120°  ;  and  since  the  fluid  is  there  at  rest  we  shall  have  c2=2ga.  If  the 
formula  (ix)  were  applicable  to  such  an  extreme  case,  it  would  follow  that 
a=h. 

If  we  put,  for  shortness, 

y-h  =  ^    h*(/i  +  a)/3a  =  b*  ........................  (x), 

we  find,  from  (viii) 


the  integral  of  which  is 

rj  =  a  sech2  #/2&  .........  ........................  (xii), 

if  the  origin  of  x  be  taken  beneath  the  summit. 

There  is  no  definite  '  length  '  of  the  wave,  but  we  may  note,  as  a  rough  in- 
dication of  its  extent,  that  the  elevation  has  one-tenth  of  its  maximum  value 
when  #/6=3'636. 

y 

0-3- 
0-2  - 
0-1 


O  05 

The  annexed  drawing  of  the  curve 


1-0 


1-5 


represents  the  wave-profile  in  the  case  a  —  \h.  For  lower  waves  the  scale  of  y 
must  be  contracted,  and  that  of  x  enlarged,  as  indicated  by  the  annexed 
table  giving  the  ratio  6/A,  which  determines  the  horizontal  scale,  for  various 
values  of  a/h. 

It  will  be  found,  on  reviewing  the  above  investigation,  that 
the  approximations  consist  in  neglecting  the  fourth  power  of 
the  ratio  (A-f  a)/26. 

If  we  impress  on  the  fluid  a  velocity  —  c  parallel  to  x  we 
get  the  case  of  a  progressive  wave  on  still  water.  It  is  not 
difficult  to  shew  that,  when  the  ratio  a/h  is  small,  the  path 
of  each  particle  is  an  arc  of  a  parabola  having  its  axis  vertical 
and  apex  upwards*. 

It  might  appear,  at  first  sight,  that  the  above  theory  is 
inconsistent  with  the  results  of  Art.  183,  where  it  was  shewn 
that  a  wave  whose  length  is  great  compared  with  the  depth 
*  Boussinesq,  I.  c. 


a/h 

b/h 

•I 

1-915 

•2 

1-414 

•3 

1-202 

•4 

1-080 

•5 

1-000 

•6 

•943 

•7 

•900 

•8 

•866 

•9 

•839 

1-0 

•816 
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must  inevitably  suffer  a  continual  change  of  form  as  it  advances,  the  changes 
being  the  more  rapid  the  greater  the  elevation  above  the  undisturbed  level. 
The  investigation  referred  to  postulates,  however,  a  length  so  great  that  the 
vertical  acceleration  may  be  neglected,  with  the  result  that  the  horizontal 
velocity  is  sensibly  uniform  from  top  to  bottom  (Art.  169).  The  numerical 
table  above  given  shews,  on  the  other  hand,  that  the  longer  the  'solitary 
wave  '  is,  the  lower  it  is.  In  other  words,  the  more  nearly  it  approaches  to 
the  character  of  a  'long'  wave,  in  the  sense  of  Art.  169,  the  more  easily  is 
the  change  of  type  averted  by  a  slight  adjustment  of  the  particle-  velocities  *. 

The  motion  at  the  outskirts  of  the  solitary  wave  can  be  represented  by  a 
very  simple  formula  f.  Considering  a  progressive  wave  travelling  in  the 
direction  of  ^-positive,  and  taking  the  origin  in  the  bottom  of  the  canal,  at  a 
point  in  the  front  part  of  the  wave,  we  assume 

(j)  =  Ae~m(x~ct)cosmy  ...........................  (xiii). 

This  satisfies  v2$=0,  and  the  surface-condition 


will  also  be  satisfied  for  y  =  h,  provided 

,  tan  mh 


This  will  be  found  to  agree  approximately  with  Lord  Rayleigh's  investigation 
if  we  put  m  =  b~1. 

235.     The  theory  of  waves  of  permanent  type  has  been  brought 
into  relation  with  general  dynamical  principles  by  von  HelmholtzJ. 

If  in  the  equations  of  motion  of  a  'gyrostatic'  system,  Art. 
139  (14),  we  put 


*  Stokes,  "On  the  Highest  Wave  of  Uniform  Propagation,"  Proc.  Camb.  Phil. 
Soc.t  t.  iv.,  p.  361  (1883). 

For  another  method  of  investigation  see  McCowan  "  On  the  Solitary  Wave," 
Phil.  Mag.,  July  1891;  and  "On  the  Highest  Wave  of  Permanent  Type,"  Phil. 
Mag.,  Oct.  1894.  The  latter  paper  gives  an  approximate  determination  of  the 
extreme  form  of  the  wave,  when  the  crest  has  a  sharp  angle  of  120°.  The  limiting 
value  for  the  ratio  ajh  is  found  to  be  '78. 

t  Kindly  communicated  by  Sir  George  Stokes. 

J  "  Die  Energie  der  Wogen  und  des  Windes,"  Berl.  Monatsber.,  July  17,  1890; 
Wied.  Ann.,  t.  xli.,  p.  641. 
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where  V  is  the  potential  energy,  it  appears  that  the  conditions  for 
steady  motion,  with  qlt  qZ)  ...  constant,  are 


where  K  is  the  energy  of  the  motion  corresponding  to  any  given 
values  of  the  coordinates  qlt  q2,  ...,  when  these  are  prevented  from 
varying  by  the  application  of  suitable  extraneous  forces. 

This  energy  is  here  supposed  expressed  in  terms  of  the  constant 
momenta  G,  C',...  corresponding  to  the  ignored  coordinates 
%,%',•••,  and  of  the  palpable  coordinates  ql}  q2,  ....  It  may  how- 
ever also  be  expressed  in  terms  of  the  velocities  ^,  ;£',  ...  and 
the  coordinates  qlt  q2,  ...;  in  this  form  we  denote  it  by  T0.  It 
may  be  shewn,  exactly  as  in  Art.  141,  that  dT0/dqr  =  —  dK/dqr)  so 
that  the  conditions  (2)  are  equivalent  to 


Hence  the  condition  for  free  steady  motion  with  any  assigned 
constant  values  of  qlt  qz>...  is  that  the  corresponding  value  of 
V  +  K,  or  of  V-T9,  should  be  stationary.  Cf.  Art.  195. 

Further,  if  in  the  equations  of  Art.  139  we  write  —dV/dqs  +  Qs 
for  Q8,  so  that  Qs  now  denotes  a  component  of  extraneous  force,  we 
find,  on  multiplying  by  qlf  q.2}  ...  in  order,  and  adding, 

Q1q1+Q&+  ...............  (4), 


where  &  is  the  part  of  the  energy  which  involves  the  velocities 
q1}  q<2,  ....  It  follows,  by  the  same  argument  as  in  Art.  197,  that 
the  condition  for  'secular'  stability,  when  there  are  dissipative 
forces  affecting  the  coordinates  qlt  <72,  ...,  but  not  the  ignored 
coordinates  ^,  %',  ...,  is  that  V+K  should  be  a  minimum. 

In  the  application  to  the  problem  of  stationary  waves,  it  will 
tend  to  clearness  if  we  eliminate  all  infinities  from  the  question 
by  imagining  that  the  fluid  circulates  in  a  ring-shaped  canal  of 
uniform  rectangular  section  (the  sides  being  horizontal  and 
vertical),  of  very  large  radius.  The  generalized  velocity  %  corre- 
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spending  to  the  ignored  coordinate  may  be  taken  to  be  the  flux 
per  unit  breadth  of  the  channel,  and  the  constant  momentum  of 
the  circulation  may  be  replaced  by  the  cyclic  constant  K.  The 
coordinates  qltq9,  ...  of  the  general  theory  are  now  represented  by 
the  value  of  the  surface-elevation  (77)  considered  as  a  function  of 
the  longitudinal  space  -coordinate  x.  The  corresponding  com- 
ponents of  extraneous  force  are  represented  by  arbitrary  pressures 
applied  to  the  surface. 

If  I  denote  the  whole  length  of  the  circuit,  then  considering 
unit  breadth  of  the  canal  we  have 


(5). 


o 
where  77  is  subject  to  the  condition 


/: 


.(6). 


If  we  could  with  the  same  ease  obtain  a  general  expression  for 
the  kinetic  energy  of  the  steady  motion  corresponding  to  any 
prescribed  form  of  the  surface,  the  minimum  condition  in  either  of 
the  forms  above  given  would,  by  the  usual  processes  of  the  Calculus 
of  Variations,  lead  to  a  determination  of  the  possible  forms,  if  any, 
of  stationary  waves*. 

Practically,  this  is  not  feasible,  except  by  methods  of  successive 
approximation,  but  we  may  illustrate  the  question  by  reproducing, 
on  the  basis  of  the  present  theory,  the  results  already  obtained 
for  '  long '  waves  of  infinitely  small  amplitude. 

If  h  be  the  depth  of  the  canal,  the  velocity  in  any  section  when  the  surface 
is  maintained  at  rest,  with  arbitrary  elevation  77,  is  x/(A  +  »7),  where  x  is  the 
flux.  Hence,  for  the  cyclic  constant, 


*  For  some  general  considerations  bearing  on  the  problem  of  stationary  waves 
on  the  common  surface  of  two  currents  reference  may  be  made  to  von  Helmholtz' 
paper.  This  also  contains,  at  the  end,  some  speculations,  based  on  calculations  of 
energy  and  momentum,  as  to  the  length  of  the  waves  which  would  be  excited 
in  the  first  instance  by  a  wind  of  given  velocity.  These  appear  to  involve  the 
assumption  that  the  waves  will  necessarily  be  of  permanent  type,  since  it  is  only  on 
some  such  hypothesis  that  we  get  a  determinate  value  for  the  momentum  of  a  train 
of  waves  of  small  amplitude. 
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approximately,  where  the  term  of  the  first  order  in  rj  has  been  omitted,  in 
virtue  of  (6). 

The  kinetic  energy,  £p*x>  may  be  expressed  in  terms  of  either  x  or  K.    We 
thus  obtain  the  forms 


The  variable  part  of  V-  T0  is 

—    n 


o 
and  that  of 


It  is  obvious  that  these  are  both  stationary  for  77  =  0 ;  and  that  they  will 
be  stationary  for  any  infinitely  small  values  of  77,  provided  x2=#A3,  or 
K?=ghl2.  If  we  put  x=£7A,  or  K=Ul,  this  condition  gives 

U*=gh (vi), 

in  agreement  with  Art.  172. 

It  appears,  moreover,  that  rj=0  makes  V+K  a  maximum  or  a  minimum 
according  as  U'2  is  greater  or  less  than  gh.  In  other  words,  the  plane 
form  of  the  surface  is  secularly  stable  if,  and  only  if,  U<(gfifi.  It  is  to  be 
remarked,  however,  that  the  dissipative  forces  here  contemplated  are  of  a  special 
character,  viz.  they  affect  the  vertical  motion  of  the  surface,  but  not  (directly) 
the  flow  of  the  liquid.  It  is  otherwise  evident  from  Art.  172  that  if  pressures 
be  applied  to  maintain  any  given  constant  form  of  the  surface,  then  if 
Uz>gh  these  pressures  must  be  greatest  over  the  elevations  and  least  over 
the  depressions.  Hence  if  the  pressures  be  removed,  the  inequalities  of  the 
surface  will  tend  to  increase. 


Standing   Waves  in  Limited  Masses  of  Water. 

236.  The  problem  of  wave-motion  in  two  horizontal  dimensions 
(#,  y),  in  the  case  where  the  depth  is  uniform  and  the  fluid  is 
bounded  laterally  by  vertical  walls,  can  be  reduced  to  the  same 
analytical  form  as  in  Art.  185*. 

If  the  origin  be  taken  in  the  undisturbed  surface,  and  if  f 
denote  the  elevation  at  time  t  above  this  level,  the  pressure- 

*  For  references  to  the  original  investigations  of  Poisson  and  Lord  Kayleigh 
see  p.  310.  The  problem  was  also  treated  by  Ostrogradsky,  "  Memoire  sur  la 
propagation  des  ondes  dans  im  bassin  cylindrique,"  Mem.  des  Sav.  Etrang., 
t.  iii.  (1832). 


235-236]  STANDING  WAVES  :    UNIFORM   DEPTH.  425 

condition  to  be  satisfied  at  the  surface  is,  in  the  case  of  infinitely 
small  motions, 


and  the  kinematical  surface-condition  is 


dt 
Hence,  for  z  =  0,  we  must  have 

d2(f>        d6 

+-0 


or,  in  the  case  of  simple-  harmonic  motion, 


if    the   time-factor   be   e*(<rt+e).     The    proof    is   the   same   as   in 
Art.  216. 

The  equation  of  continuity,  V'2<f>  =  0,  and  the  condition  of  zero 
vertical  motion  at  the  depth  z  =  —  h,  are  both  satisfied  by 

<£  =  <£j  cosh  k  (z  4-  h)  .....................  (5), 

where  <£x  is  a  function  of  x,  yy  provided 


The  form  of  ^  and  the  admissible  values  of  k  are  determined  by 
this  equation,  and  by  the  condition  that 


at  the  vertical  walls.  The  corresponding  values  of  the  '  speed  '  (a) 
of  the  oscillations  are  then  given  by  the  surface-condition  (4),  viz. 
we  have 

o-2  =  gk  tanh  kit  ........................  (8). 

From  (2)  and  (5)  we  obtain 


(9). 


The  conditions  (6)  and  (7)  are  of  the  same  form  as  in  the  case 
oltamall  depth,  and  we  could  therefore  at  once  write  down  the 
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results  for  a  rectangular  or  a  circular  tank.  The  values  of  kt  and 
the  forms  of  the  free  surface,  in  the  various  fundamental  modes, 
are  the  same  as  in  Arts.  186,  187*,  but  the  amplitude  of  the 
oscillation  now  diminishes  with  increasing  depth  below  the  surface, 
according  to  the  law  (5);  whilst  the  speed  of  any  particular  mode 
is  given  by  (8). 

When  kh  is  small,  we  have  a^  —  k^gh,  as  in  the  Arts,  re- 
ferred to. 

237.  The  number  of  cases  of  motion  with  a  variable  depth,  of 
which  the  solution  has  been  obtained,  is  very  small. 

1°.  We  may  notice,  first,  the  two-dimensional  oscillations  of  water  across 
a  channel  whose  section  consists  of  two  straight  lines  inclined  at  45°  to  the 
vertical  t. 

The  axes  of  y,  z  being  respectively  horizontal  and  vertical,  in  the  plane  of 
the  cross-section,  we  assume 

<t>  +  fy  =  A  (cosh k(y  +  iz)  +  cosk(y+iz)} .......(i), 

the  time-factor  «•<**•*"')  being  understood.     This  gives 

(f>  =  A  (cosh  ky  cos  kz  +  cos  ky  cosh  kz\  1 
ty = A  (sinh  ky  sin  kz  -  sin  ky  sinh  kz)  } ' " 

The  latter  formula  shews  at  once  that  the  lines  y=±z  constitute  the 
stream-line  ^  =  0,  and  may  therefore  be  taken  as  fixed  boundaries. 

The  condition  to  be  satisfied  at  the  free  surface  is,  as  in  Art.  216, 

<r*<l>=gd(t>/dz..... (iii). 

Substituting  from  (ii)  we  find,  if  h  denote  the  height  of  the  surface  above  the 
origin, 

a2  (cosh  ky  cos  kh  +  cos  ky  cosh  kh}  =gk(-  cosh  ky  sin  kh  +  cos  ky  sinh  kh). 
This  will  be  satisfied  for  all  values  of  y,  provided 

<r2 cos kh=  —gk sin M,  ) 
o-2  cosh  kh  =gk  sinh  kh  ) 

whence  tanh  kh=  —  tan£A (v). 

This  determines  the  admissible  values  of  k  ;  the  corresponding  values  of 
a-  are  then  given  by  either  of  the  equations  (iv). 

Since  (ii)  makes  <f>  an  even  function  of  y,  the  oscillations  which  it  represents 
are  symmetrical  with  respect  to  the  medial  plane  y  =  0. 

*  It  may  be  remarked  that  either  of  the  two  modes  figured  on  pp.  308,  309  may 
be  easily  excited  by  properly-timed  horizontal  agitation  of  a  tumbler  containing 
water. 

t  Kirchhoff,  "  Ueber  stehende  Schwingungen  einer  schweren  Fliissigkeit,"  BerL 
Monatsber..  May  15,  1879;  Ges.  Abh.,  p.  428.  Greenhill,  I.  c.  ante  p.  388. 
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The  asymmetrical  oscillations  are  given  by 

(f)-\-i\^  =  iA  {cosh  k  (y  +  iz}~  cos  k(y+iz)}  ...............  (vi), 

or  0  =  -  A  (sinh  ky  sin  kz  +  sin  ky  sinh  kz\  j 

ty  —     A  (cosh  ky  cos  kz  -  cos  ky  cosh  kz)  f 

The  stream-line  ^=0  consists,  as  before,  of  the  lines  y=±z\  and  the  surface- 
condition  (iii)  gives 

cr2  (sinh  ky  sin  kh  +  sin  ky  sinh  M)  =  gr£  (sinh  ky  cos  M  +  sin  ky  cosh  M). 
This  requires  o-2sin  kh=gkcoskh,     \  ..... 

<r2  sinh  kh—gk  cosh  M  /  "  ' 

whence  tanh  JrA=tanM  .................................  (ix). 

The  equations  (v)  and  (ix)  present  themselves  in  the  theory  of  the  lateral 
vibrations  of  a  bar  free  at  both  ends  ;  viz.  they  are  both  included  in  the 
equation 

coswcoshw  =  l  ..............................  (x)*, 

where  m  =  %kh. 

The  root  M  =  0,  of  (ix),  which  is  extraneous  in  the  theory  referred  to,  is 
now  important  ;  it  corresponds  in  fact  to  the  slowest  mode  of  oscillation  in 
the  present  problem.  Putting  Ak2=S,  and  making  k  infinitesimal,  the 
formulae  (vii)  become,  on  restoring  the  time-factor,  and  taking  the  real  parts, 


,  =  J-.o-6  (    '' 

whilst  from  (viii) 


1 
J 


The  corresponding  form  of  the  free  surface  is 


The  surface  in  this  mode  is  therefore  always  plane. 

The  annexed  figure  shews  the  lines  of  motion  (>//•  =  const.)  for  a  series 
of  equidistant  values  of 


*  Cf.  Lord  Kayleigh,  Theory  of  Sound,  t.  i.,  Art.  170,  where  the  numerical 
solution  of  the  equation  is  fully  discussed. 
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The  next  gravest  mode  is  symmetrical,  and  is  given  by  the  lowest  finite 
root  of  (v),  which  is  M=2'3650,  whence  o-  =  l'5244  (gjh^. 

In  this  mode,  the  profile  of  the  surface  has  two  nodes,  whose  positions  are 
determined  by  putting  <£  =  0,  z=k,  in  (ii);  whence  it  is  found  that 


The  next  mode  corresponds  to  the  lowest  finite  root  of  (ix),  and  so  ont. 

2°.  Greenhill,  in  the  paper  already  cited,  has  investigated  the  symmetrical 
oscillations  of  the  water  across  a  channel  whose  section  consists  of  two  straight 
lines  inclined  at  60°  to  the  vertical.  In  the  (analytically)  simplest  mode  of 
this  kind  we  have,  omitting  the  time-factor, 

(t>  +  ty  =  iA(y  +  iz)3  +  B  ...........................  (xiv), 

or  <t>  =  Az(zz-3t/*)  +  B,     ^  =  Ay(y*-W]  ...............  (xv), 

the  latter  formula  making    \^  =  0  along  the    boundary  y=±x/3.z.      The 
surface-condition  (iii)  is  satisfied  for  z=h,  provided 

<r2=#/A,    B  =  2Ah?  ...........................  (xvi). 

The  corresponding  form  of  the  free  surface  is 


a  parabolic  cylinder,  with  two  nodes  at  distances  of  '5774  of  the  half-breadth 
from  the  centre.  Unfortunately,  this  is  not  the  slowest  mode,  which  must 
evidently  be  of  asymmetrical  type. 

3°.  If  in  any  of  the  above  cases  we  transfer  the  origin  to  either  edge  of 
the  canal,  and  then  make  the  breadth  infinite,  we  get  a  system  of  standing 
waves  on  a  sea  bounded  by  a  sloping  bank.  This  may  be  regarded  as  made 
up  of  an  incident  and  a  reflected  system.  The  reflection  is  complete,  but 
there  is  in  general  a  change  of  phase. 

When  the  inclination  of  the  bank  is  45°  the  solution  is 

<fr=H{efcz  (cos  ky  -  sin  ky}  +  e~kv  (cos  kz  +  sin  kz}}  cos  (a-t  +  e).  .  .(xviii). 
For  an  inclination  of  30°  to  the  horizontal  we  have 


sin  \k  (y- 

)cosp(yW3*)}cos(<r*  +  €)  ........  ...(xix). 

In  each  case  a^—glc^  as  in  the  case  of  waves  on  an  unlimited  sheet  of  deep 
water. 

These  results,  which  may  easily  be  verified  ab  initio,  were  given  by 
Kirchhoff  (Z.c.). 

*  Lord  Rayleigh,  Theory  of  Sound,  Art.  178. 

f  An  experimental  verification  of  the  frequencies,  and  of  the  positions  of  the 
loops  (places  of  maximum  vertical  amplitude),  in  various  fundamental  modes,  has 
been  made  by  Kirchhoff  and  Hansemann,  "  Ueber  stehende  Schwingungen  des 
Wassers,"  Wied.  Ann.,  t.  x.  (1880);  Kirchhoff,  Ges.  Abh.,  p.  442. 
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238.  An  interesting  problem  which  presents  itself  in  this 
connection  is  that  of  the  transversal  oscillations  of  water  contained 
in  a  canal  of  circular  section.  This  has  not  yet  been  solved,  but 
it  may  be  worth  while  to  point  out  that  an  approximate  determi- 
nation of  the  frequency  of  the  slowest  mode,  in  the  case  where  the 
free  surface  is  at  the  level  of  the  axis,  can  be  effected  by  Lord 
Rayleigh's  method,  explained  in  Art.  165. 

If  we  assume  as  an  '  approximate  type  '  that  in  which  the  free 
surface  remains  always  plane,  making  a  small  angle  6  (say)  with 
the  horizontal,  it  appears,  from  Art.  72,  3°,  that  the  kinetic  energy 
T  is  given  by 


where  a  is  the  radius,  whilst  for  the  potential  energy  V  we  have 

2F  =  f#>a»02  ........................  (2). 

If  we  assume  that  0  <x  cos  (<rt  +  e),  this  gives 


whence  <r  =  1169  (>/«)*. 

In  the  case  of  a  rectangular  section  of  breadth  2a,  and  depth 
a,  the  speed  is  given  by  Art.  236  (8),  where  we  must  put  k  =  ?r/2a 
from  Art.  186,  and  h  =  a.  This  gives 

o-2  =  \TT  tanh  \TT  .  £  ........................  (4), 

or  <r  =  1'200  (g/a)t  The  frequency  in  the  actual  problem  is  less, 
since  the  kinetic  energy  due  to  a  given  motion  of  the  surface 
is  greater,  whilst  the  potential  energy  for  a  given  deformation 
is  the  same.  Cf.  Art.  45. 


239.  We  may  next  consider  the  free  oscillations  of  the  water 
included  between  two  transverse  partitions  in  a  uniform  horizontal 
canal.  It  will  be  worth  while,  before  proceeding  to  particular 
cases,  to  examine  for  a  moment  the  nature  of  the  analytical 
problem,  with  the  view  of  clearing  up  some  misunderstandings 
which  have  arisen  as  to  the  general  question  of  wave-propagation 
in  a  uniform  canal  of  unlimited  length. 
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If  the  axis  of  x  be  parallel  to  the  length,  and  the  origin  be 
taken  in  one  of  the  ends,  the  velocity  potential  in  any  one  of  the 
fundamental  modes  referred  to  may,  by  Fourier's  theorem,  be 
supposed  expressed  in  the  form 


-I-  P8cosskx  +  ...)cos(<r£  +  e)  .........  (1), 

where  k  =  ir/l,  if  I  denote  the  length  of  the  compartment.  The 
coefficients  Ps  are  here  functions  of  y,  z.  If  the  axis  of  z  be  drawn 
vertically  upwards,  and  that  of  y  be  therefore  horizontal  and 
transverse  to  the  canal,  the  forms  of  these  functions,  and  the 
admissible  values  of  er,  are  to  be  determined  from  the  equation 
of  continuity 

V'</>  =  0  .............................  (2), 

with  the  conditions  that 

d<f>/dn  =  0  ...........................  (3) 

at  the  sides,  and  that 

.........................  (4) 


at  the  free  surface.  Since  d<f>/dx  must  vanish  for  x  =  0  and  x  =  I, 
it  follows  from  known  principles*  that  each  term  in  (1)  must 
satisfy  the  conditions  (2),  (3),  (4)  independently;  viz.  we  must 
have 


with  dPt/dn^O  ...........................  (6) 

at  the  lateral  boundary,  and 

<r*P8  =  gdP8/dz  .........................  (7) 

at  the  free  surface. 

The  term  P0  gives  purely  transverse  oscillations  such  as  have 
been  discussed  in  Art.  237.  Any  other  term  P8cosskx  gives  a 
series  of  fundamental  modes  with  s  nodal  lines  transverse  to  the 
canal,  and  0,  1,  2,  3,...  nodal  lines  parallel  to  the  length. 

It  will  be  sufficient  for  our  purpose  to  consider  the  term 
Pj  cos  kx.  It  is  evident  that  the  assumption 

$  =  Pi  cos  kx  .  cos  (at  +  e)  ..................  (8), 

with  a  proper  form  of  Pl  and  the  corresponding  value  of  cr  deter- 

*  See  Stokes,  "On  the  Critical  Values  of  the  Sums  of  Periodic  Series,"  Camb. 
Trans.,  t.  viii.  (1847)  ;  Math,  and  Phy*.  Paper?,  t.  i.,  p.  236, 
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mined  as  above,  gives  the  velocity-potential  of  a  possible  system  of 
standing  waves,  of  arbitrary  wave-length  27T/&,  in  an  unlimited 
canal  of  the  given  form  of  section.  Now,  as  explained  in  Art.  218, 
by  superposition  of  two  properly  adjusted  systems  of  standing 
waves  of  this  type  we  can  build  up  a  system  of  progressive  waves 


(9). 


Hence,  contrary  to  what  has  been  sometimes  asserted,  progressive 
waves  of  simple-harmonic  profile,  of  any  assigned  wave-length,  are 
possible  in  an  infinitely  long  canal  of  any  uniform  section. 

We  might  go  further,  and  assert  the  possibility  of  an  infinite 
number  of  types,  of  any  given  wave-length,  with  wave-velocities 
ranging  from  a  certain  lowest  value  to  infinity.  The  types,  how- 
ever, in  which  there  are  longitudinal  nodes  at  a  distance  from  the 
sides  are  from  the  present  point  of  view  of  subordinate  interest. 

Two  extreme  cases  call  for  special  notice,  viz.  where  the  wave- 
length is  very  great  or  very  small  compared  with  the  dimensions 
of  the  transverse  section. 

The  most  interesting  types  of  the  former  class  have  no  longi- 
tudinal nodes,  and  are  covered  by  the  general  theory  of  'long* 
waves  given  in  Arts.  166,  167.  The  only  additional  information 
we  can  look  for  is  as  to  the  shapes  of  the  *  wave-ridges  '  in  the 
direction  transverse  to  the  canal. 

In  the  case  of  relatively  short  waves,  the  most  important  type 
is  one  in  which  the  ridges  extend  across  the  canal  with  gradually 
varying  height,  and  the  wave-velocity  is  that  of  free  waves  on 
deep-water  as  given  by  Art.  218  (6). 

There  is  another  type  of  short  waves  which  may  present  itself 
when  the  banks  are  inclined,  and  which  we  may  distinguish  by 
the  name  of  'edge-waves,'  since  the  amplitude  diminishes  expo- 
nentially as  the  distance  from  the  bank  increases.  In  fact,  if  the 
amplitude  at  the  edges  be  within  the  limits  imposed  by  our 
approximations,  it  will  become  altogether  insensible  at  a  distance 
whose  projection  on  the  slope  exceeds  a  wave-length.  The  wave- 
velocity  is  less  than  that  of  waves  of  the  same  length  on  deep 
water.  It  does  not  appear  that  the  type  of  motion  here  referred 
to  is  of  any  physical  importance. 
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A  general  formula  for  these  edge- waves  has  been  given  by  Stokes*. 
Taking  the  origin  in  one  edge,  the  axis  of  z  vertically  upwards,  and  that  of  y 
transverse  to  the  canal,  and  treating  the  breadth  as  relatively  infinite,  the 
formula  in  question  is 

0  =  m-^™s0-ssin0>cos£(.*-cO (i), 

where  j9  is  the  slope  of  the  bank  to  the  horizontal,  and 


•-$***)  (")• 

The  reader  will  have  no  difficulty  in  verifying  this  result. 

240.  We  proceed  to  the  consideration  of  some  special  cases. 
We  shall  treat  the  question  as  one  of  standing  waves  in  an 
infinitely  long  canal,  or  in  a  compartment  bounded  by  two 
transverse  partitions  whose  distance  apart  is  a  multiple  of  half  the 
arbitrary  wave-length  (27T/&),  but  the  investigations  can  be  easily 
modified  as  above  so  as  to  apply  to  progressive  waves,  and  we 
shall  occasionally  state  results  in  terms  of  the  wave- velocity. 

1°.  The  solution  for  the  case  of  a  rectangular  section,  with  horizontal  bed 
and  vertical  sides,  could  be  written  down  at  once  from  the  results  of  Arts. 
186,  236.  The  nodal  lines  are  transverse  and  longitudinal,  except  in  the  case 
of  a  coincidence  in  period  between  two  distinct  modes,  when  more  complex 
forms  are  possible.  This  will  happen,  for  instance,  in  the  case  of  a  square 
tank. 

2°.  In  the  case  of  a  canal  whose  section  consists  of  two  straight  lines  in- 
clined at  45°  to  the  vertical  we  have,  first,  the  type  discovered  by  Kellandf  ; 
viz.  if  the  axis  of  x  coincide  with  the  bottom  line  of  the  canal, 

<f>  =  A  cosh  -^  cosh  -jy  cos  kx .  cos  (at  +  c ) (i). 

This  evidently  satisfies  v2<£  =  0,  and  makes 

for  y=±z,  respectively.     The  surface-condition  (7)  then  gives 

^z.  Z.A 

I  (iii), 


where  h  is  the  height  of  the  free  surface  above  the  bottom  line.     If  we  put 
<r  =  £c,  the  wave-velocity  c  is  given  by 


where  £=2?r/X,  if  X  be  the  wave-length. 

*  "Report  on  Recent  Researches  in  Hydrodynamics,"  Brit.  Asa.  Rep.,  1846; 
Math,  and  Phys.  Papers,  t.  i.,  p.  167. 

t  "  On  Waves,"  Trans.  JR.  S,  Edin.,  t.  xiv.  (1839), 
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When  A/A  is  small,  this  reduces  to 

c-(ferA)* (v), 

in  agreement  with  Art.  167  (8),  since  the  mean  depth  is  now  denoted  by  \h. 
When,  on  the  other  hand,  A/X  is  moderately  large,  we  have 

(vi). 


The  formula  (i)  indicates  now  a  rapid  increase  of  amplitude  towards  the 
sides.  We  have  here,  in  fact,  an  instance  of  *  edge- waves,'  and  the  wave- 
velocity  agrees  with  that  obtained  by  putting  /3=45°  in  Stokes'  formula. 

The  remaining  types  of  oscillation  which  are  symmetrical  with  respect  to 
the  medial  plane  y  —  0  are  given  by  the  formula 

<£  =  C  (cosh  ay  cos  pz + cos  fry  cosh  az)  cos  kx .  cos  (art + c ) ( vii), 

provided  o,  p,  tr  are  properly  determined.    This  evidently  satisfies  (ii),  and  the 
equation  of  continuity  gives 

a2-/32=F (riii). 

The  surface-condition,  Art.  239  (4),  to  be  satisfied  for  z=*h,  requires 

o-2coshaA=     ^asinhaA,"! 
o^cos  ph  =  -gp  sin  p/i j 

Hence  aAtanhaA-f£A  tan£A  =  0 (x). 

The  values  of  a,  p  are  determined  by  (viii)  and  (x),  and  the  corresponding 
values  of  a-  are  then  given  by  either  of  the  equations  (ix). 

If,  for  a  moment,  we  write 

#=aA,     y=ph (xi), 

the  roots  are  given  by  the  intersections  of  the  curve 

#tanh#-fy  tany  =  0 (xii), 

whose  general  form  can  be  easily  traced,  with  the  hyperbola 


There  are  an  infinite  number  of  real  solutions,  with  values  of  /3A  lying  in 
the  second,  fourth,  sixth,  ...  quadrants.  These  give  respectively  2,  4,  6,  ... 
longitudinal  nodes  of  the  free  surface.  When  h/\  is  moderately  large,  we  have 
tanh  ah  =  1,  nearly,  and  /3A  is  (in  the  simplest  mode  of  this  class)  a  little  greater 
than  ITT.  The  two  longitudinal  nodes  in  this  case  approach  very  closely  to 
the  edges  as  X  is  diminished,  whilst  the  wave-velocity  becomes  practically 
equal  to  that  of  waves  of  length  X  on  deep  water.  As  a  numerical  example, 
assuming  /3A  =  I'l  x  £TT,  we  find 


aA=10-910,    M  =  10-772,     c=l'0064  x 

The  distance  of  either  nodal  line  from  the  nearest  edge  is  then  '12A. 
I.  28 
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We  may  next  consider  the  asymmetrical  modes.    The  solution  of  this  type 
which  is  analogous  to  Kelland's  was  noticed  by  Greenhill  (I.  c.).     It  is 


^  sinh  -7?;  cos  Tex .  cos 
\M 

with  a2 


When  kh  is  small,  this  makes  o-2=#/A,  so  that  the  'speed'  is  very  great 
compared  with  that  given  by  the  theory  of  'long'  waves.  The  oscillation 
is  in  fact  mainly  transversal,  with  a  very  gradual  variation  of  phase  as  we 
pass  along  the  canal.  The  middle  line  of  the  surface  is  of  course  nodal. 

When  kh  is  great,  we  get  *  edge-  waves,'  as  before. 
The  remaining  asymmetrical  oscillations  are  given  by 

0  =  A  (sinh  ay  sin  fte  +  sin  fry  sinh  az)  cos  kx  .  cos  (crt  -f  e)  ......  (xvi). 

This  leads  in  the  same  manner  as  before  to 

a2-j82=£2  .................................  (xvii), 

o-2  sinh  ah  —  qa  cosh  ah,] 
and  o«  sin  &-#  cos  /»}  .....................  (XVU1>> 

whence  ah  coth  ah  =  $h  cot  fih  ...........................  (xix). 

There  are  an  infinite  number  of  solutions,  with  values  of  /3A  in  the  third, 
fifth,  seventh,  ...  quadrants,  giving  3,  5,  7,  ...  longitudinal  nodes,  one  of  which 
is  central. 

3°.  The  case  of  a  canal  with  plane  sides  inclined  at  60°  to  the  vertical  has 
been  recently  treated  by  Macdonald*.  He  has  discovered  a  very  compre- 
hensive type,  which  may  be  verified  as  follows. 

The  assumption 

0  =  p  cos  kx  .  cos  (<rt+c)  ...........................  (xx), 

where 


P  =  A  cosh  kz+B  sinh  /b+cosh        -     ccosh      +D  sinh         .. 


evidently  satisfies  the  equation  of  continuity;  and  it  is  easily  shewn  that 
it  makes 


for  y=  ±\/3z,  provided 

C=2A,    D=-2B (xxii). 

The  surface-condition,  Art.  239  (4),  is  then  satisfied,  provided 

-^  (A  cosh  kh  +  B  sinh  kh} = A  sinh  £A + B  cosh  M,  1 

£*  ( (xxiii). 

2<r2  /  ,       ,  kh      D  .  ,   M\      ,    .  ,  M      D       ,   M  f 
— ^  (  A  cosh  -n~-B  sinh  -^-  )  =  ^  smh  ~%~B  cosh  — 

*  "Waves  in  Canals,"  Proc.  Land.  Math.  Soc.,  t.  xxv.,  p.  101  (1894). 
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* 

The  former  of  these  is  equivalent  to 

A=H\  coshM  -  ^ysinhM  ), 

V  gk         ) 

B  —  H\^-r  cosh  kh  —  sinh  kh 
and  the  latter  then  leads  to 


+  l=0  .....................  (xxv). 

Also,  substituting  from  (xxii)  and  (xxiv)  in  (xxi),  we  find 


|+  A^L.(xxvi). 


The  equations  (xxv)  and  (xxvi)  are  those  arrived  at  by  Macdonald,  by  a 
different  process.     The  surface-  value  of  P  is 


\) 
H  ......  (xxvn). 


---  ^ 

The  equation  (xxv)  is  a  quadratic  in  <r2/gk.     In  the  case  of  a  wave  whose 
length  (2?r//0  is  great  compared  with  A,  we  have 

3M       2 


nearly,  and  the  roots  of  (xxv)  are  then 

\kh,  and  <P\gk=\lkh  ..................  (xxviii), 


approximately.  If  we  put  o-  =  kc,  the  former  result  gives  ci  =  \gh,  in  accord- 
ance with  the  usual  theory  of  '  long  '  waves  (Arts.  166,  167).  The  formula 
(xxvii)  now  makes  P=3II,  approximately;  this  is  independent  of  y,  so  that 
the  wave  ridges  are  nearly  straight.  The  second  of  the  roots  (xxviii)  makes 
(r2=g/h,  giving  a  much  greater  wave-velocity  ;  but  the  considerations  adduced 
above  shew  that  there  is  nothing  paradoxical  in  this*.  It  will  be  found  on 
examination  that  the  cross-sections  of  the  waves  are  parabolic  in  form,  and 
that  there  are  two  nodal  lines  parallel  to  the  length  of  the  canal.  The  period 
is,  in  fact,  almost  exactly  that  of  the  symmetrical  transverse  oscillation 
discussed  in  Art.  237,  2°. 

When,  on  the  other  hand,  the  wave-length  is  short  compared  with  the 
transverse  dimensions  of  the  canal,  kh  is  large,  and  coth  |M  =  1,  nearly.  The 
roots  of  (xxv)  are  then 

a*lgk=\  and  <r*\gk=\  ........................  (xxix), 


approximately.     The  former  result  makes  P=H,  nearly,  so  that  the  wave- 
ridges  are  straight,  experiencing  only  a  slight  change  of  altitude  towards  the 

*  There  is  some  divergence  here,  and  elsewhere  in  the  text,  from  the  views 
maintained  by  Greenhill  and  Macdonald  in  the  papers  cited. 
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sides.     The  speed,  <r  =  (#&)£,  is  exactly  what  we  should  expect  from  the  general 
theory  of  waves  on  relatively  deep  water. 

If  in  this  case  we  transfer  the  origin  to  one  edge  of  the  water-surface, 
writing  z  +  h  for  z,  and  y  —  ^Zh  for  y,  and  then  make  h  infinite,  we  get  the  case 
of  a  system  of  waves  travelling  parallel  to  a  shore  which  slopes  downwards  at 
an  angle  of  30°  to  the  horizon.  The  result  is 

<t>  =  H{ekz+e-*k('JSv+z)-3e-*k('J3y-z)}coskx.cos(<rt+€')  .......  (xxx), 

where  c=  (#/£)*.     This  admits  of  immediate  verification.     At  a  distance  of  a 
wave-length  or  so  from  the  shore,  the  value  of  <£,  near  the  surface,  reduces  to 

<^  =  H^Z  GQ&kx.  cos(<r£  +  f)  ........................  (xxxi), 

practically,  as  in  Art.  217*.   Near  the  edge  the  elevation  changes  sign,  there 
being  a  longitudinal  node  for  which 


(xxxii), 


The  second  of  the  two  roots  (xxix)  gives  a  system  of  edge-  waves,  the  results 
being  equivalent  to  those  obtained  by  making  £=30°  in  Stokes'  formula. 


Oscillations  of  a  Spherical  Mass  of  Liquid. 

241.  The  theory  of  the  gravitational  oscillations  of  a  mass  of 
liquid  about  the  spherical  form  has  been  given  by  Lord  Kelvin  f. 

Taking  the  origin  at  the  centre,  and  denoting  the  radius  vector 
at  any  point  of  the  surface  by  a  +  f,  where  a  is  the  radius  in  the 
undisturbed  state,  we  assume 


where  fn  is  a  surface-harmonic  of  integral  order  n.     The  equation 
of  continuity  V2<£  =  0  is  satisfied  by 


where  Sn  is  a  surface-harmonic,  and  the  kinematical  condition 


*  The  result  contained  in  (xxx)  does  not  appear  to  have  been  hitherto  noticed. 

t  Sir  W.  Thomson,  "Dynamical  Problems  regarding  Elastic  Spheroidal  Shells 
and  Spheroids  of  Incompressible  Liquid,"  Phil.  Trans.,  1863;  Math,  and  Phys. 
Papers,  t.  iii.,  p.  384. 
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to  be  satisfied  when  r  =  a,  gives 


The  gravitation-potential  at  the  free  surface  is,  by  Art.  192, 


where  7  is  the  gravitation-constant.     Putting 

g=*7rypa,    r  =  a  +  2?w, 
we  find 

Q  =  ««•**.  +  02"  -£^fc,  .................  (6). 

Substituting  from  (2)  and  (6)  in  the  pressure  equation 

(7), 


we  find,  since  p  must  be  constant  over  the  surface, 


d 

Eliminating  Sn  between  (4)  and  (8),  we  obtain 


This  shews  that  fw  oc  cos  (o-nt  +  e),  where 


For  the  same  density  of  liquid,  g  oc  a,  and  the  frequency  is 
therefore  independent  of  the  dimensions  of  the  globe. 

The  formula  makes  o-j  =  0,  as  we  should  expect,  since  in  the 
deformation  expressed  by  a  surface-harmonic  of  the  first  order  the 
surface  remains  spherical,  and  the  period  is  therefore  infinitely 
long. 

"  For  the  case  n  —  2,  or  an  ellipsoidal  deformation,  the  length  of 
the  isochronous  simple  pendulum  becomes  {a,  or  one  and  a  quarter 
times  the  earth's  radius,  for  a  homogeneous  liquid  globe  of  the 
same  mass  and  diameter  as  the  earth  ;  and  therefore  for  this  case, 
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or  for  any  homogeneous  liquid  globe  of  about  5£  times  the  density 
of  water,  the  half-period  is  47  m.  12  s.*" 

"  A  steel  globe  of  the  same  dimensions,  without  mutual  gravi- 
tation of  its  parts,  could  scarcely  oscillate  so  rapidly,  since  the 
velocity  of  plane  waves  of  distortion  in  steel  is  only  about  10,140 
feet  per  second,  at  which  rate  a  space  equal  to  the  earth's  diameter 
would  not  be  travelled  in  less  than  1  h.  8  m.  40  s.'f- " 

When  the  surface  oscillates  in  the  form  of  a  zonal  harmonic  spheroid  of  the 
second  order,  the  equation  of  the  lines  of  motion  is  #z<72= const.,  where  w 
denotes  the  distance  of  any  point  from  the  axis  of  symmetry,  which  is  taken 
as  axis  of  x  (see  Art.  94  (11)).  The  forms  of  these  lines,  for  a  series  of  equi- 
distant values  of  the  constant,  are  shewn  in  the  annexed  figure. 


242.     This  problem  may  also  be  treated  very  compactly  by  the 
method  of 'normal  coordinates'  (Art.  165). 

The  kinetic  energy  is  given  by  the  formula 


^d8 


(H), 


*  Sir  W.  Thomson,  I.  c. 

t  Sir  W.  Thomson.  The  exact  theory  of  the  vibrations  of  an  elastic  sphere 
gives,  for  the  slowest  oscillation  of  a  steel  globe  of  the  dimensions  of  the  earth,  a 
period  of  1  h.  18m.  Proc.  Lond.  Math.  Soc.,  t.  xiii.,  p.  212  (1882). 
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where  SS  is  an  element  of  the  surface  r  =  a.  Hence,  when  the 
surface  oscillates  in  the  form  r  =  a  +  fn,  we  find,  on  substitution 
from  (2)  and  (4), 

***5//fe?«0  .....................  (12). 

To  find  the  potential  energy,  we  may  suppose  that  the  external 
surface  is  constrained  to  assume  in  succession  the  forms  r  =  a  +  0£n, 
where  6  varies  from  0  to  1.  At  any  stage  of  this  process,  the 
gravitation  potential  at  the  surface  is,  by  (6), 


11  =  const.  +  21y0Cn  ...............  (13). 

Hence  the  work  required  to  add  a  film  of  thickness  £nS0  is 

W.^j-^ffpfftJW  ..................  (14). 

Integrating  this  from  6  —  0  to  6  =  1,  we  find 


The  results  corresponding  to  the  general  deformation  (1)  are 
obtained  by  prefixing  the  sign  2  of  summation  with  respect  to  n, 
in  (12)  and  (15);  since  the  terms  involving  products  of  surface- 
harmonics  of  different  orders  vanish,  by  Art.  88. 

The  fact  that  the  general  expressions  for  T  and  V  thus  reduce 
to  sums  of  squares  shews  that  any  spherical-harmonic  deformation 
is  of  a  '  normal  type.'  Also,  assuming  that  fn  oc  cos  (<rnt  +  e),  the 
consideration  that  the  total  energy  T  +  V  must  be  constant  leads 
us  again  to  the  result  (10). 

In  the  case  of  the  forced  oscillations  due  to  a  disturbing 
potential  £1'  cos  (at  -f-  e)  which  satisfies  the  equation  Van'  =  0  at 
all  points  of  the  fluid,  we  must  _suppose  H'  to  be  expanded  in 
a  series  of  solid  harmonics.  If  fn  be  the  equilibrium  -elevation 
corresponding  to  the  term  of  order  n,  we  have,  by  Art.  165  (12), 
for  the  forced  oscillation, 


where  cr  is  the  imposed  speed,  and  <rn  that  of  the  free  oscillations 
of  the  same  type,  as  given  by  (10). 
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The  numerical  results  given  above  for  the  case  n  =  2  shew- 
that,  in  a  non-rotating  liquid  globe  of  the  same  dimensions  and 
mean  density  as  the  earth,  forced  oscillations  having  the  cha- 
racters and  periods  of  the  actual  lunar  and  solar  tides,  would 
practically  have  the  amplitudes  assigned  by  the  equilibrium-theory. 

243.  The  investigation  is  easily  extended  to  the  case  of  an 
ocean  of  any  uniform  depth,  covering  a  symmetrical  spherical 
nucleus. 

Let  6  be  the  radius  of  the  nucleus,  a  that  of  the  external  surface.  The 
surface-form  being 

r=«+2*Cw  ....................................  (i), 

we  assume,  for  the  velocity-potential, 

{vn  fan  +  11 

(»+i)£+«j!m}S.  ...........................  («). 

where  the  coefficients  have  been  adjusted  so  as  to  make  d(j>/dr=0  for  r=b. 
The  condition  that 


for  r  =  a,  gives 


For  the  gravitation-potential  at  the  free  surface  (i)  we  have 

47ryp0«3      Too47rypa 
~~      * 


where  p0  is  the  mean  density  of  the  whole  mass.     Hence,  putting  </ 
we  find 


The  pressure-condition  at  the  free  surface  then  gives 


The  elimination  of  Sn  between  (iv)  and  (vii)  then  leads  to 

rfrn+<^n=o  ..............................  (viii), 
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If  p=p0,  we  have  ^  =  0  as  we  should  expect.  When  p>p0  the  value  of  o^ 
is  imaginary  ;  the  equilibrium  configuration  in  which  the  external  surface 
of  the  fluid  is  concentric  with  the  nucleus  is  then  unstable.  (Of.  Art.  192.) 

If  in  (ix)  we  put  6=0,  we  reproduce  the  result  of  the  preceding  Art.  If, 
on  the  other  hand,  the  depth  of  the  ocean  be  small  compared  with  the  radius, 
we  find,  putting  b  =  a-h,  and  neglecting  the  square  of  A/a, 


provided  n  be  small  compared  with  a//i.     This  agrees  with  Laplace's  result, 
obtained  in  a  more  direct  manner  in  Art.  192. 

But  if  n  be  comparable  with  a/k,  we  have,  putting  n=ka, 


so  that  (ix)  reduces  to  <r2=#£tanhM  .................................  (xi), 

as  in  Art.   217.     Moreover,   the   expression   (ii)   for   the  velocity-potential 
becomes,  if  we  write  r=a+z, 

<£  =  <#>!  cosh  £(2  +  A)  ..............................  (xii), 

where  <px  is  a  function  of  the  coordinates  in  the  surface,  which  may  now  be 
treated  as  plane.     Cf.  Art.  236. 

The  formulae  for  the  kinetic  and  potential  energies,  in  the  general  case,  are 
easily  found  by  the  same  method  as  in  the  preceding  Art.  to  be 


and  F-taal-JJtfiS  .....................  (*iv). 


The  latter  result  shews,  again,  that  the  equilibrium  configuration  is  one  of 
minimum  potential  energy,  and  therefore  thoroughly  stable,  provided  p<p0. 

In  the  case  where  the  depth  is  relatively  small,  whilst  n  is  finite,  we  obtain, 
putting  6  =  a-A, 


whilst  the  expression  for  V  is  of  course  unaltered. 

If  the  amplitudes  of  the  harmonics  £H  be  regarded  as  generalized  co- 
ordinates (Art.  165),  the  formula  (xv)  shews  that  for  relatively  small  depths 
the  '  inertia-coefficients  '  vary  inversely  as  the  depth.  We  have  had  frequent 
illustrations  of  this  principle  in  our  discussions  of  tidal  waves. 
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Capillarity. 

244.  The  part  played  by  Cohesion  in  certain  cases  of  fluid 
motion  has  long  been  recognized  in  a  general  way,  but  it  is  only 
within  recent  years  that  the  question  has  been  subjected  to  exact 
mathematical  treatment.  We  proceed  to  give  some  account  of 
the  remarkable  investigations  of  Lord  Kelvin  and  Lord  Rayleigh 
in  this  field. 

It  is,  of  course,  beyond  our  province  to  discuss  the  physical 
theory  of  the  matter*.  It  is  sufficient,  for  our  purpose,  to  know 
that  the  free  surface  of  a  liquid,  or,  more  generally,  the  common 
surface  of  two  fluids  which  do  not  mix,  behaves  as  if  it  were  in  a 
state  of  uniform  tension,  the  stress  between  two  adjacent  portions 
of  the  surface,  estimated  at  per  unit  length  of  the  common 
boundary-line,  depending  only  on  the  nature  of  the  two  fluids 
and  on  the  temperature.  We  shall  denote  this  *  surface-tension/ 
as  it  is  called,  by  the  symbol  Tl.  Its  value  in  c.G.s.  units  (dynes 
per  linear  centimetre)  appears  to  be  about  74  for  a  water-air 
surface  at  20°  dl* ;  it  diminishes  somewhat  with  rise  of  temperature. 
The  corresponding  value  for  a  mercury-air  surface  is  about  540. 

An  equivalent  statement  is  that  the  potential  energy  of  any 
system,  of  which  the  surface  in  question  forms  part,  contains  a 
term  proportional  to  the  area  of  the  surface,  the  amount  of  this 
'superficial  energy'  per  unit  area  being  equal  to  2\§.  Since  the 
condition  of  stable  equilibrium  is  that  the  energy  should  be  a 
minimum,  the  surface  tends  to  contract  as  much  as  is  consistent 
with  the  other  conditions  of  the  problem. 

The  chief  modification  which  the  consideration  of  surface- 
tension  will  introduce  into  our  previous  methods  is  contained  in 
the  theorem  that  the  fluid  pressure  is  now  discontinuous  at  a 
surface  of  separation,  viz.  we  have 


*  For  this,  see  Maxwell,  Encyc.  Britann.,  Art.  "Capillary  Action";  Scientific 
Papers,  Cambridge,  1890,  t.  ii.,  p.  541,  where  references  to  the  older  writers  are 
given.  Also,  Lord  Kayleigh,  "On  the  Theory  of  Surface  Forces,"  Phil.  Mag., 
Oct.  and  Dec.,  1890,  and  Feb.  and  May,  1892. 

t  Lord  Kayleigh  "  On  the  Tension  of  Water-Surfaces,  Clean  and  Contaminated, 
investigated  by  the  method  of  Eipples,"  Phil.  Mag.  Nov.  1890. 

§  See  Maxwell,  Theory  of  Heat,  London,  1871,  c.  xx. 
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where  p,  p'  are  the  pressures  close  to  the  surface  on  the  two  sides, 
and  R!,  R?  are  the  principal  radii  of  curvature  of  the  surface,  to  be 
reckoned  negative  when  the  corresponding  centres  of  curvature  lie 
on  the  side  to  which  the  accent  refers.  This  formula  is  readily 
obtained  by  resolving  along  the  normal  the  forces  acting  on  a  rect- 
angular element  of  a  superficial  film,  bounded  by  lines  of  curvature  ; 
but  it  seems  unnecessary  to  give  here  the  proof,  which  may  be  found 
in  most  recent  treatises  on  Hydrostatics. 

245.  The  simplest  problem  we  can  take,  to  begin  with,  is  that 
of  waves  on  a  plane  surface  forming  the  common  boundary  of  two 
fluids  at  rest. 

If  the  origin  be  taken  in  this  plane,  and  the  axis  of  y  normal 
to  it,  the  velocity-potentials  corresponding  to  a  simple-harmonic 
deformation  of  the  common  surface  may  be  assumed  to  be 

<£  =  Ce^  cos  kx .  cos  (at  +  e), 


where  the  former  equation  relates  to  the  side  on  which  y  is 
negative,  and  the  latter  to  that  on  which  y  is  positive.  For  these 
values  satisfy  V2<£  =  0,  V2$'  =  0,  and  make  the  velocity  zero  for 
y  =  +  GO  ,  respectively. 

The  corresponding  displacement  of  the  surface  in  the  direction 
of  y  will  be  of  the  type 

77  =  a  cos  kx  .  sin  (o-t  +  e)  ..................  (2)  ; 

and  the  conditions  that 

drj/dt  =  —  dfyjdy  =  —  d^'fdy, 
for  y  =  0,  give 

<ra  =  -kC  =  kC'  ........................  (3). 

If,  for  the  moment,  we  ignore  gravity,  the  variable  part  of  the 
pressure  is  given  by 


To  find  the  pressure-condition  at  the  common  surface,  we  may 
calculate  the  forces  which  act  in  the  direction  of  y  on  a  strip  of 
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breadth  §x.  The  fluid  pressures  on  the  two  sides  have  a  resultant 
(p'—p)§xy  and  the  difference  of  the  tensions  parallel  to  y  on 
the  two  edges  gives  S^drj/dx).  We  thus  get  the  equation 


(5), 


to  be  satisfied  when  y  =  0  approximately.  This  might  have  been 
written  down  at  once  as  a  particular  case  of  the  general  surface- 
condition  (Art.  244  (1)).  Substituting  in  (5)  from  (2)  and  (4),  we 
find 


which  determines  the  speed  of  the  oscillations  of  wave-length  Zir/k. 

The  energy  of  motion,  per  wave-length,  of  the  fluid  included  between  two 
planes  parallel  to  xy,  at  unit  distance  apart,  is 

T=&  fiV^l     d*-y  f  [V^r-l     *"  .....  ({)- 
2  J  o  L  %  Jr=o         ;  o  L    fy  Jy=o 

If  we  assume  17  =  a  cos  Tex  .......................................  (ii), 

where  a  depends  on  t  only,  and  therefore,  having  regard  to  the  kinematical 
conditions, 

<l>=-k-la*picn*kx,    <j>'=k-lae-*vcQskx  ...............  (iii), 

we  find  T=k(p  +  p'}Jc-itf.\    ...........................  (iv). 

Again,  the  energy  of  extension  of  the  surface  of  separation  is 


Substituting  from  (ii),  this  gives 

.X  .................................  (vi). 


To  find  the  mean  energy,  of  either  kind,  per  unit  length  of  the  axis  of  #, 
we  must  omit  the  factor  X. 

If  we  assume  that  a  cc  cos  (o-tf  +  e),  where  a-  is  determined  by  (6),  we  verify 
that  the  total  energy  T+  V  is  constant. 

Conversely,  if  we  assume  that 

rj  —  2  (a  cos  kx+ft  sin  kx)  ...........................  (  vii), 

it  is  easily  seen  that  the  expressions  for  T  and  V  will  reduce  to  sums  of 
squares  of  d,  #  and  a,  /3,  respectively,  with  constant  coefficients,  so  that  the 
quantities  a,  /3  are  *  normal  coordinates.'  The  general  theory  of  Art.  165 
then  leads  independently  to  the  formula  (6)  for  the  speed. 
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By  compounding  two  systems  of  standing  waves,  as  in  Art.  218, 
we  obtain  a  progressive  wave-system 

77  =  a  cos  (kx  +  a-t) (7), 

travelling  with  the  velocity 


or,  in  terms  of  the  wave-length, 


.(9). 


The  contrast  with  Art.  218  is  noteworthy;  as  the  wave-length 
is  diminished,  the  period  diminishes  in  a  more  rapid  ratio,  so  that 
the  wave-velocity  increases. 

Since  c  varies  as  AT*,  the  group-velocity,  Art.  221  (2),  is  in  the 
present  case 


.(10). 


The  fact  that  the  group-velocity  for  capillary  waves  exceeds  the 
wave- velocity  helps  to  explain  some  interesting  phenomena  to  be 
referred  to  later  (Art.  249). 

For  numerical  illustration  we  may  take  the  case  of  a  free 
water-surface;  thus,  putting  />  =  !,  p'  =  0,  ^  =  74,  we  have  the 
following  results,  the  units  being  the  centimetre  and  second*. 


Wave-length. 

Wave-velocity. 

Frequency. 

•50 
•10 
•05 

30 
68 
96 

61 
680 
1930 

246.     When  gravity  is  to  be  taken  into  account,  the  common 
surface,  in  equilibrium,  will  of  course  be  horizontal.     Taking  the 

*  Cf.  Sir  W.  Thomson,  Math,  and  Phys.  Papers,  t.  iii.,  p.  620. 

The  above  theory  gives  the  explanation  of  the  'crispations'  observed  on  the 
surface  of  water  contained  in  a  finger-bowl  set  into  vibration  by  stroking  the  rim 
with  a  wetted  finger.  It  is  to  be  observed,  however,  that  the  frequency  of  the 
capillary  waves  in  this  experiment  is  double  that  of  the  vibrations  of  the  bowl ;  see 
Lord  Bayleigh,  "  On  Maintained  Vibrations,"  Phil.  Mag.,  April,  1883. 
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positive   direction  of  y  upwards,  the  pressure  at  the  disturbed 
surface  will  be  given  by 

-=  j*  -gy= 

p      at  ,         „. 

approximately.     Substituting  in  Art.  245  (5),  we  find 


'  =  di  ~gy  =  ""  \k  +      a  cos'  sn 


-gk+  ....................  (2). 

p+p 


Putting  o-  =  kc,  we  find,  for  the  velocity  of  a  train  of  progressive 
waves, 

«    Tl 

/    7       I  t  "' 


/    7       I 
P  +  P     «  P  +  P 


where  we  have  written 

p'/p=s,     TJ(p-p-)-T'  ................  (4). 


In  the  particular  cases  of  T±  =  0  and  g  =  0,  respectively,  we  fall 
back  on  the  results  of  Arts.  223,  245. 

There  are  several  points  to  be  noticed  with  respect  to  the 
formula  (3).  In  the  first  place,  although,  as  the  wave-length 
(2-7T/A;)  diminishes  from  oo  to  0,  the  speed  (cr)  continually  increases, 
the  wave-velocity,  after  falling  to  a  certain  minimum,  begins  to 
increase  again.  This  minimum  value  (cm,  say)  is  given  by 


and  corresponds  to  a  wave-length 

\m  =  2^m  =  2^(2"/^  ..................  (6)*. 

In  terms  of  \^  and  cm  the  formula  (3)  may  be  written 


*  The  theory  of  the  minimum  wave-  velocity,  together  with  most  of  the  substance 
of  Arts.  245,  246,  was  given  by  Sir  W.  Thomson,  "  Hydrokinetic  Solutions  and 
Observations,"  Phil  Mag.,  Nov.  1871;  see  also  Nature,  t.  v.,  p.  1  (1871). 
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shewing  that  for  any  prescribed  value  of  c,  greater  than  cm,  there 
are  two  admissible  values  (reciprocals)  of  X/Xm.  For  example, 
corresponding  to 

c/cm  =  T2  1-4  1-6  1-8  2-0 

we  have 

,         (2-476        3-646        4-917         6*322        7*873 
;  m     |  -404  -274  -203  -158  -127, 

to  which  we  add,  for  future  reference, 

sin-1cm/c  =  56°26/      45°  35'      38°  41'       33°  45'       30°. 

For  sufficiently  large  values  of  X  the  first  term  in  the  formula 
(3)  for  c2  is  large  compared  with  the  second ;  the  force  governing 
the  motion  of  the  waves  being  mainly  that  of  gravity.  On  the 
other  hand,  when  X  is  very  small,  the  second  term  preponderates, 
and  the  motion  is  mainly  governed  by  cohesion,  as  in  Art.  245.  As 
an  indication  of  the  actual  magnitudes  here  in  question,  we  may 
note  that  if  X/Xm  >  10,  the  influence  of  cohesion  on  the  wave- 
velocity  amounts  only  to  about  5  per  cent.,  whilst  gravity  becomes 
relatively  ineffective  to  a  like  degree  if  X/Xm  <  -fa. 

It  has  been  proposed  by  Lord  Kelvin  to  distinguish  by  the 
name  of '  ripples'  waves  whose  length  is  less  than  Xm. 

The  relative  importance  of  gravity  and  cohesion,  as  depending  on  the 
value  of  X,  may  be  traced  to  the  form  of  the  expression  for  the  potential 
energy  of  a  deformation  of  the  type 


The  part  of  this  energy  due  to  the  extension  of  the  bounding  surface  is,  per 
unit  area, 


whilst  the  part  due  to  gravity  is 

(iii). 


As  X  diminishes,  the  former  becomes  more  and  more  important  compared  with 
the  latter. 

For  a  water-surface,  using  the  same  data  as  before,  with  #=981,  we  find 
from  (5)  and  (6), 

Xm  =  l'73,     cm 


the  units  being  the  centimetre  and  the  second.    That  is  to  say,  roughly,  the 
minimum  wave-velocity  is  about  nine  inches  per  second,  or  -45  sea-miles  per 
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hour,  with  a  wave-length  of  two-thirds  of  an  inch.  Combined  with  the 
numerical  results  already  obtained,  this  gives, 

for                     c=   27'8          32-5          37'1           41 -8  46 '4 


in  centimetres  and  seconds. 

If  we  substitute  from  (7)  in  the  general  formula  (Art.  221  (2)) 
for  the  group-velocity,  we  find 

.  dc 


Hence  the  group- velocity  is  greater  or  less  than  the  wave- velocity, 
according  as  X  >  Xm.    For  sufficiently  long  waves  the  group- velocity 

is  practically  equal  to  |c,  whilst  for  very  short  waves  it  tends  to 
the  value  fc*. 

A  further  consequence  of  (2)  is  to  be  noted.  We  have  hitherto  tacitly 
supposed  that  the  lower  fluid  is  the  denser  (i.e.  p>p'),  as  is  indeed  necessary 
for  stability  when  7\  is  neglected.  The  formula  referred  to  shews,  however, 
that  there  is  stability  even  when  p<p',  provided 

/      T      \i 
A<2,   /      ^      ^ 


i.e.  provided  X  be  less  than  the  wave-length  Xm  of  minimum  velocity  when  the 
denser  fluid  is  below.  Hence  in  the  case  of  water  above  and  air  below  the 
maximum  wave-length  consistent  with  stability  is  1'73  cm.  If  the  fluids 
be  included  between  two  parallel  vertical  walls,  this  imposes  a  superior  limit 
to  the  admissible  wave-length,  and  we  learn  that  there  is  stability  (in  the  two- 
dimensional  problem)  provided  the  interval  between  the  walls  does  not  exceed 
•86  cm.  "We  have  here  an  explanation,  in  principle,  of  a  familiar  experiment  in 
which  water  is  retained  by  atmospheric  pressure  in  an  inverted  tumbler,  or 
other  vessel,  whose  mouth  is  covered  by  a  gauze  with  sufficiently  fine  meshes  f. 

247.  We  next  consider  the  case  of  waves  on  a  horizontal 
surface  forming  the  common  boundary  of  two  parallel  currents 
U,  U'. 

*  Cf.  Lord  Rayleigh,  L  c.  ante  p.  383. 

t  The  case  where  the  fluids  are  contained  in  a  cylindrical  tube  has  been  solved 
by  Maxwell,  Encyc.  Britann.,  Art.  "  Capillary  Action,"  t.  v.,  p.  69,  Scientific  Papers, 
t.  ii.,  p.  585,  and  compared  with  some  experiments  of  Duprez.  The  agreement  is 
better  than  might  have  been  expected  when  we  consider  that  the  special  condition 
to  be  satisfied  at  the  line  of  contact  of  the  surface  with  the  wall  of  the  tube  has 
been  left  out  of  account. 
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If  we  apply  the  method  of  Art.  224,  we  find  without  difficulty 
that  the  condition  for  stationary  waves  is  now 

(1), 


the  last  term  being  due  to  the  altered  form  of  the  pressure- 
condition  which  has  to  be  satisfied  at  the  surface.     Putting 


we  get 
where 


i.e.  c0  is  the  velocity  of  waves  of  the  given  length  (Zir/k)  when 
there  are  no  currents. 

The  various  inferences  to  be  drawn  from  (2)  are  much  as  in 
Art.  224,  with  the  important  qualification  that,  since  c0  has  now  a 
minimum  value,  viz.  the  cm  of  Art.  246  (5),  the  equilibrium  of 
the  surface  when  plane  is  stable  for  disturbances  of  all  wave- 
lengths so  long  as 

u<1±l.cm  ........................  (4). 

When  the  relative  velocity  u  of  the  two  currents  exceeds  this 
value,  c  becomes  imaginary  for  wave-lengths  lying  between  certain 
limits.  It  is  evident  that  in  the  alternative  method  of  Art.  225 
the  time-factor  ei<Tt  will  now  take  the  form  e^t+tf*  where 


The  real  part  of  the  exponential  indicates  the  possibility  of  a 
disturbance  of  continually  increasing  amplitude. 

For  the  case  of  air  over  water  we  have  s  =  -00129,  cm  =  23'2  (c.s.),  whence 
the  maximum  value  of  u  consistent  with  stability  is  about  646  centimetres 
per  second,  or  (roughly)  12  '5  sea-miles  per  hour*.  For  slightly  greater  values 
of  u  the  instability  will  manifest  itself  by  the  formation,  in  the  first  in- 

*  The  wind-velocity  at  which  the  surface  of  water  actually  begins  to  be  ruffled 
by  the  formation  of  capillary  waves,  so  as  to  lose  the  power  of  distinct  reflection,  is 
much  less  than  this,  and  is  determined  by  other  causes.  We  shall  revert  to  this 
point  later  (Art.  302). 

L.  29 
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stance,  of  wavelets  of  about  two-thirds  of  an  inch  in  length,  which  will 
continually  increase  in  amplitude  until  they  transcend  the  limits  implied 
in  our  approximation. 

248.  We  resume  the  investigation  of  the  effect  of  a  steady 
pressure-disturbance  on  the  surface  of  a  running  stream,  by  the 
method  of  Arts.  226,  227,  including  now  the  effect  of  capillary 
forces.  This  will  give,  in  addition  to  the  former  results,  the  ex- 
planation (in  principle)  of  the  fringe  of  ripples  which  is  seen  in 
advance  of  a  solid  moving  at  a  moderate  speed  through  still 
water,  or  on  the  up-stream  side  of  any  disturbance  in  a  uniform 
current. 

Beginning  with  a  simple-harmonic  distribution  of  pressure,  we 
assume 

<f)/c  =  —  x  +  fteky  sin  kx,  |  , 

^/c=-y  +  @ekycoskx  j  *  '' 

the  upper  surface  coinciding  with  the  stream-line  -^  =  0,  whose 
equation  is 

y  =  /3  cos  kx  ...........................  (2), 

approximately.  At  a  point  just  beneath  this  surface  we  find,  as 
in  Art.  226  (8),  for  the  variable  part  of  the  pressure, 

—  =  /3  {(kc*  —  g)  cos  kx  +  /JLC  sin  kx}  ............  (3), 

where  fj,  is  the  frictional  coefficient.  At  an  adjacent  point  just 
above  the  surface  we  must  have 


= 
p   '     p  dx* 

^^{(ktf-g-k^coskz  +  fjLCsmkx}  .........  (4), 

where  T  is  now  written  for  TJp.    This  is  equal  to  the  real  part  of 


-g-  k*T  -  ific)  eikx. 
Writing  P  for  the  coefficient,  we  find  that  to  the  imposed  pressure 

/W 

-^-  =  Pcoskx  ............................  (5) 

will  correspond  the  surface-form 

~  9  ~  k*T)  cos  kx  —  IJLC  sin  kx  . 
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Let  us  first  suppose  that  the  velocity  c  of  the  stream  exceeds 
the  minimum  wave-velocity  (cm)  investigated  in  Art.  246.    We  may 

then  write 

k(?-g-k*T  =  T'(k-K,)(iCz-k) (7), 

where  K^  /c2  are  the  two  values  of  k  corresponding  to  the  wave- 
velocity  c  on  still  water;  in  other  words,  %TT\K-^  27r/tc2  are  the  lengths 
of  the  two  systems  of  free  waves  which  could  maintain  a  stationary 
position  in  space,  on  the  surface  of  the  flowing  stream.  We  will 
suppose  that  K2  >  KI. 

In  terms  of  these  quantities,  the  formula  (6)  may  be  written 

_  P    (k  —  Ki)  (/c2  —  k)  cos  kx  —  ///  sin  kx 
y  =  ~T"          (k-K^(K,-kf  +  ^ 

where  //  =  fic/T.  This  shews  that  if  /*'  be  small  the  pressure  is 
least  over  the  crests,  and  greatest  over  the  troughs  of  the  waves 
when  k  is  greater  than  K2  or  less  than  KI}  whilst  the  reverse  is 
the  case  when  k  is  intermediate  to  KI,  KZ.  In  the  case  of  a  pro- 
gressive disturbance  advancing  over  still  water,  these  results  are 
seen  to  be  in  accordance  with  Art.  165  (12). 

249.  From  (8)  we  can  infer  as  in  Art.  227  the  effect  of 
a  pressure  of  integral  amount  Q  concentrated  on  a  line  of  the 
surface  at  the  origin,  viz.  we  find 


Q       r  (k  —  KI)  (KZ  —  k)  cos  kx  —  p  sin  kx  ,, 

—  CLK , 


V.     [ 

y     wT^J 


This  definite  integral  is  the  real  part  of 


The  dissipation-coefficient  p.'  has  been  introduced  solely  for  the  purpose  of 
making  the  problem  determinate;  we  may  therefore  avail  ourselves  of  the 
slight  gain  in  simplicity  obtained  by  supposing  ^  to  be  infinitesimal.  In  this 
case  the  two  roots  of  the  denominator  in  (i)  are 


where  j/=/i7(f2~'ci)- 

Since  *2  >  KI}  i/  is  positive.     The  integral  (i)  is  therefore  equivalent  to 

1  (  r      e**dk  r      &^dk     ] 

/c2-Kl-2^1J0  A  -fa  +  fr)     Jo  k^(K^ivjj" 


29—2 
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These  integrals  are  of  the  forms  discussed  in  Art.  227.     It  appears  that 
when  x  is  positive  the  former  integral  is  equal  to 


.       *-ikx 

W"« 


and  the  latter  to 

r°°  x,-tfcc 

dk 


/•*£-«* 

Jo       "•   ^2 


On  the  other  hand,  when  x  is  negative,  the  former  reduces  to 

~*^dk... 


and  the  latter  to 

o-Vcx 


/•«  e-ikx 

«^+/.FH5* (»)• 


We  have  here  simplified  the  formulae  by  putting  »/  =  0  after  the  transfor- 
mations. 

If  we  now  discard  the  imaginary  parts  of  our  expressions,  we  obtain  the 
results  which  immediately  follow. 

When  fjf  is  infinitesimal,  the  equation  (9)  gives,  for  x  positive, 
7rTl        _         2?r       .  -.-,,  ,  (~\c\\ 

and,  for  x  negative, 


where 


'       1       f  f°°  cos  h®  ji       f00  cos  h®  77  )  /n\ 

=-      -\\     -=  --  dk-l     f—  -  dk}-  .......  (12). 

KZ-  K!  (Jo  &  +  *!          Jo  k  +  tc2      j 


This  function  F(x)  can  be  expressed  in  terms  of  the  known  func- 
tions Ci  KI#,  Si  «!#,  Ci  #2#,  Si  /Cgd?,  by  Art.  227  (ix).  The  disturb- 
ance of  level  represented  by  it  is  very  small  for  values  of  x, 
whether  positive  or  negative,  which  exceed,  say,  half  the  greater 
wave-length  ( 


Hence,  beyond  some  such  distance,  the  surface  is  covered  on 
the  down-stream  side  by  a  regular  train  of  simple-harmonic  waves 
of  length  2<7r//e1,  and  on  the  up-stream  side  by  a  train  of  the 
shorter  wave-length  27r//c2.  It  appears  from  the  numerical  results 
of  Art.  246  that  when  the  velocity  c  of  the  stream  much  exceeds 
the  minimum  wave-velocity  (cm)  the  former  system  of  waves  is 
governed  mainly  by  gravity,  and  the  latter  by  cohesion. 
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It  is  worth  notice  that,  in  contrast  with 
the  case  of  Art.  227,  the  elevation  is  now 
finite  when  x  =  0,  viz.  we  have 


This  follows  easily  from  (10). 

The  figure  shews  the  transition  between 
the  two  sets  of  waves,  in  the  case  of  K2  =  5^. 

The  general  explanation  of  the  effects 
of  an  isolated  pressure-disturbance  advanc- 
ing over  still  water,  indicated  near  the  end 
of  Art.  227,  is  now  modified  by  the  fact 
that  there  are  two  wave-lengths  correspond- 
ing to  the  given  velocity  c.  For  one  of 
these  (the  shorter)  the  group-velocity  is 
greater,  whilst  for  the  other  it  is  less,  than 
c.  We  can  thus  understand  why  the  waves 
of  shorter  wave-length  should  be  found 
ahead,  and  those  of  longer  wave-length  in 
the  rear,  of  the  disturbing  pressure. 

It  will  be  noticed  that  the  formulae  (10), 
(11)  make  the  height  of  the  up-stream 
capillary  waves  the  same  as  that  of  the 
down-stream  gravity  waves ;  but  this  result 
will  be  greatly  modified  when  the  pressure 
is  diffused  over  a  band  of  finite  breadth, 
instead  of  being  concentrated  on  a  mathe- 
matical line.  If,  for  example,  the  breadth 
of  the  band  do  not  exceed  one-fourth  of  the 
wave-length  on  the  down-stream  side,  whilst 
it  considerably  exceeds  the  wave-length  of 
the  up-stream  ripples,  as  may  happen  with 
a  very  moderate  velocity,  the  different  parts 
of  the  breadth  will  on  the  whole  reinforce 
one  another  as  regards  their  action  on  the 
down-stream  side,  whilst  on  the  up-stream 
side  we  shall  have  '  interference,'  with  a 
comparatively  small  residual  amplitude. 
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When  the  velocity  c  of  the  stream  is  less  than  the  minimum 
wave- velocity,  the  factors  of 


are   imaginary.     There  is  now  no  indeterminateness  caused  by 
putting  /JL  =  0  ab  initio.     The  surface-form  is  given  by 

Q 


The  integral  might  be  transformed  by  the  previous  method,  but  it 
is  evident  a  priori  that  its  value  tends  rapidly,  with  increasing  sc, 
to  zero,  on  account  of  the  more  and  more  rapid  fluctuations  in 
sign  of  cos  kx.  The  disturbance  of  level  is  now  confined  to  the 
neighbourhood  of  the  origin.  For  x  =  0  we  find 


Finally  we  have  the  critical  case  where  c  is  exactly  equal  to 
the  minimum  wave-  velocity,  and  therefore  KZ  =  KI.  The  first  term 
in  (10)  or  (11)  is  now  infinite,  whilst  the  remainder  of  the  expres- 
sion, when  evaluated,  is  finite.  To  get  an  intelligible  result  in 
this  case  it  is  necessary  to  retain  the  frictional  coefficient  //. 


If  we  put  j/  =  2cr2,  we  have 


so  that  the  integral  (i)  may  now  be  equated  to 

I-H*  (  r        e**  r        ^kx        77! 

:  —  \l     j  —  -f  —      —  —  .dk-  I     j  —  7—  -  —.dk\  ......  (vm). 

4or   |yo  Jc-^-m+iw}         JQ  K-(K+ia-iut)     } 


The  formulae  of  Art.  227  shew  that  when  or  is  small  the  most  important 
part  of  this  expression,  for  points  at  a  distance  from  the  origin  on  either  side, 

is  1+1.  MJ**  .......................................  (ix). 

4'uT 


It  appears  that  the  surface-elevation  is  now  given  by 
rn 


(16). 


The  examination  of  the  effect  of  inequalities  in  the  bed  of  a 
stream,  by  the  method  of  Art.  230,  must  be  left  to  the  reader. 
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250.  The  investigation  by  Lord  Rayleigh*,  from  which  the 
foregoing  differs  principally  in  the  manner  of  treating  the  definite 
integrals,  was  undertaken  with  a  view  to  explaining  more  fully 
some  phenomena  described  by  Scott  Russell f  and  Lord  Kelvin  J. 

"When  a  small  obstacle,  such  as  a  fishing  line,  is  moved 
forward  slowly  through  still  water,  or  (which  of  course  comes  to 
the  same  thing)  is  held  stationary  in  moving  water,  the  surface  is 
covered  with  a  beautiful  wave-pattern,  fixed  relatively  to  the 
obstacle.  On  the  up-stream  side  the  wave-length  is  short,  and,  as 
Thomson  has  shewn,  the  force  governing  the  vibrations  is  prin- 
cipally cohesion.  On  the  down-stream  side  the  waves  are  longer, 
and  are  governed  principally  by  gravity.  Both  sets  of  waves  move 
with  the  same  velocity  relatively  to  the  water;  namely,  that 
required  in  order  that  they  may  maintain  a  fixed  position  relatively 
to  the  obstacle.  The  same  condition  governs  the  velocity,  and 
therefore  the  wave-length,  of  those  parts  of  the  pattern  where  the 
fronts  are  oblique  to  the  direction  of  motion.  If  the  angle  between 
this  direction  and  the  normal  to  the  wave-front  be  called  0,  the 
velocity  of  propagation  of  the  waves  must  be  equal  to  v0  cos  6, 
where  v0  represents  the  velocity  of  the  water  relatively  to  the  fixed 
obstacle. 

"  Thomson  has  shewn  that,  whatever  the  wave-length  may  be, 
the  velocity  of  propagation  of  waves  on  the  surface  of  water  cannot 
be  less  than  about  23  centimetres  per  second.  The  water  must 
run  somewhat  faster  than  this  in  order  that  the  wave-pattern  may 
be  formed.  Even  then  the  angle  6  is  subject  to  a  limit  defined  by 
v0  cos  6  =  23,  and  the  curved  wave-front  has  a  corresponding 
asymptote. 

"  The  immersed  portion  of  the  obstacle  disturbs  the  flow  of  the 
liquid  independently  of  the  deformation  of  the  surface,  and  renders 
the  problem  in  its  original  form  one  of  great  difficulty.  We  may 
however,  without  altering  the  essence  of  the  matter,  suppose  that 
the  disturbance  is  produced  by  the  application  to  one  point  of  the 
surface  of  a  slightly  abnormal  pressure,  such  as  might  be  produced 
by  electrical  attraction,  or  by  the  impact  of  a  small  jet  of  air. 

*  I.  c.  ante  p.  393.  f  "  On  Waves,"  Brit.  Ass.  Rep.,  1844. 

J  1.  c.  ante  p.  446. 
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Indeed,  either  of  these  methods — the  latter  especially — gives  very 
beautiful  wave-patterns*." 

The  solution  of  the  problem  here  stated  is  to  be  derived  from 
the  results  of  the  last  Art.  in  the  manner  explained  in  Art.  228. 

For  a  line  of  pressure  making  an  angle  JTT  -  0  with  the 
direction  of  the  stream,  the  distances  (p)  of  the  successive  wave- 
ridges  from  the  origin  are  given  by 

kp  =  (2772  —  J)  7T, 

where  ra  is  an  integer,  and  the  values  of  k  are  determined  by 

&2r'-&c2cos20  +  #  =  0 (1). 

If  we  put  cra  =  (VO* (2), 

and  cosa  =  cm/c,     a  =  (ra  —  J)  7rc2/g  (3), 

this  gives  £_-  2^cos20  +  cos4a  =  0    (4), 

(.i         a 

whence  p/a  =  cos2  6  ±  (cos4  0  —  cos4  a)?  (5). 

The  greater  of  these  two  values  of  p  corresponds  to  the  down- 
stream and  the  smaller  to  the  up-stream  side  of  the  seat  of 
disturbance. 

The  general  form  of  the  wave-ridges  due  to  a  pressure-point  at 
the  origin  is  then  given,  on  Huyghens'  principle,  by  (5),  considered 
as  a  '  tangential-polar '  equation  between  p  and  6.  The  four  lines 
for  which  6  =  +  a  are  asymptotes.  The  values  of  ^TT  —  a  for  several 
values  of  c/cm  have  been  tabulated  in  Art.  246. 

The  figure  opposite  shews  the  wave-system  thus  obtained, 
in  the  particular  case  where  the  ratio  of  the  wave-lengths  in  the 
line  of  symmetry  is  4  :  1.  This  corresponds  to  a=  26°  34/~h 

In  the  outlying  parts  of  the  wave-pattern,  where  the  ridges 
are  nearly  straight,  the  wave-lengths  of  the  two  systems  are 
nearly  equal,  and  we  have  then  the  abnormal  amplitude  indicated 
by  equation  (16)  of  the  preceding  Art. 

"When  the  ratio  c/cm  is  at  all  considerable,  a  is  nearly  equal  to  ^TT,  and 
the  asymptotes  make  a  very  acute  angle  with  the  axis.  The  wave-envelope 

*  Lord  Eayleigh,  I.  c. 

t  The  figure  may  be  compared  with  the  drawing,  from  observation,  given  by 
Scott  Russell,  I  c. 
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on  the  down-stream  side  then  approximates  to  the  form  investigated  in  Art. 
228,  except  that  the  curve,  after  approaching  the  axis  of  as  near  the  origin, 
runs  back  along  the  asymptotes.  On  the  up-stream  side  we  have  approxi- 
mately 

jD  =  6sec20 (i), 

where  b  =  \a  cos4  a.     This  gives 


251.  Another  problem  of  great  interest  is  the  determination 
of  the  nature  of  the  equilibrium  of  a  cylindrical  column  of  liquid, 
of  circular  section.  This  contains  the  theory  of  the  well-known 
experiments  of  Bidone,  Savart,  and  others,  on  the  behaviour  of  a 
jet  issuing  under  pressure  from  a  small  orifice  in  the  wall  of  a 
containing  vessel.  It  is  obvious  that  the  uniform  velocity  in  the 
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direction  of  the  axis  of  the  jet  does  not  affect  the  dynamics  of  the 
question,  and  may  be  disregarded  in  the  analytical  treatment. 

We  will  take  first  the  two-dimensional  vibrations  of  the 
column,  the  motion  being  supposed  to  be  the  same  in  each 
section.  Using  polar  coordinates  r,  6  in  the  plane  of  a  section, 
with  the  origin  in  the  axis,  we  may  write,  in  accordance  with 
Art.  63, 

rs 

(j)  =  A  —  cos  s6 .  cos  (at  +  e) (1), 

a 

where  a  is  the  mean  radius.     The  equation  of  the  boundary  at 
any  instant  will  then  be 

r  =  a+£ (2), 

where  f  = cos  s6  .  sin  (at  +  e) (3), 

ord 

the  relation  between  the  coefficients  being  determined  by 


dt         dr  ' 

for  r  =  a.    For  the  variable  part  of  the  pressure  inside  the  column, 
close  to  the  surface,  we  have 

-  =  -~-  =  —  o-A  cos  s6 .  sin  (at  +  e) (5). 

p      d/t 

The  curvature  of  a  curve  which  differs  infinitely  little  from  a 
circle  having   its   centre   at  the  origin  is   found  by  elementary 

methods  to  be 

11       1  d*r 

R~r      ^dd2' 
or,  in  the  notation  of  (2), 


Hence  the  surface  condition 

p  =  T1/R  +  const.,    (7), 

gives,  on  substitution  from  (5), 

a,  =  8(4,_l)^ (8)*. 

*  For  the  original  investigation,  by  the  method  of  energy,  see  Lord  Kayleigh, 
"On  the  Instability  of  Jets,"  Proc.  Lond.  Math.  Soc.,  t.  x.,  p.  4  (1878);  "On  the 
Capillary  Phenomena  of  Jets,"  Proc.  Roy.  Soc.,  May  5,  1879.  The  latter  paper 
contains  a  comparison  of  the  theory  with  experiment. 
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For  s=l,  we  have  <r  =  0;  to  our  order  of  approximation  the 
section  remains  circular,  being  merely  displaced,  so  that  the 
equilibrium  is  neutral.  For  all  other  integral  values  of  s,  o-2  is 
positive,  so  that  the  equilibrium  is  thoroughly  stable  for  two- 
dimensional  deformations.  This  is  evident  a  priori,  since  the 
circle  is  the  form  of  least  perimeter,  and  therefore  least  potential 
energy,  for  given  sectional  area. 

In  the  case  of  a  jet  issuing  from  an  orifice  in  the  shape  of  an 
ellipse,  an  equilateral  triangle,  or  a  square,  prominence  is  given  to 
the  disturbance  of  the  type  s  =  2,  3,  or  4,  respectively.  The  motion 
being  steady,  the  jet  exhibits  a  system  of  stationary  waves,  whose 
length  is  equal  to  the  velocity  of  the  jet  multiplied  by  the  period 

(27T/0-). 

252.  Abandoning  now  the  restriction  to  two  dimensions, 
we  assume  that 

<£  =  facoskz  .  cos(<rt  +  e)  .....................  (9), 

where  the  axis  of  z  coincides  with  that  of  the  cylinder,  and  fa  is  a 
function  of  the  remaining  coordinates  a?,  y.  Substituting  in  the 
equation  of  continuity,  V2^>  =  0,  we  get 

(?,•-*•)$,  =  <)  .....................  (10), 

where  Vi2  =  d*/dx?  +  dz/dy2.  If  we  put  x  =  r  cos  6,  y  —  r  sin  0,  this 
may  be  written 


dr*      r  dr 

This  equation  is  of  the  form  considered  in  Art.  187,  except  for  the 
sign  of  &  ;  the  solutions  which  are  finite  for  r  =  0  are  therefore  of 
the  type 

fc=  £/,(&•)  °j®lrf  .....................  (12), 

olil^ 

where 

zs 


Hence,  writing 

<f>  =  BI8  (Ar)  cos  s6  cos  Icz  .  cos  (at  +  e)  .........  (14), 

we  have,  by  (4), 

g  =  -  B  kal*  (A?a)  cos  s0  cos  kz  .  sin  (at  +  e)  .........  (15). 


(7(1 
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To  find  the  sum  of  the  principal  curvatures,  we  remark  that,  as  an 
obvious  consequence  of  Euler's  and  Meunier's  theorems  on  curva- 
ture of  surfaces,  the  curvature  of  any  section  differing  infinitely 
little  from  a  principal  normal  section  is,  to  the  first  order  of  small 
quantities,  the  same  as  that  of  the  principal  section  itself.  It  is 
sufficient  therefore  in  the  present  problem  to  calculate  the  curva- 
tures of  a  transverse  section  of  the  cylinder,  and  of  a  section 
through  the  axis.  These  are  the  principal  sections  in  the 
undisturbed  state,  and  the  principal  sections  of  the  deformed 
surface  will  make  infinitely  small  angles  with  them.  For  the 
transverse  section  the  formula  (6)  applies,  whilst  for  the  axial 
section  the  curvature  is  —  d2  %/dz*  ;  so  that  the  required  sum  of 
the  principal  curvatures  is 


CL  (TCL 

Also,  at  the  surface, 


s  (ka)  cos  s6  cos  kz  .  sin  (at  +  e)  .  .  .  (17). 
p     at 

The  surface-condition  Art.  244  (1)  then  gives 


For  5  >  0,  <r2  is  positive  ;  but  in  the  case  (s  =  0)  of  symmetry  about 
the  axis  a2  will  be  negative  if  ka  <  1  ;  that  is,  the  equilibrium  is 
unstable  for  disturbances  whose  wave-length  (%7r/k)  exceeds  the 
circumference  of  the  jet.  To  ascertain  the  type  of  disturbance  for 
which  the  instability  is  greatest,  we  require  to  know  the  value  of 
ka  which  makes 

kaIQ'  (ka) 
I9(ka)     (k  (        1}' 

a  maximum.  For  this  Lord  Rayleigh  finds  &2a2  =  '4858,  whence, 
for  the  wave-length  of  maximum  instability, 

%7r/k  =  4-508  x  2a. 
There  is  a  tendency  therefore  to  the  production  of  bead-like 
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swellings  and  contractions  of  this  wave-length,  with  continually 
increasing  amplitude,  until  finally  the  jet  breaks  up  into  detached 
drops*. 


253.  This  leads  naturally  to  the  discussion  of  the  small 
oscillations  of  a  drop  of  liquid  about  the  spherical  form-(-.  We 
will  slightly  generalize  the  question  by  supposing  that  we  have  a 
sphere  of  liquid,  of  density  p,  surrounded  by  an  infinite  mass 
of  other  liquid  of  density  p. 

Taking  the  origin  at  the  centre,  let  the  shape  of  the  common 
surface  at  any  instant  be  given  by 

r  =  a  +  ?  =  «  +  £„.  sin  (<rt  +  6)  ...............  (1), 

where  a  is  the  mean  radius,  and  Sn  is  a  surface-harmonic  of  order 
n.  The  corresponding  values  of  the  velocity-potential  will  be, 
at  internal  points, 

rrf'i   tltl 


and  at  external  points  * 

trfl       nn+1 

^-^iJsi«i.-.""(«*  +  «)  ............  (3), 

since  these  make 

d£_     d<f>_     dfi 
~di~~~dr~  ~~dr' 

for  r  =  a.     The  variable  parts  of  the  internal  and  external  pressures 
at  the  surface  are  then  given  by 


To  find  the  sum  of  the  curvatures  we  make  use  of  the  theorem 


*  The  argument  here  is  that  if  we  have  a  series  of  possible  types  of  disturbance, 
with  time-factors  eait,  ea<it,  e"3*,...,  where  a1>a2>a3>  ...,  and  if  these  be  excited 
simultaneously,  the  amplitude  of  the  first  will  increase  relatively  to  those  of  the 
other  components  in  the  ratios  £a*~a*&)  /a*~a*^,.it.  The  component  with  the 
greatest  a  will  therefore  ultimately  predominate. 

The  instability  of  a  cylindrical  jet  surrounded  by  other  fluid  has  been  discussed 
by  Lord  Bayleigh,  "On  the  Instability  of  Cylindrical  Fluid  Surfaces,"  Phil.  Mag., 
Aug.  1892.  For  a  jet  of  air  in  water  the  wave-length  of  maximum  instability  is 
found  to  be  6-48  x  2a. 

t  Lord  Rayleigh,  1.  c.  ante  p.  458;  Webb,  Mess,  of  Math.,  t.  ix.  p.  177  (1880). 
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of  Solid  Geometry,  that  if  X,  a,  v  be  the  direction-cosines  of  the 
normal  at  any  point  of  a  surface  F(x,  y,  z)  —  0,  viz. 


1        1       d\      da      dv 

then  -j?+jy  =  j-  +  ir  +  j-    ..................  (5)- 

R!     jR2     dx      dy     dz 

Since  the  square  of  f  is  to  be  neglected,  the  equation  (1)  of  the 
harmonic  spheroid  may  also  be  written 


,  ...........................  (6), 

where  £n  =  ^  Sn  .  sin  (at  +  e)  ....................  (7), 

i.e.  fn  is  a  sofo'c?  harmonic  of  degree  71.     We  thus  find 


T        dz  T2 

whence 





Substituting  from  (4)  and  (9)  in  the  general  surface-condition  of 
Art.  244,  we  find 


If  we  put  //  =  0,  this  gives 

i   ................  (11). 


The  most  important  mode  of  vibration  is  the  ellipsoidal  one, 
for  which  n  =  2  ;  we  then  have 
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Hence  for  a  drop  of  water,  putting  Tl  —  74,  p  =  1,  we  find,  for  the 
frequency, 

0-/27T  =  3'87a~*  seconds, 


if  a  be  the  radius  in  centimetres.  The  radius  of  the  sphere 
which  would  vibrate  seconds  is  a  =  2  '47  cm.  or  a  little  less  than  an 
inch. 

The  case  of  a  spherical  bubble  of  air,  surrounded  by  liquid, 
is  obtained  by  putting  p=0  in  (10),  viz.  we  have 

*«  =  (n  +  l)(»-l)(n  +  2)A   ............  (12). 

For  the  same  density  of  the  liquid,  the  frequency  of  any  given 
mode  is  greater  than  in  the  case  represented  by  (11),  on  account 
of  the  diminished  inertia  ;  cf.  Art.  90  (6),  (7). 


CHAPTER  X. 

WAVES    OF   EXPANSION. 

254.  A  TREATISE  on  Hydrodynamics  would  hardly  be  complete 
without  some  reference  to  this  subject,  if  merely  for  the  reason 
that  all  actual  fluids  are  more  or  less  compressible,  and  that  it  is 
only  when  we  recognize  this  compressibility  that  we  escape  such 
apparently  paradoxical  results  as  that  of  Art.  21,  where  a  change 
of  pressure  was  found  to  be  propagated  instantaneously  through  a 
liquid  mass. 

We  shall  accordingly  investigate  in  this  Chapter  the  general 
laws  of  propagation  of  small  disturbances,  passing  over,  however, 
for  the  most  part,  such  details  as  belong  more  properly  to  the 
Theory  of  Sound. 

In  most  cases  which  we  shall  consider,  the  changes  of  pressure 
are  small,  and  may  be  taken  to  be  proportional  to  the  changes 
in  density,  thus 

Ap  =  *.^ (1), 

where  K  (=pdp/dp)  is  a  certain  coefficient,  called  the  '  elasticity  of 
volume.1  For  a  given  liquid  the  value  of  K  varies  with  the 
temperature,  and  (very  slightly)  with  the  pressure.  For  water  at 
15°  C.,  K  =  2'22  x  1010  dynes  per  square  centimetre;  for  mercury 
at  the  same  temperature  K  =  5'42  x  1011.  The  case  of  gases  will 
be  considered  presently. 

Plane   Waves. 

255.  We  take  first  the  case  of  plane   waves  in  a  uniform 
medium. 

The  motion  being  in  one  dimension  (x),  the  dynamical  equation 
is,  in  the  absence  of  extraneous  forces, 

du        du         I  dp         1  dp  dp  /1X 

I    a  i  — .  __  JL__  -       ___  *•  '  /    I    \ 

dt        dx        p  dx        p  dp  dx'" 
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whilst  the  equation  of  continuity,  Art.  8  (4),  reduces  to 


If  we  put 

(3), 


where  p0  is  the  density  in  the  undisturbed  state,  s  may  be  called 
the  'condensation'  in  the  plane  x.  Substituting  in  (1)  and  (2), 
we  find,  on  the  supposition  that  the  motion  is  infinitely  small, 

du  _     /c  ds  ,  . 

dt~~p,dx'"  '' 

ds          du 

and  -    ..........................  5 


if  K  =  [Pdp/dpl=l>t  ........................  (6), 

as  above.     Eliminating  s  we  have 


where  c2  =  K/PQ  =  [dp/dp]p=Po  .....................  (8). 

The  equation  (7)  is  of  the  form  treated  in  Art.  167,  and  the 
complete  solution  is 

u  =  F(ct-x)+f(ct  +  x)  ..................  (9), 

representing  two  systems  of  waves  travelling  with  the  constant 
velocity  c,  one  in  the  positive  and  the  other  in  the  negative 
direction  of  x.  It  appears  from  (5)  that  the  corresponding  value 
of  s  is  given  by 

cs  =  F(ct-x)-f(ct  +  x)  ...............  (10). 

For  a  single  wave  we  have 

u  =  ±cs  .....................  ......  (11), 

since  one  or  other  of  the  functions  F,f  is  zero.  The  upper  or  the 
lower  sign  is  to  be  taken  according  as  the  wave  is  travelling  in 
the  positive  or  the  negative  direction. 

There  is  an  exact  correspondence  between  the  above  approximate  theory 
and  that  of  '  long  '  gravity-waves  on  water.  If  we  write  rj/k  for  s,  and  gh  for 
K/p0,  the  equations  (4)  and  (5),  above,  become  identical  with  Art.  166  (3),  (5). 

L.  30 
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256.     With  the  value  of  K  given  in  Art.  254,  we  find  for  water 

at  15°  C. 

c  =  1490  metres  per  second. 

The  number  obtained  directly  by  Colladon  and  Sturm  in  their 
experiments  on  the  lake  of  Geneva  was  1437,  at  a  temperature 
ofS°C* 

In  the  case  of  a  gas,  if  we  assume  that  the  temperature  is 
constant,  the  value  of  K  is  determined  by  Boyle's  Law 


viz.  K=p<>  ..............................  (2), 

so  that  c  =  (PO/PQ)*  ........................  (3). 

This  is  known  as  the  '  Newtonian  '  velocity  of  sound  f.  If  we 
denote  by  H  the  height  of  a  'homogeneous  atmosphere*  of  the 
gas,  we  have  pQ  =  #/>0H,  and  therefore 

c  =  (£H)i  ...........................  (4), 

which  may  be  compared  with  the  formula  (8)  of  Art.  167  for 
the  velocity  of  '  long  '  gravity-waves  in  liquids.  For  air  at  0°  C. 
we  have  as  corresponding  values  { 

p0  =  76  x  13-60  x  981,     p0  =  '001  29, 
in  absolute  C.G.S.  units;  whence 

c  =  280  metres  per  second. 
This  is  considerably  below  the  value  found  by  direct  observation. 

The  reconciliation  of  theory  and  fact  is  due  to  Laplace  §. 
When  a  gas  is  suddenly  compressed,  its  temperature  rises,  so 
that  the  pressure  is  increased  more  than  in  proportion  to  the 
diminution  of  volume  ;  and  a  similar  statement  applies  of  course 
to  the  case  of  a  sudden  expansion.  The  formula  (1)  is  appro- 
priate only  to  the  case  where  the  expansions  and  rarefactions  are 
so  gradual  that  there  is  ample  time  for  equalization  of  temperature 
by  thermal  conduction  and  radiation.  In  most  cases  of  interest, 
the  alternations  of  density  are  exceedingly  rapid  ;  the  flow  of  heat 

*  Ann.  de  Chim.  et  de  Phys.,  t.  xxxvi.  (1827). 
t  Principia,  Lib.  ii.,  Sect,  viii.,  Prop.  48. 
J  Everett,  Units  and  Physical  Constants. 

§  "Sur  la  vitesse  du  son  dans  Fair  et  dans  1'eau,  Ann.  de  Chim.  et  de  Phys., 
t.  iii.  (1816);  Mecanique  Celeste,  Livre  12me,  c.  iii.  (1823). 
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from  one  element  to  another  has  hardly  set  in  before  its  direction 
is  reversed,  so  that  practically  each  element  behaves  as  if  it 
neither  gained  nor  lost  heat. 

On  this  view  we  have,  in  place  of  (1),  the  '  adiabatic  '  law 


where,  as  explained  in  books  on  Thermodynamics,  7  is  the  ratio  of 
the  two  specific  heats  of  the  gas.     This  makes 

«  =  7Po  .............................  .....  (6), 

and  therefore  c 


If  we  put  7=1*410*,  the  former  result  is  to  be  multiplied  by 
1-187,  whence 

c  =  332  metres  per  second, 

which  agrees  very  closely  with  the  best  direct  determinations. 

The  confidence  felt  by  physicists  in  the  soundness  of  Laplace's  view  is  so 
complete  that  it  is  now  usual  to  apply  the  formula  (7)  in  the  inverse  manner, 
and  to  infer  the  values  of  y  for  various  gases  and  vapours  from  observation 
of  wave-velocities  in  them. 

In  strictness,  a  similar  distinction  should  be  made  between  the  'adiaba- 
tic '  and  '  isothermal  '  coefficients  of  elasticity  of  a  liquid  or  a  solid,  but 
practically  the  difference  is  unimportant.  Thus  in  the  case  of  water  the 
ratio  of  the  two  volume-elasticities  is  calculated  to  be  r0012f. 

The  effects  of  thermal  radiation  and  conduction  on  air-waves  have  been 
studied  theoretically  by  Stokes  |  and  Lord  Rayleigh§.  When  the  oscillations 
are  too  rapid  for  equalization  of  temperature,  but  not  so  rapid  as  to  exclude 
communication  of  heat  between  adjacent  elements,  the  waves  diminish  in 
amplitude  as  they  advance,  owing  to  the  dissipation  of  energy  which 
takes  place  in  the  thermal  processes. 

According  to  the  law  of  Charles  and  Gay  Lussac 
PO/PO  oc  1  +  -00366  0, 

where  6  is  the  temperature  Centigrade.  Hence  the  velocity  of 
sound  will  vary  as  the  square  root  of  the  absolute  temperature. 
For  several  of  the  more  permanent  gases,  which  have  sensibly  the 
same  value  of  7,  the  formula  (7)  shews  that  the  velocity  varies 

*  The  value  found  by  direct  experiment. 
+  Everett,  Units  and  Physical  Constants. 

J  "  An  Examination  of  the  possible  effect  of  the  Eadiation  of  Heat  on  the  Pro- 
pagation of  Sound,"  Phil.  Mag.,  April,  1851. 
§  Theory  of  Sound,  Art.  247. 

30—2 
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inversely  as  the  square  root  of  the  density,  provided  the  relative 
densities  be  determined  under  the  same  conditions  of  pressure  and 
temperature. 

257.  The  theory  of  plane  waves  can  also  be  treated  very 
simply  by  the  Lagrangian  method. 

If  f  denote  the  displacement  at  time  t  of  the  particles  whose 
undisturbed  abscissa  is  x,  the  stratum  of  matter  originally  in- 
cluded between  the  planes  x  and  x  +  §x  is  at  the  time  t  +  St 
bounded  by  the  planes 

x  +     and 


so  that  the  equation  of  continuity  is 


where  p0  is  the  density  in  the  undisturbed  state.     Hence  if  s 
denote  the  'condensation'  (p  —  p0)/p0t  we  have 


The  dynamical  equation  obtained  by  considering  the  forces 
acting  on  unit  area  of  the  above  stratum  is 


These  equations  are  exact,  but  in  the  case  of  small  motions 
we  may  write 

s  ...........................  (4), 


Substituting  in  (3)  we  find 


where  c2  =  /c//90  ...........................  (7). 

The  interpretation  of  (6)  is  the  same  as  in  Arts.  167,  255. 
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258.     The  kinetic  energy  of  a  system  of  plane  waves  is  given 

by 

(1), 


where  u  is  the  velocity  at  the  point  (oc,  y,  z)  at  time  t. 

The  calculation  of  the  intrinsic  energy  requires  a  little  care. 
If  v  be  the  volume  of  unit  mass,  the  work  which  this  gives  out  in 
expanding  from  its  actual  volume  to  the  normal  volume  v0  is 


\ 

J 


pdv (2). 


Putting  v  =  v0/(l+$),  p—p0  +  /cs,  we  find,  for  the  intrinsic  energy 
(E)  of  unit  mass 

-po)s2U  ..............  ...  (3), 


if  we  neglect  terms  of  higher  order.  Hence,  for  the  intrinsic 
energy  of  the  fluid  which  in  the  disturbed  condition  occupies  any 
given  region,  we  have  the  expression 

W=JfJEpdxdydz  =  p0fffE  (1  +  s)  docdydz 

(4), 


since  p0v0  =  l.  If  we  consider  a  region  so  great  that  the  con- 
densations and  rarefactions  balance,  we  have 

fffsdxdydz  =  Q  ........................  (5), 

and  therefore  W  =  %tcfffs2dxdydz  .....................  (6). 

In  a  progressive  plane  wave  we  have  cs  =  ±  u,  and  therefore 
T=  W.  The  equality  of  the  two  kinds  of  energy,  in  this  case,  may 
also  be  inferred  from  the  more  general  line  of  argument  given  in 
Art.  171. 

In  the  theory  of  Sound  special  interest  attaches,  of  course,  to 
the  case  of  simple-harmonic  vibrations.  If  a  be  the  amplitude 
of  a  progressive  wave  of  period  2-7r/cr,  we  may  assume,  in  con- 
formity with  Art.  257  (6), 

f  =  a  cos  (kx  —  crt  +  e)  .....................  (7), 

where  k  =  <r/c.  The  formulae  (1)  and  (6)  then  give,  for  the  energy 
contained  in  a  prismatic  space  of  sectional  area  unity  and  length 
\  (in  the  direction  #), 

T+W  =  ^p,a^\  ........................  (8), 
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the  same  as  the  kinetic  energy  of  the  whole  mass  when  animated 
with  the  maximum  velocity  o-a. 

The  rate  of  transmission  of  energy  across  unit  area  of  a  plane  moving 
with  the  particles  situate  in  it  is 


The  work  done  by  the  constant  part  of  the  pressure  in  a  complete  period  is 
zero.     For  the  variable  part  we  have 


(ii). 


Substituting  in  (i),  we  find,  for  the  mean  rate  of  transmission  of  energy, 

^  Ka-ka2  =  ^pQ  (T2a2  x  c  ..............................  (iii). 

Hence  the  energy  transmitted  in  any  number  of  complete  periods  is  exactly 
that  corresponding  to  the  waves  which  pass  the  plane  in  the  same  time. 
This  is  in  accordance  with  the  general  theory  of  Art.  221,  since,  c  being 
independent  of  X,  the  group-velocity  is  identical  with  the  wave-  velocity. 


Waves  of  Finite  Amplitude. 

259.     If  p  be  a  function  of  p  only,  the  equations  (1)  and  (3)  of 
Art.  257,  give,  without  approximation, 

cWI=?dp  #f 
dP     pfdp'da?" 

On  the  '  isothermal  '  hypothesis  that 


thisbecomes  =      .__     .....................  (3). 

*  *Ff 

In  the  same  way,  the  '  adiabatic  '  relation 


fif 

i     j  YPo          dx? 

leadsto  =--      ..................  ( 


These  exact  equations  (3)  and  (4)  may  be  compared   with  the  similar 
equation  for  'long'  waves  in  a  uniform  canal,  Art.  170  (3). 
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It  appears  from  (1)  that  the  equation  (6)  of  Art.  257  could  be  regarded  as 
exact  if  the  relation  between  p  and  p  were  such  that 


7 

p  dp 

Hence  plane  waves  of  finite  amplitude  can  be  propagated  without  change  of 
type  if,  and  only  if, 

(ii). 


A  relation  of  this  form  does  not  hold  for  any  known  substance,  whether  at 
constant  temperature  or  when  free  from  gain  or  loss  of  heat  by  conduction 
and  radiation.  Hence  sound-waves  of  finite  amplitude  must  inevitably  under- 
go a  change  of  type  as  they  proceed. 

260.  The  laws  of  propagation  of  waves  of  finite  amplitude 
have  been  investigated,  independently  and  by  different  methods, 
by  Earnshaw  and  Riemann.  It  is  proposed  to  give  here  a  brief 
account  of  these  investigations,  referring  for  further  details  to  the 
original  papers,  and  to  the  very  full  discussion  of  the  matter 
by  Lord  Rayleigh  *. 

Riemann's  method  •(•  has  already  been  applied  in  this  treatise 
to  the  discussion  of  the  corresponding  question  in  the  theory 
of  'long'  gravity-waves  on  liquids  (Art.  183).  He  starts  from 
the  Eulerian  equations  of  Art.  255,  which  may  be  written 

du         du  _      1  dp  dp 
~dt*Udx~~  pdpdn 

dp  ,      dp  du  ,  . 

dt+w£=-p&*  ........................  (2)- 

If  we  put 

P=f(p)  +  u,     Q=f(p)-u  ...............  (3), 

where  f(p)  is  as  yet  undetermined,  we  find,  multiplying  (2)  by 
/'  (p),  and  adding  to  (1), 

dp  +  udp-   1**_^'/^ 

W  Udx~~  pdpdx     PJ  (p)dx' 
If  we  now  determine  f(p)  so  that 


*  Theory  of  Sound,  c.  xi. 

f  "  Ueber  die  Fortpflanzung  ebener  Luftwellen  von  endlicher  Schwingungsweite," 
Gott.  Abh.,  t.  viii.  (1860)  ;  Werke,  Leipzig,  1876,  p.  145. 
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this  may  be  written 

dP        dP  ,f/  .dP 

dt+Ud^  =  -^^d^ <">• 

In  the  same  way  we  obtain 


The  condition  (4)  is  satisfied  by 

\)  -j (7>- 

Substituting  in  (5)  and  (6),  we  find 

dx' 


Hence  cLP  =  0,  or  P  is  constant,  for  a  geometrical  point  moving 
with  the  velocity 


dx_f<ty\ 
dt  ~  (dp) 


,    ,  +u 
dp, 

whilst  Q  is  constant  for  a  point  whose  velocity  is 

...(10). 


Hence,  any  given  value  of  P  moves  forward,  and  any  value  of  Q 
moves  backward,  with  the  velocity  given  by  (9)  or  (10),  as 
the  case  may  be. 

These  results  enable  us  to  understand,  in  a  general  way,  the 
nature  of  the  motion  in  any  given  case.  Thus  if  the  initial 
disturbance  be  confined  to  the  space  between  the  two  planes 
x  —  a,  x  =  b,  we  may  suppose  that  P  and  Q  both  vanish  for  x>  a 
and  for  x  <  b.  The  region  within  which  P  is  variable  will 
advance,  and  that  within  which  Q  is  variable  will  recede,  until 
after  a  time  these  regions  separate  and  leave  between  them  a 
space  for  which  P  =  0,  Q  =  0,  and  in  which  the  fluid  is  therefore 
at  rest.  The  original  disturbance  has  thus  been  split  up  into  two 
progressive  waves  travelling  in  opposite  directions.  In  the 
advancing  wave  we  have  Q  =  0,  and  therefore 

«=/o>> 
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so  that  both  the  density  and  the  particle-velocity  are  propagated 
forwards  at  the  rate  given  by  (9).  Whether  we  adopt  the  isother- 
mal or  the  adiabatic  law  of  expansion,  this  velocity  of  propagation 
will  be  found  to  be  greater,  the  greater  the  value  of  p.  The  law 
of  progress  of  the  wave  may  be  illustrated  by  drawing  a  curve 
with  x  as  abscissa  and  p  as  ordinate,  and  making  each  point 
of  this  curve  move  forward  with  the  appropriate  velocity,  as 
given  by  (9)  and  (11).  Since  those  parts  move  faster  which 
have  the  greater  ordinates,  the  curve  will  eventually  become  at 
some  point  perpendicular  to  x.  The  quantities  dujdoc,  dp/doc  are 
then  infinite  ;  and  the  preceding  method  fails  to  yield  any  infor- 
mation as  to  the  subsequent  course  of  the  motion.  Cf.  Art.  183. 

261.  Similar  results  can  be  deduced  from  Earnshaw's  investi- 
gation*, which  is,  however,  somewhat  less  general  in  that  it 
applies  only  to  a  progressive  wave  supposed  already  established. 

For  simplicity  we  will  suppose  p  and  p  to  be  connected  by  Boyle's  Law 

P=c2P  .......................................  (i). 

If  we  write  y=x  +  %,  so  that  y  denotes  the  absolute  coordinate  at  time  t  of 
the  particle  whose  undisturbed  abscissa  is  x,  the  equation  (3)  of  Art.  259 
becomes 


This  is  satisfied  by 

!=/(!)  ..................................  (*>. 


provided  ,  ;/^  ......................      -(iv). 

Hence  a  first  integral  of  (ii)  is 


To  obtain  the  '  general  integral  '  of  (v)  we  must  eliminate  a  between  the 
equations 

±c  log  a)  t  +  <j>  (a),  \ 

)  f" 


where  <p  is  arbitrary.     Now 

dyjdx=p0/p, 

*  "  On  the  Mathematical  Theory  of  Sound,"  Phil.  Trans.,  1860. 
t  See  Forsyth,  Differential  Equations,  c.  ix. 
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so  that,  if  u  be  the  velocity  of  the  particle  #,  we  have 

(vii). 


p 

On  the  outskirts  of  the  wave  we  shall  have  w  =  0,  p  =  p0.     It  follows  that 
(7=0,  and  therefore 

P=Po^w/c  .................................  (viii). 

Hence  in  a  progressive  wave  p  and  u  must  be  connected  by  this  relation. 
If  this  be  satisfied  initially,  the  function  <p  which  occurs  in  (vi)  is  to  be 
determined  from  the  conditions  at  time  £  =  0  by  the  equation 


To  obtain  results  independent  of  the  particular  form  of  the  wave,  consider 
two  particles  (which  we  will  distinguish  by  suffixes)  so  related  that  the  value 
of  p  which  obtains  for  the  first  particle  at  time  ^  is  found  at  the  second 
particle  at  time  t.2. 

The  value  of  a  (=p0/p)  is  the  same  for  both,  and  therefore  by  (vi),  with 


l  , 

J    " 


The  latter  equation  may  be  written 


shewing  that  the  value  of  p  is  propagated  from  particle  to  particle  at  the  rate 
p/p0  .  c.    The  rate  of  propagation  in  space  is  given  by 


(xii). 

This  is  in  agreement  with  Riemann's  results,  since  on  the  'isothermal' 
hypothesis  (dpfdp)^=c. 

For  a  wave  travelling  in  the  positive  direction  we  must  take  the  lower 
signs.  If  it  be  one  of  condensation  (p>p0),  u  is  positive,  by  (viii).  It  follows 
that  the  denser  parts  of  the  wave  are  continually  gaining  on  the  rarer,  and 
at  length  overtake  them  ;  the  subsequent  motion  is  then  beyond  the  scope  of 
our  analysis. 

Eliminating  x  between  the  equations  (vi),  and  writing  for  c  log  a  its  value 
-  u,  we  find  for  a  wave  travelling  in  the  positive  direction, 


...........................  (xiii). 

In  virtue  of  (viii)  this  is  equivalent  to 

...........................  (xiv). 
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This  formula  is  due  to  Poisson*.  Its  interpretation,  leading  to  the  same 
results  as  above,  for  the  mode  of  alteration  of  the  wave  as  it  proceeds,  forms 
the  subject  of  a  paper  by  Stokes  f. 

262.  The  conditions  for  a  wave  of  permanent  type  have  been 
investigated  in  a  very  simple  manner  by  Rankine  J. 

If,  as  in  Art.  172,  we  impress  on  everything  a  velocity  c  equal 
and  opposite  to  that  of  the  waves,  we  reduce  the  problem  to  one  of 
steady  motion. 

Let  A,  B  be  two  points  of  an  ideal  tube  of  unit  section  drawn 
in  the  direction  of  propagation,  and  let  the  values  of  the  pressure, 
the  density,  and  the  particle-velocity  at  A  and  B  be  denoted 
by  plt  plt  MI  &ndp2,  p9,  u2,  respectively. 

Since  the  same  amount  of  matter  now  crosses  in  unit  time 
each  section  of  the  tube,  we  have 

pl(c-u1)  =  p2(c-u2),^m,    (1), 

say ;  where  m  denotes  the  mass  swept  past  in  unit  time  by  a  plane 
moving  with  the  wave,  in  the  original  form  of  the  problem.  This 
quantity  m  is  called  by  Rankine  the  '  mass-velocity '  of  the  wave. 

Again,  the  total  force  acting  on  the  mass  included  between  A 
and  B  is  p.2-pi,  and  the  rate  at  which  this  mass  is  gaining 
momentum  is 

m  (c  —  u^)  —  m(c  —  ut). 

Hence  p2-pi  =  m(u2-u1)  (2). 

Combined  with  (1)  this  gives 

p1  +  m2/p1=p2  +  m*/p2 (3). 

Hence  a  wave  of  finite  amplitude  cannot  be  propagated  un- 
changed except  in  a  medium  such  that 

p  +  m*/p  =  const (4). 

This  conclusion  has  already  been  arrived  at,  in  a  different  manner, 
in  Art.  259. 

*  "  Memoire  sur  la  Theorie  du  Son,"  Journ.  de  VEcole  Potytechn.,  t.  vii.,  p.  319 
(1808). 

t  "  On  a  Difficulty  in  the  Theory  of  Sound,"  Phil.  Mag.,  NOT.  1848;  Math,  and 
Phys.  Papers,  t.  ii.,  p.  51. 

J  "On  the  Thermodynamic  Theory  of  Waves  of  Finite  Longitudinal  Disturb- 
ance," Phil.  Trans.,  1870. 
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If  the  variation  of  density  be  slight,  the  relation  (4)  may, 
however,  be  regarded  as  holding  approximately  for  actual  fluids, 
provided  m  have  the  proper  value.  Putting 


p  =  po  +  tcs,     m  =  p0c  ............  (5), 

we  find  c2  =  tc/p0  ..............................  (6), 

as  in  Art.  255. 

The  fact  that  in  actual  fluids  a  progressive  wave  of  finite 
amplitude  continually  alters  its  type,  so  that  the  variations  of 
density  towards  the  front  become  more  and  more  abrupt,  has  led 
various  writers  to  speculate  on  the  possibility  of  a  wave  of  dis- 
continuity, analogous  to  a  'bore'  in  water-waves. 

It  has  been  shewn,  first  by  Stokes*,  and  afterwards  by  several 
other  writers,  that  the  conditions  of  constancy  of  mass  and  of 
constancy  of  momentum  can  both  be  satisfied  for  such  a  wave. 
The  simplest  case  is  when  there  is  no  variation  in  the  values  of 
p  and  u  except  at  the  plane  of  discontinuity.  If,  in  Rankine's 
argument,  the  sections  A,  B  be  taken,  one  in  front  of,  and  the 
other  behind  this  plane,  we  find 


m 


and,  if  we  further  suppose  that  u2  =  0,  so  that  the  medium  is  at 
rest  in  front  of  the  wave, 


P2  \pl-p2 


and  u,  =  c = 

Pi 

The  upper  or  the  lower  sign  is  to  be  taken  according  as  p±  is 
greater  or  less  than  p2,  i.e.  according  as  the  wave  is  one  of 
condensation  or  of  rarefaction. 

These  results  have,  however,  lost  some  of  their  interest  since 
it  has  been  pointed  out  by  Lord  Rayleigh  f  that  the  equation  of 
energy  cannot  be  satisfied  consistently  with  (1)  and  (2).  Con- 
sidering the  excess  of  the  work  done  on  the  fluid  entering  the 

*  L  c.  ante  p.  475. 

t  Theory  of  Sound,  Art.  253. 


262-263]        CONDITION  FOR  PERMANENCY  OF  TYPE.  477 

space  AB  at  B  over  that  done  by  the  fluid  leaving  at  A,  we  find 
p2  (c  —  u2)  —pi(c  —  u^)  =  ^m  {(c  —  u-^f  —  (c  —  u2)2} 

.          /  77*         77'  \  (~\  C\\ 

where  the  first  term  on  the  right-hand  represents  the  gain  of 
kinetic,  and  the  second  that  of  intrinsic  energy ;  cf.  Art.  23.  As 
in  Art.  11  (7),  we  have 

E  = 


It  is  easily  shewn  that  (10)  is  inconsistent  with  (2)  unless 


which  is  only  satisfied  provided  the  relation  between  p  and 
p  be  that  given  by  (4).  In  words,  the  conditions  for  a  wave 
of  discontinuity  can  only  be  satisfied  in  the  case  of  a  medium 
whose  intrinsic  energy  varies  as  the  square  of  the  pressure. 

In  the  above  investigation  no  account  has  been  taken  of 
dissipative  forces,  such  as  viscosity  and  thermal  conduction  and 
radiation.  Practically,  a  wave  such  as  we  have  been  considering 
would  imply  a  finite  difference  of  temperature  between  the 
portions  of  the  fluid  on  the  two  sides  of  the  plane  of  discontinuity, 
so  that,  to  say  nothing  of  viscosity,  there  would  necessarily  be  a 
dissipation  of  energy  due  to  thermal  action  at  the  junction. 
Whether  this  dissipation  would  be  of  such  an  amount  as  to  be 
consistent,  approximately,  with  the  relation  (12)  is  a  physical 
question,  involving  considerations  which  lie  outside  the  province 
of  theoretical  Hydrodynamics. 

Spherical  Waves. 

263.  Let  us  next  suppose  that  the  disturbance  is  symmetrical 
with  respect  to  a  fixed  point,  which  we  take  as  origin.  The 
motion  is  necessarily  irrotational,  so  that  a  velocity-potential 
<f>  exists,  which  is  here  a  function  of  r,  the  distance  from  the 
origin,  and  t,  only.  If  as  before  we  neglect  the  squares  of 
small  quantities,  we  have  by  Art.  21  (3) 


[dp 
]  p 


dt' 
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In  the  notation  of  Arts.  254,  255  we  may  write 

[dp      [teds 

—  =  I  -  -  =  &s, 
lp      !    po 

7    • 

whence  c2s  =  -i?   (1). 

dit 

To  form  the  equation  of  continuity  we  remark  that,  owing  to 
the  difference  of  flux  across  the  inner  and  outer  surfaces,  the 
space  included  between  the  spheres  r  and  r  +  Br  is  gaining  mass 
at  the  rate 


drV     r dr, 
Since  the  same  rate  is  also  expressed  by  dpjdt .  4?rr2  Br  we  have 


This  might  also  have  been  arrived  at  by  direct  transformation  of 
the  general  equation  of  continuity,  Art.  8  (4).  In  the  case  of 
infinitely  small  motions,  (2)  gives 

ds_l  d        d<t> 


whence,  substituting  from  (1), 


_ 
dt*  ~  r2  dr       dr 

This  may  be  put  into  the  more  convenient  form 

*.*!>_     ffi.'r*  (  } 

~W~  ~°~d^~' 

so  that  the  solution  is 

)  ..................  (6). 


Hence  the  motion  is  made  up  of  two  systems  of  spherical  waves, 
travelling,  one  outwards,  the  other  inwards,  with  velocity  c. 
Considering  for  a  moment  the  first  system  alone,  we  have 


which  shews  that  a  condensation  is  propagated   outwards  with 
velocity  c,  but  diminishes  as  it   proceeds,   its   amount   varying 
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inversely  as  the  distance  from  the  origin.     The  velocity  due  to 
the  same  train  of  waves  is 


_       =  - 
dr 

As  r  increases  the  second  term  becomes  less  and  less  important 
compared  with  the  first,  so  that  ultimately  the  velocity  is  pro- 
pagated according  to  the  same  law  as  the  condensation. 

264.  The  determination  of  the  functions  F  and  f  in  terms  of 
the  initial  conditions,  for  an  unlimited  space,  can  be  effected 
as  follows.  Let  us  suppose  that  the  initial  distributions  of  velocity 
and  condensation  are  determined  by  the  formulae 

*=•*•«,       =  *W  ..................  W. 


where  i/r,  ^  are  arbitrary  functions,  of  which  the  former  must 
fulfil  the  condition  -»Jr'(0)  =  0,  since  otherwise  the  equation  of 
continuity  would  not  be  satisfied  at  the  origin.  Both  functions 
are  given,  primd  facie,  only  for  positive  values  of  the  variable  ; 
but  all  our  equations  are  consistent  with  the  view  that  r  changes 
sign  as  the  point  to  which  it  refers  passes  through  the  origin.  On 
this  understanding  we  have,  on  account  of  the  symmetry  of  the 
circumstances  with  respect  to  the  origin, 

*(-r)  =  t(r),     X<-r)-X(r)  ...............  (8), 

that  is,  T|T  and  %  are  even  functions.     From  (6)  and  (7)  we  have 


If  we  put 

dr  =  Xl(r)  .....................  (10), 


the  latter  equation  may  be  written 

-'(')+/(*)  -»(*•)  ..................  (11), 


0 


the  constant  of  integration  being  omitted,  as  it  will  disappear 
from  the  final  result.     We  notice  that 

X,(-r)=x(r)  .....................  (12). 
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Hence,  we  have 

(r)  =  2r-^  (r)  -  ^  %i  fa 


.(13). 

2c  Xl  in 
The  complete  value  of  </>  is  then  given  by  (6),  viz. 


As  a  very  simple  example,  we  may  suppose  that  the  air  is  initially  at  rest, 
and  that  the  disturbance  consists  of  a  uniform  condensation  SQ  extending 
through  a  sphere  of  radius  a.  The  formulae  then  shew  that  after  a  certain 
time  the  disturbance  is  confined  to  a  spherical  shell  whose  internal  and 
external  radii  are  ct  —  a  and  ct  +  a,  and  that  the  condensation  at  any  point 
within  the  thickness  of  this  shell  is  given  by 

s/s0=(r-ct)/2r. 

The  condensation  is  therefore  positive  through  the  outer  half,  and  negative 
through  the  inner  half,  of  the  thickness.  This  is  a  particular  case  of  a 
general  result  stated  long  ago  by  Stokes*,  according  to  which  a  diverging 
spherical  wave  must  necessarily  contain  both  condensed  and  rarefied  portions. 

We  shall  require  shortly  the  form  which  the  general  value 
(14)  of  (j>  assumes  at  the  origin.  This  is  found  most  simply  by 
differentiating  both  sides  of  (14)  with  respect  to  r  and  then 
making  r  =  0.  The  result  is,  if  we  take  account  of  the  relations 
(8),  (10),  (12), 


General  Equation  of  Sound  Waves. 

265.  We  proceed  to  the  general  case  of  propagation  of  ex- 
pansion-waves. We  neglect,  as  before,  the  squares  of  small 
quantities,  so  that  the  dynamical  equation  is  as  in  Art.  263, 


*  "  On  Some  Points  in  the  [Received  Theory  of  Sound,"  Phil.  Mag.,  Jan.  1849  ; 
Math,  and  Phys.  Papers,  t.  ii.,  p.  82. 
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Also,  writing  p  =  p0  (1  +  s)  in  the  general  equation  of  continuity, 
Art.  8  (4),  we  have,  with  the  same  approximation, 


d8_ffi&       ffi*       ffi* 

dt~d&  +  dy*  +  d&" 

The  elimination  of  s  between  (1)  and  (2)  gives 


or,  in  our  former  notation, 


Since  this  equation  is  linear,  it  will  be  satisfied  by  the  arith- 
metic mean  of  any  number  of  separate  solutions  (f>1)  $2,  03,  .... 
As  in  Art.  39,  let  us  imagine  an  infinite  number  of  systems  of 
rectangular  axes  to  be  arranged  uniformly  about  any  point  P  as  . 
origin,  and  let  fa,  <£2,  <£3,  ...  be  the  velocity-potentials  of  motions 
which  are  the  same  with  respect  to  these  systems  as  the  original 
motion  <£  is  with  respect  to  the  system  x,  y,  z.  In  this  case  the 
arithmetic  mean  (<£,  say),  of  the  functions  <f>1}  <£2,  </>3,  ...  will  be 
the  velocity-potential  of  a  motion  symmetrical  with  respect  to 
the  point  P,  and  will  therefore  come  under  the  investigation  of 
Art.  264,  provided  r  denote  the  distance  of  any  point  from  P.  In 
other  words,  if  $  be  a  function  of  r  and  t,  defined  by  the  equation 


where  <f>  is  any  solution  of  (4),  and  Sv?  is  the  solid  angle  subtended 
at  P  by  an  element  of  the  surface  of  a  sphere  of  radius  r  having 
this  point  as  centre,  then 


Hence  r$  =  F(r-ct)+f(r  +  ct)  ..................  (7). 

The  mean  value  of  </>  over  a  sphere  having  any  point  P  of 
the  medium  as  centre  is  therefore  subject  to  the  same  laws  as  the 

*  This  result  was  obtained,  in  a  different  manner,  by  Poisson,  "  M&noire  sur  la 
thdorie  du  son,"  Journ.  de  VEcole  Polytechn.,  t.  vii.  (1807),  pp.  334—338.  The  remark 
that  it  leads  at  once  to  the  complete  solution  of  (4)  is  due  to  Liouville,  Journ.  de 
Math.,  1856,  pp.  1—6. 

L.  31 
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velocity-potential  of  a  symmetrical  spherical  disturbance.  We 
see  at  once  that  the  value  of  <f>  at  P  at  the  time  t  depends  on 
the  mean  initial  values  of  <f>  and  d<p/dt  over  a  sphere  of  radius  ct 
described  about  P  as  centre,  so  that  the  disturbance  is  propagated 
in  all  directions  with  uniform  velocity  c.  Thus  if  the  original 
disturbance  extend  only  through  a  finite  portion  2  of  space,  the 
disturbance  at  any  point  P  external  to  S  will  begin  after  a  time 
rj/c,  will  last  for  a  time  (r2  —  r^/c,  and  will  then  cease  altogether  ; 
rlt  rz  denoting  the  radii  of  two  spheres  described  with  P  as  centre, 
the  one  just  excluding,  the  other  just  including  S. 

To  express  the  solution  of  (4),  already  virtually  obtained,  in 
an  analytical  form,  let  the  values  of  (/>  and  d<f>/dt,  when  t  =  0,  be 

+  ~  +  (x,y,z),         -X(*,y,*)  ...............  (8). 


The  mean  initial  values  of  these  quantities  over  a  sphere  of  radius 
r  described  about  (a?,-  y,  z)  as  centre  are 

<f>  =  ^—  1  1  ty  (as  +  Ir,  y  +  mr,  z  +  nr)  (for, 
IT>  y  +  mr,z  +  nr)  dvr, 


=  -^  1  1  X 


where  Z,  ra,  n  denote  the  direction-  cosines  of  any  radius  of  this 
sphere,  and  &cr  the  corresponding  elementary  solid  angle.  If  we 
put 

I  =  sin  6  cos  ft),     m  =  sin  0  sin  o>,     n  —  cos  0, 

we  shall  have 

&*=  sin 


Hence,  comparing  with  Art.  264  (15),  we  see  that  the  value  of 
</>  at  the  point  (x,  y,  z),  at  any  subsequent  time  t,  is 

1    rt       r  r 
<f>  =  T—  -r.  •  t  1  1  ty  (#  +  ct  sin  6  cos  a),  y  -f  ct  sin  0  sin  ft), 

z  -h  ct  cos  0)  sin  OdBdo) 
+  —  1  1  x  (x  +  ctf  sin  6  cos  ft),  T/  +  ct  sin  0  sin  ft), 

2  +  c£  cos  6)  sin  0d0d&)  .  .  .  (9), 
which  is  the  form  given  by  Poisson*. 

*  "  M^moire  sur  I'int6gration  de  quelques  Equations  lineaires  aux  differences 
partielles,  et  particulierement  de  1'equation  generale  du  mouveraent  des  fluides 
elastiques,"  Mtm.  de  VAcad.  des  Sciences,  t.  iii.,  1818-19, 
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266.  Iii  the  case  of  simple-harmonic  motion,  the  time-factor 
being  ei<rf,  the  equation  (4)  of  Art.  265  takes  the  form 

(Va  +  #)0  =  0  ........................  (1), 

where  k  —  a/c  ..............................  (2). 

It  appears  on  comparison  with  Art.  258  (7)  that  2-7T/&  is  the  wave- 
length of  plane  waves  of  the  same  period  (27r/cr). 

There  is  little  excuse  for  trespassing  further  on  the  domain  of 
Acoustics;  but  we  may  briefly  notice  the  solutions  of  (1)  which 
are  appropriate  when  the  boundary-  conditions  have  reference  to 
spherical  surfaces,  as  this  will  introduce  us  to  some  results  of 
analysis  which  will  be  of  service  in  the  next  Chapter. 

In  the  case  of  symmetry  with  respect  to  the  origin,  we  have 
by  Art.  263  (5),  or  by  direct  transformation  of  (1), 


the  solution  of  which  is 

,  sin  AT        cos&r 


When  the  motion  is  finite  at  the  origin  we  must  have  B  =  0. 

1°.     This  may  be  applied  to  the  radial  vibrations  of  air  contained  in  a 
spherical  cavity.     The  condition  that  d<f)/dr  =  0  at  the  surface  r  =  a  gives 

tan  ka  =  ka  ....................................  (i), 

which  determines  the  frequencies  of  the  normal  modes.  The  roots  of  this 
equation,  which  presents  itself  in  various  physical  problems,  can  be  cal- 
culated without  much  difficulty,  either  by  means  of  a  series*,  or  by  a 
method  devised  by  Fourier  f.  The  values  obtained  by  Schwerdt  for  the 
first  few  roots  are 

#a/ir  =  l-4303,    2-4590,    3-4709,    4*4774,    5-4818,    6'4844  .........  (ii), 

approximating  to  the  form  m  +  ^,  where  m  is  integral.  These  numbers  give 
the  ratio  (2<x/X)  of  the  diameter  of  the  sphere  to  the  wave-length.  Taking 
the  reciprocals  we  find 

A/2a=-6992,    -4067,    '2881,    -2233,    -1824,    -1542  ...............  (iii). 

In  the  case  of  the  second  and  higher  roots  of  (i)  the  roots  of  lower  order  give 

*  Euler,  .  Introductio  in  Analysin  Infinitorum,  Lausanna,  1748,  t.  ii.,  p.  319; 
Rayleigh,  Theory  of  Sound,  Art.  207. 

t  Theorie  analytique  de  la  Chaleur,  Paris,  1822,  Art.  286. 
$  Quoted  by  Verdet,  Optique  Physique,  t.  i.,  p.  266. 
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the  positions  of  the  spherical  nodes  (c&£/cfo*=0).     Thus  in  the  second  mode 
there  is  a  spherical  node  whose  radius  is  given  by 


r/a  =  (l'4303)/(2-4590)  =  -58l7. 

2°.  In  the  case  of  waves  propagated  outwards  into  infinite  space  from  a 
spherical  surface,  it  is  more  convenient  to  use  the  solution  of  (3),  including 
the  time-factor,  in  the  form 


(iv). 


If  the  motion  of  the  gas  be  due  to  a  prescribed  radial  motion 

r=aei(rt  .......................................  (v) 

of  a  sphere  of  radius  a,  C  is  determined  by  the  condition  that  r=  —  d(f>/dr  for 
r=a.    This  gives 


whence,  taking  the  real  parts,  we  have,  corresponding  to  a  prescribed  normal 
motion 

r=acosart  ....................................  (vii), 

^^r  (r~a}}  +ka  Sln  {<rt  ~r   (r~a} 
When  lea  is  infinitesimal,  this  reduces  to 


where  A  =  4ira2a.    We  have  here  the  conception  of  the  'simple  source'  of 
sound,  which  plays  so  great  a  part  in  the  modern  treatment  of  Acoustics. 

The  rate  of  emission  of  energy  may  be  calculated  from  the  result  of  Art.  258. 
At  a  great  distance  r  from  the  origin,  the  waves  are  approximately  plane,  of 
amplitude  Aj^ircr.  Putting  this  value  of  a  in  the  expression  £p0o-2a2c  for  the 
energy  transmitted  across  unit  area,  and  multiplying  by  4?jT2,  we  obtain  for 
the  energy  emitted  per  second 


«• 


267.  When  the  restriction  as  to  symmetry  is  abandoned,  we 
may  suppose  the  value  of  <f>  over  any  sphere  of  radius  r,  having 
its  centre  at  the  origin,  to  be  expanded  in  a  series  of  surface- 
harmonics  whose  coefficients  are  functions  of  r.  We  therefore 


assume 
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where  <f>n  is  a  solid  harmonic  of  degree  n,  and  Rn  is  a  function  of  r 

only.     Now 

Ua/p  A  \    ^7<>7?     A,  _L 

V"(Jtln(bn)=\"ltn.  ®n+ 


......  (6). 

And,  by  the  definition  of  a  solid  harmonic,  we  have 


Hence 


2(n+l)dRn 

(7)- 


If  we   substitute   in  (1),  the   terms   in   <j)n  must  satisfy  the 
equation  independently,  whence 


which  is  the  differential  equation  in  Rn. 

This  can  be  integrated  by  series.     Thus,  assuming  that 


the  relation  between  consecutive  coefficients  is  found  to  be 


This  gives  two  ascending  series,  one  beginning  with  m  —  0,  and  the 
other  with  m  =  —  2n  —  1  ;  thus 


p       Afi  k*r*       .  ^V  __      ^ 

\       2(27i+3)"r2.427i  +  327i+5         "J 

(l 


where  A,  B  are  arbitrary  constants.  Hence  putting  <j>n  =  rnSn,  so 
that  Sn  is  a  surface-harmonic  of  order  ?i,  the  general  solution  of  (1) 
may  be  written 

kr)}rnSn  ............  (9), 
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where 


2(2n+3)  '  2.4(2?i+3)(2rc+5) 
1.3...(2w-l 


2(1.-*!)     2.4(l-2n)(3-2n)     '") 

(10)*. 

The  first  term  of  (9)  is  alone  to  be  retained  when  the  motion 
is  finite  at  the  origin. 

The  functions  ^rn  (£),  ^n  (f)  can  also  be  expressed  in  finite 
terms,  as  follows : 

Y^  ' 

(11). 


These  are  readily  identified  with  (10)  by  expanding  sin  f,  cos  f,  and 
performing  the  differentiations.     As  particular  cases  we  have 


3       1\    .    „     3  cos? 
^-^sm^--^~' 

The  formulaa  (9)  and  (11)  shew  that  the  general  solution  of  the 
equation 


-0 


which  is  obtained  by  writing  f  for  kr  in  (8),  is 

/  d  \« 


This  is  easily  verified  ;  for  if  Rn  be  any  solution  of  (12),  we  find  that  the 
corresponding  equation  for  Rn  +  1  is  satisfied  by 


*  There  is  a  slight  deviation  here  from  the  notation  adopted  by  Heine,  Kugel- 
functionen,  p.  82. 
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and  by  repeated  applications  of  this  result  it  appears  that  (12)  is  satisfied  by 


where  R0  is  the  solution  of 


that  is  R,  =  -  ..............................  (ii)*. 

268.     A  simple  application  of  the  foregoing  analysis  is  to  the 
vibrations  of  air  contained  in  a  spherical  envelope. 

1°.     Let  us  first  consider  the  free  vibrations  when  the  envelope  is  rigid. 
Since  the  motion  is  finite  at  the  origin,  we  have,  by  (9), 

<t>  =  A+n(kr}r*Sn.ei(rt  .................................  (i), 

with  the  boundary-condition 

kaW(ka)+ntyn(kd)  =  Q  ..............................  (ii), 

a  being  the  radius.     This  determines  the  admissible  values  of  k  and  thence  of 

<r(  =  kc}. 

It  is  evident  from  Art.  267  (11)  that  this  equation  reduces  always  to  the 
form 

tan  &*=/(&»)  .................................  (iii), 

where  f(ka)  is  a  rational  algebraic  function.   The  roots  can  then  be  calculated 
without  difficulty  by  Fourier's  method,  referred  to  in  Art.  266. 

In  the  case  w  =  l,  if  we  take  the  axis  of  x  coincident  with  that  of  the 
harmonic  Slt  and  write  ,zr  =  rcos  6,  we  have 

in  kr 


and  the  equation  (ii)  becomes 

9^/TT 

(v). 


The  zero  root  is  irrelevant.      The   next  root  gives,  for  the  ratio  of  the 
diameter  to  the  wave-length, 


and  the  higher  values  of  this  ratio  approximate  to  the  successive  integers 
2,  3,  4....     In  the  case  of  the  lowest  root,  we  have,  inverting, 

X/2a=  1-509. 

*  The  above  analysis,  which  has  a  wide  application  in  mathematical  physics, 
has  been  given,  in  one  form  or  another,  by  various  writers,  from  Poisson  (TMorie 
matliematique  de  la  Chaleur,  Paris,  1835)  downwards.  For  references  to  the  history 
of  the  matter,  considered  as  a  problem  in  Differential  Equations,  see  Glaisher,  "On 
Kiccati's  Equation  and  its  Transformations,"  PhiL  Trans.,  1881. 
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In  this,  the  gravest  of  all  the  normal  modes,  the  air  sways  to  and  fro  much 
in  the  same  manner  as  in  a  doubly-closed  pipe.  In  the  case  of  any  one  of 
the  higher  roots,  the  roots  of  lower  order  give  the  positions  of  the  spherical 
nodes  (d<l>/dr=0).  For  the  further  discussion  of  the  problem  we  must  refer  to 
the  investigation  by  Lord  Rayleigh*. 

2°.     To  find  the  motion  of  the  enclosed  air  due  to  a  prescribed  normal 
motion  of  the  boundary,  say 


we  have,  <t>=Atyn(kr)rnSn.ei<rt  ..............................  (ix), 

with  the  condition  A  (katyn  (ka)  +  ^n  (ka)}an~  1  =  I  , 

and  therefore  <fr  =  z     ,  //t^  i    n  \-  a  (-V&-  &*  ..........  (x)' 

katyn(ka)+ntyn(kd)       \aj 

This  expression  becomes  infinite,  as  we  should  expect,  whenever  Tea  is  a  root 
of  (ii)  ;  i.e.  whenever  the  period  of  the  imposed  vibration  coincides  with  that 
of  one  of  the  natural  periods,  of  the  same  spherical-harmonic  type. 

By  putting  £a=0  we  pass  to  the  case  of  an  incompressible  fluid.     The 
formula  (x)  then  reduces  to 


as  in  Art.  90.  It  is  important  to  notice  that  the  same  result  holds  approximately, 
even  in  the  case  of  a  gas,  whenever  ka  is  small,  i.e.  whenever  the  wave-length 
(27T/&)  corresponding  to  the  actual  period  is  large  compared  with  the  circum- 
ference of  the  sphere.  This  is  otherwise  evident  from  the  mere  form  of  the 
fundamental  equation,  Art.  266  (1),  since  as  k  diminishes  the  equation  tends 
more  and  more  to  the  form  v2</>=0  appropriate  to  an  incompressible  fluid  t. 

*  "  On  the  Vibrations  of  a  Gas  contained  within  a  Rigid  Spherical  Envelope," 
Proc.  Lond.  Math.  Soc.,  t.  iv.,  p.  93  (1872)  ;  Theory  of  Sound,  Art.  331. 

t  In  the  transverse  oscillations  of  the  air  contained  in  a  cylindrica  vessel  we 

have 


where  Vi2=^2/^2  +  ^2/^2-    In  the  case  of  a  circular  section,  transforming  to  polar 
coordinates  r,  0,  we  have,  for  the  free  oscillations, 


with  k  determined  by 

//(fe»)*0, 

a  being  the  radius.  The  nature  of  the  results  will  be  understood  from  Art.  187, 
where  the  mathematical  problem  is  identical.  The  figures  on  pp.  308,  309  shew  the 
forms  of  the  lines  of  equal  pressure,  to  which  the  motion  of  the  particle  is  ortho- 
gonal, in  two  of  the  more  important  modes.  The  problem  is  fully  discussed  in 
Lord  Rayleigh's  Theory  of  Sound,  Art.  339. 
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269.  To  determine  the  motion  of  a  gas  within  a  space 
bounded  by  two  concentric  spheres,  we  require  the  complete 
formula  (9)  of  Art.  267.  The  only  interesting  case,  however,  is 
where  the  two  radii  are  nearly  equal ;  and  this  can  be  solved  more 
easily  by  an  independent  process*. 

In  terms  of  polar  coordinates  r,  6,  o>,  the  equation  (v2  +  &2)  0  =  0  becomes 

dr2      r  dr      r2  \_dfj,  \  dp)       1—  pPdca^J 

If,  now,  d(f)/dr=0  for  r=a  and  r=b,  where  a  and  b  are  nearly  equal,  we  may 
neglect  the  radial  motion  altogether,  so  that  the  equation  reduces  to 


It  appears,  exactly  as  in  Art.  191,  that  the  only  solutions  which  are  finite  over 
the  whole  spherical  surface  are  of  the  type 

0«£n (iii), 

where  Sn  is  a  surface-harmonic  of  integral  order  n,  and  that  the  corresponding 
values  of  k  are  given  by 

In  the  gravest  mode  (71  =  !),  the  gas  sways  to  and  fro  across  the  equator 
of  the  harmonic  Slt  being,  in  the  extreme  phases  of  the  oscillation,  condensed 
at  one  pole  and  rarefied  at  the  other.  Since  ka  =  *J%  in  this  case,  we  have 
for  the  equivalent  wave-length  A/2a= 2*221. 

In  the  next  mode  (w  =  2),  the  type  of  the  vibration  depends  on  that  of 
the  harmonic  Sz.  If  this  be  zonal,  the  equator  is  a  node.  The  frequency  is 
determined  by  ka=j6,  or  X/2a  =  1-283. 

270.  We  may  next  consider  the  propagation  of  waves  outwards 
from  a  spherical  surface  into  an  unlimited  medium. 

If  at  the  surface  (r=a)  we  have  a  prescribed  normal  velocity 

f  =  Sn.eiat  (i), 

the  appropriate  solution  of  (v2+£2)0=0  is 

t«Oto-)J    ~~kr 

for  this  is  included  in  the  general  formula  (13)  of  Art.  207,  and  evidently 
represents  a  system  of  waves  travelling  outwards  f. 

*  Lord  Rayleigh,  Theory  of  Sound,  Art.  333. 

t  This  problem  was  solved,  in  a  somewhat  different  manner,  by  Stokes,  "On 
the  Communication  of  Vibrations  from  a  Vibrating  Body  to  a  surrounding 
Gas,"  Phil.  Trans.,  1868. 
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We  shall  here  only  follow  out  in  detail  the  case  of  n=lt  which  corresponds 
to  an  oscillation  of  the  sphere,  as  rigid,  to  and  fro  in  a  straight  line.     Putting 

iS^acos  6  ....................................  (iii), 

where  6  is  the  angle  which  r  makes  with  the  line  in  which  the  centre 
oscillates,  the  formula  (ii)  reduces  to 


(iv). 
The  value  of  C  is  determined  by  the  surface-condition 

-^  =  aetv'cos0  ..............................  (v), 

for  r  =  a.     This  gives 


The  resultant  pressure  on  the  sphere  is 

Ap  cos  6  .  2ira?  sin  6d6  .....................  (vii), 


I 

J 


where  A^?  =  c2p0s=p0c?0/e&  =  i'0-p0<£  ........................  (vni)« 

Substituting  from  (iv)  and  (vi),  and  performing  the  integration,  we  find 


This  may  be  written  in  the  form 

„   2  +  Pa2    du 

--  * 


where  u(=ael<r<)  denotes  the  velocity  of  the  sphere. 

The  first  term  of  this  expression  is  the  same  as  if  the  inertia  of  the 
sphere  were  increased  by  the  amount 


whilst  the  second  is  the  same  as  if  the  sphere  were  subject  to  a  frictional  force 
varying  as  the  velocity,  the  coefficient  being 


In  the  case  of  an  incompressible  fluid,  and,  more  generally,  whenever  the 
wave-length  2?r/&  is  large  compared  with  the  circumference  of  the  sphere,  we 
may  put  ka=0.  The  addition  to  the  inertia  is  then  half  that  of  the  fluid 
displaced  ;  whilst  the  frictional  coefficient  vanishes  f.  Cf.  Art.  91. 

The  frictional  coefficient  is  in  any  case  of  high  order  in  £a,  so  that  the 
vibrations  of  a  sphere  whose  circumference  is  moderately  small  compared  with 

*  This  formula  is  given  by  Lord  Rayleigh,  Theory  of  Sound,  Art.  325.  For  another 
treatment  of  the  problem  of  the  vibrating  sphere,  see  Poisson,  "  Sur  les  mouvements 
shnultan6s  d'un  pendule  et  de  1'air  environnant,"  Mem.  de  VAcad.  des  Sciences, 
t.  xi.  (1832),  and  Kirchhoff,  Mechanik,  c.  xxiii. 

f  Poisson,  I.  c. 
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the  wave-length  are  only  slightly  affected  in  this  way.  To  find  the  energy 
expended  per  unit  time  in  generating  waves  in  the  surrounding  medium,  we 
must  multiply  the  frictional  term  in  (x),  now  regarded  as  an  equation  in  real 
quantities,  by  u,  and  take  the  mean  value  ;  this  is  found  to  be 


In  other  words,  if  pl  be  the  mean  density  of  the  sphere,  the  fraction  of  its 
energy  which  is  expended  in  one  period  is 


It  has  been  tacitly  assumed  in  the  foregoing  investigation  that  the  ampli- 
tude of  vibration  of  the  sphere  is  small  compared  with  the  radius.  This 
restriction  may  however  be  removed,  if  we  suppose  the  symbols  M,  v,  w  to 
represent  the  component  velocities  of  the  fluid,  not  at  a  fixed  point  of  space, 
but  at  a  point  whose  coordinates  relative  to  a  system  of  axes  originating  at 
the  centre  of  the  sphere,  and  moving  with  it,  are  #,  y,  z.  The  only  change 
which  this  will  involve  is  that  we  must,  in  our  fundamental  equations,  replace 

f*  b    --     — 

The  additional  terms  thus  introduced  are  of  the  second  order  in  the  velocities, 
and  may  consistently  be  neglected*. 

271.  The  theory  of  such  questions  as  the  large-scale  oscilla- 
tions of  the  earth's  atmosphere,  where  the  equilibrium-density 
cannot  be  taken  to  be  uniform,  has  received  little  attention  at  the 
hands  of  mathematicians. 

Let  us  suppose  that  we  have  a  gas  in  equilibrium  under  certain 
constant  forces  having  a  potential  XI,  and  let  us  denote  by  p0  and 
p0  the  values  of  p  and  p  in  this  state,  these  quantities  being  in 
general  functions  of  the  coordinates  x,  y,  z.  We  have,  then, 

dp0  =  —  p0d£l (1). 

The  equations  of  small  motion,  under  the  influence  (it  may  be)  of 
disturbing  forces  having  a  potential  XI',  may  therefore  be  written 
du  _     dp     p  dp,        d& 


dv         dp     p  dp0        dtl' 

*—£+$;£-»•* 

dw  _  _  dp     p_dp0_     d£l' 
" 


r »      1+  T        >  i      ~  Po  -T— 

dt         dz      p0  dz          dz 

*  Of.  Stokes,  Camb.  Trans.,  t.  ix.,  p.  [50].    The  assumption  is  that  the  maximum 
velocity  of  the  sphere  is  small  compared  with  the  velocity  of  sound. 
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The  case  that  lends  itself  most  readily  to  mathematical  treat- 
ment is  where  the  equilibrium-temperature  is  uniform*,  and 
the  expansions  and  contractions  are  assumed  to  follow  the  'iso- 
thermal' law,  so  that 

P  =  *P (3), 

c  denoting  the  Newtonian  velocity  of  sound.     If  we  write 

p  =  pQ(l+s),      p=p0(I+8), 
the  equations  (2)  reduce  to  the  forms 


du  _      0  d  ,       _, 
dt  dx^ 

dv  _       2  d  f       _. 
777  ~~  ~~  c  xTT,  vs  ~~  s/> 


(4), 


dw  d  ,       _, 

~ji  —  ~c^~\s~s) 
dt  dz^ 

where 

•  --  fl'/c2  ...........................  (5), 

that  is,  s  denotes  the  '  equilibrium-  value  '  of  the  condensation  due 
to  the  disturbing-potential  ft'. 

The  general  equation  of  continuity,  Art.  8  (4),  gives,  with  the 
same  approximation, 

ds          d  &  /     \      d  , 

*ar  ~as  ^  ~  TM~Tz(f)«w}  .........  (6)- 


We  find,  by  elimination  of  ut  v,  w  between  (5)  and  (6), 

^_C2V2^-  a+£ffeA  +  3&A+3&.*V,_5\     a\ 

dt*~  +  pQ(dx  dx  +  dy  dy  +  dz  dz)(* 

272.  If  we  neglect  the  curvature  of  the  earth,  and  suppose  the 
axis  of  z  to  be  drawn  vertically  upwards,  p0  will  be  a  function  of  z 
only,  determined  by 


On  the  present  hypothesis  of  uniform  temperature,  we  have,  by 
Boyle's  Law, 

(2), 


*  The  motion  is  in  this  case  irrotational,  and  might  have  been  investigated  in 
terms  of  the  velocity-potential. 
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where  H  denotes  as  in  Art.  256  the  height  of  a  'homogeneous 
atmosphere'  at  the  given  temperature.     Hence 

P»<xe-*!« (3). 

Substituting   in  Art.  271  (7),  and  putting  s  =  0,  we  find,  in 
the  case  of  no  disturbing  forces, 


For  plane  waves  travelling  in  a  vertical  direction,  s  will  be  a  function  of  z 
only,  and  therefore 

d2s        /cPs      I  ds 


If  we  assume  a  time-factor  etcrt,  this  is  satisfied  by 


provided  ra2-m/H  +  <r2/c2=0 

or  w 


The  lower  sign  gives  the  case  of  waves  propagated  upwards.    Expressed  in 
real  form  the  solution  for  this  case  is 


The  wave-velocity  (o/#)  varies  with  the  frequency,  but  so  long  as  a-  is  large 
compared  with  c/2H  it  is  approximately  constant,  differing  from  c  by  a  small 
quantity  of  the  second  order.  The  main  effect  of  the  variation  of  density  is 
on  the  amplitude,  which  increases  as  the  waves  ascend  upwards  into  the  rarer 
regions,  according  to  the  law  indicated  by  the  exponential  factor.  This 
increase  might  have  been  foreseen  without  calculation  ;  for  when  the  variation 
of  density  within  the  limits  of  a  wave-length  is  small,  there  is  no  sensible 
reflection,  and  the  energy  per  wave-length,  which  varies  as  a2p0  (a  being  the 
amplitude),  must  therefore  remain  unaltered  as  the  waves  proceed.  Since 
Po  oc  e~z/sl,  this  shews  that  a  oc  ez/2H. 

When  <r<c/2H,  the  form  of  the  solution  is  changed,  viz.  we  have 

s=(Alem*z+Atf>m*)coa<rt (vii), 

where  mu  m2  (the  two  roots  of  (iii))  are  real  and  positive.  This  represents  a 
standing  oscillation,  with  one  nodal  and  one  *  loop '  plane.  For  example,  if 
the  nodal  plane  be  that  of  2  =  0,  we  have  m1A1-\-m2A2=Ot  and  the  position  of 
the  loop  (s=0)  is  given  by 

1       i      w^i  i  ">\ 

z= log—1  (vm). 
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For  plane  waves  travelling  horizontally,  the  equation  (4)  takes  the  form 


The  waves  are  therefore  propagated  unchanged  with  velocity  c,  as  we  should 
expect,  since  on  the  present  hypothesis  of  uniform  equilibrium-temperature 
the  wave- velocity  is  independent  of  the  altitude*. 

273.  We  may  next  consider  the  large-scale  oscillations  of  an 
atmosphere  of  uniform  temperature  covering  a  globe  at  rest. 

If  we  introduce  angular  coordinates  6,  co  as  in  Art.  190,  and 
denote  by  ut  v  the  velocities  along  and  perpendicular  to  the 
meridian,  the  equations  (4)  of  Art.  271  give 

du        c2  d  ,  dv  c2       d  , 


where  a  is  the  radius.     If  we  assume  that  the  vertical  motion  (w) 
is  zero,  the  equation  of  continuity,  Art.  271  (6),  becomes 


ds  1       (d(usin6)      dv}  ,^. 

dt~     a  sin  6  \       dO  dw) 

The  equations  (1)  and  (2)  shew  that  u,  v,  s  may  be  regarded  as 
independent  of  the  altitude.  The  formulae  are  in  fact  the  same  as  in 
Art.  190,  except  that  s  takes  the  place  of  £/h,  and  c2  of  gh.  Since, 
in  our  present  notation,  we  have  c2  =  #H,  it  appears  that  the  free 
and  the  forced  oscillations  will  follow  exactly  the  same  laws  as 
those  of  a  liquid  of  uniform  depth  H  covering  the  same  globe. 

Thus  for  the  free  oscillations  we  shall  have 

s  =  Sn.cos(<rt  +  e) (3), 

where  8n  is  a  surface-harmonic  of  integral  order  n,  and 


As  a  numerical  example,  putting  c=2'80  x  104,  2?ra  =  4  x  109  [c.  s.], 
we  find,  in  the  cases  n  —  1,  n  =  2,  periods  of  28'1  and  16'2  hours, 
respectively. 

*  The  substance  of  this  Art.  is  from  a  paper  by  Lord  Eayleigh,  "  On  Vibrations 
of  an  Atmosphere,"  Phil.  Mag.,  Feb.  1890.  For  a  discussion  of  the  effects  of 
upward  variation  of  temperature  on  propagation  of  sound-waves,  see  the  same 
author's  Theory  of  Sound,  Art.  288. 
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The  tidal  variations  of  pressure  due  to  the  gravitational  action 
of  the  sun  and  moon  are  very  minute.  It  appears  from  the  above 
analogy  that  the  equilibrium  value  s  of  the  condensation  will  be 
comparable  with  H/H,  whero  His  the  quantity  defined  in  Art.  177. 
Taking  H=  1'80  ft.  (for  the  lunar  tide),  and  H  =  25000  feet,  this 
gives  for  the  amplitude  of  5  the  value  7*2  x  10~5.  If  the  normal 
height  of  the  barometer  be  30  inches,  this  means  an  oscillation  of 
only  -00216  of  an  inch. 

It  will  be  seen  on  reference  to  Art.  206  that  the  analogy  with 
the  oscillations  of  a  liquid  of  depth  H  is  not  disturbed  when  we 
proceed  to  the  tidal  oscillations  on  a  rotating  globe.  The  height 
H  of  the  homogeneous  atmosphere  does  not  fall  very  far  short  of 
one  of  the  values  (29040  ft.)  of  the  depth  of  the  ocean  for  which 
the  semi-diurnal  tides  were  calculated  by  Laplace*.  The  tides  in 
this  case  were  found  to  be  direct,  and  to  have  at  the  equator 
11*267  times  their  equilibrium  value.  Even  with  this  factor  the 
corresponding  barometric  oscillation  would  only  amount  to  *0243 
of  an  inch^. 

274.  The  most  regular  oscillations  of  the  barometer  have  solar  diurnal 
and  semi-diurnal  periods,  and  cannot  be  due  to  gravitational  action,  since  in 
that  case  the  corresponding  lunar  tides  would  be  2-28  times  as  great,  whereas 
they  are  practically  insensible. 

The  observed  oscillations  must  be  ascribed  to  the  daily  variation  in  tem- 
perature, which,  when  analyzed  into  simple-harmonic  constituents,  will  have 
components  whose  periods  are  respectively  1,  J,  £,  J,  ...  of  a  solar  day.  It 
is  very  remarkable  that  the  second  (viz.  the  semi-diurnal)  component  has  a 
considerably  greater  amplitude  than  the  first.  It  has  been  suggested  by 
Lord  Kelvin  that  the  explanation  of  this  peculiarity  is  to  be  sought  for  in 
the  closer  agreement  of  the  period  of  the  semi-diurnal  component  with  a  free 
period  of  the  earth's  atmosphere  than  is  the  case  with  the  diurnal  component. 
This  question  has  been  made  the  subject  of  an  elaborate  investigation  by 
Margules  J,  taking  into  account  the  earth's  rotation.  The  further  consideration 
of  atmospheric  problems  is,  however,  outside  our  province. 

*  See  the  table  on  p.  361,  above. 

t  Cf.  Laplace,  "Becherches  sur  plusieurs  points  du  systeme  du  monde,"  M6m. 
de  VAcad.  ray.  des  Sciences,  1776  [1779],  Oeuvres,  t.  ix.,  p.  283.  Also  Mecanique 
Celeste,  Livre  4me,  chap.  v. 

J  This  paper,  with  several  others  cited  in  the  course  of  this  work,  is  included  in 
a  very  useful  collection  edited  and  (where  necessary)  translated  by  Prof.  Cleveland 
Abbe,  under  the  title :  "  Mechanics  of  the  Earth's  Atmosphere,"  Smithsonian  Miscel- 
laneous Collections,  Washington,  1891. 


CHAPTER  XI. 

VISCOSITY. 

275.  THE  main  theme  of  this  Chapter  is  the  resistance  to 
distortion,  known  as  '  viscosity'  or  'internal  friction/  which  is 
exhibited  more  or  less  by  all  real  fluids,  but  which  we  have 
hitherto  neglected. 

It  will  be  convenient,  following  a  plan  already  adopted  on 
several  occasions,  to  recall  briefly  the  outlines  of  the  general  theory 
of  a  dynamical  system  subject  to  dissipative  forces  which  are 
linear  functions  of  the  generalized  velocities*.  This  will  not  only 
be  useful  as  tending  to  bring  under  one  point  of  view  most  of 
the  special  investigations  which  follow;  it  will  sometimes  indicate 
the  general  character  of  the  results  to  be  expected  in  cases  which 
are  as  yet  beyond  our  powers  of  calculation. 

We  begin  with  the  case  of  one  degree  of  freedom.  The  equa- 
tion of  motion  is  of  the  type 

aq  +  bq  +  cq  =  Q  ........................  (1). 

Here  q  is  a  generalized  coordinate  specifying  the  deviation  from  a 
position  of  equilibrium  ;  a  is  the  coefficient  of  inertia,  and  is 
necessarily  positive  ;  c  is  the  coefficient  of  stability,  and  is  positive 
in  the  applications  which  we  shall  consider;  b  is  a  coefficient  of 
friction,  and  is  positive. 

If  we  put 

T=iaf,     F=ic?2,    F=lbf  ...............  (2), 

the  equation  may  be  written 


(3). 


*  For  a  fuller  account  of  the  theory  reference  may  be  made  to  Lord  Rayleigh, 
Theory  of  Sound,  cc.  iv.,  v.  ;  Thomson  and  Tait,  Natural  Philosophy  (2nd  ed.) 
Arts.  340-345;  Bouth,  Advanced  Rigid  Dynamics,  cc.  vi.,  vii. 
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This  shews  that  the  energy  T+  V  is  increasing  at  a  rate  less 
than  that  at  which  the  extraneous  force  is  doing  work  on  the 
system.  The  difference  2F  represents  the  rate  at  which  energy  is 
being  dissipated  ;  this  is  always  positive. 

In  free  motion  we  have 

aq  +  bq  +  cq  =  0  ........................  (4). 

If  we  assume  that  q  oc  eKt,  the  solution  takes  different  forms 
according  to  the  relative  importance  of  the  factional  term.  If 
62  <  4ac,  we  have 

«• 


or,  say,  A  =  -  r~l  ±  io-  ...........................  (6). 

Hence  the  full  solution,  expressed  in  real  form,  is 

q  =  A  e-VT  cos  (<rt  +  e)  .....................  (7  ), 

where  A,  e  are  arbitrary.  The  type  of  motion  which  this  represents 
may  be  described  as  a  simple-harmonic  vibration,  with  amplitude 
diminishing  asymptotically  to  zero,  according  to  the  law  e~t/r.  The 
time  r  in  which  the  amplitude  sinks  to  l/e  of  its  original  value  is 
sometimes  called  the  'modulus  of  decay'  of  the  oscillations. 

If  b/2a  be  small  compared  with  (c/a)*,  6-/4ac  is  a  small  quantity 
of  the  second  order,  and  the  '  speed'  o-  is  then  practically  unaffected 
by  the  friction.  This  is  the  case  whenever  the  time  (^TTT)  in 
which  the  amplitude  sinks  to  e~27r  (=  -^)  of  its  initial  value  is  large 
compared  with  the  period  (27r/<r). 

When,  on  the  other  hand,  62  >  4ac,  the  values  of  X  are  real  and 
negative.  Denoting  them  by  —  alt  —  «2>  we  have 

q  =  A1er***  +  Aier***  .....................  (8). 

This  represents  'aperiodic  motion';  viz.  the  system  never  passes 
more  than  once  through  its  equilibrium  position,  towards  which  it 
finally  creeps  asymptotically. 

In  the  critical  case  62  =  4ac,  the  two  values  of  X  are  equal  ;  we 
then  find  by  usual  methods 

q  =  (A+Bt)e~at  ................  .........  (9), 

which  may  be  similarly  interpreted. 

L.  32 
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As  the  frictional  coefficient  b  is  increased,  the  two  quantities 
«i,  «2  become  more  and  more  unequal;  viz.  one  of  them  («2,  say) 
tends  to  the  value  b/a,  and  the  other  to  the  value  c/b.  The 
effect  of  the  second  term  in  (8)  then  rapidly  disappears,  and  the 
residual  motion  is  the  same  as  if  the  inertia-coefficient  (a)  were 
zero. 

276.  We  consider  next  the  effect  of  a  periodic  extraneous 
force.  Assuming  that 

Q«  <•<•"••> (10), 

the  equation  (1)  gives 

Q-  ...(ii). 


c  -  <r2a  +<r 
If  we  put 

1  -  o-2a/c  =  R  cos  €lf\ 
ab/c^Rsme,  } 

where  ex  lies  between  0  and  180°,  we  have 


Taking  real  parts,  we  may  say  that  the  force 

Q=Ccoa(<rt  +  €)  ........................  (14) 

will  maintain  the  oscillation 

C 
q  =  £-  cos  (at  +  €  —  €^  ...................  (15). 

Since 

(16), 


it  is  easily  found  that  if  62  <  4ac  the  amplitude  is  greatest  when 

...(17), 

(18). 


a      \          ac 
its  value  being  then 


In  the  case  of  relatively  small  friction,  where  62/4ac  may  be 
treated  as  of  the  second  order,  the  amplitude  is  greatest  when  the 
period  of  the  imposed  force  coincides  with  that  of  the  free 
oscillation  (cf.  Art.  165).  The  formula  (18)  then  shews  that  the 
amplitude  when  a  maximum  bears  to  its  'equilibrium-value' 
(C/c)  the  ratio  (ac)^/6,  which  is  by  hypothesis  large. 
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On  the  other  hand,  when  ¥>4>ac  the  amplitude  continually 
increases  as  the  speed  cr  diminishes,  tending  ultimately  to  the 
'  equilibrium-value'  C/c. 

It  also  appears  from  (15)  and  (12)  that  the  maximum  dis- 
placement follows  the  maximum  of  the  force  at  an  interval  of 
phase  equal  to  elt  where 


c  — 


(19)- 


If  the  period  be  longer  than  the  free-period  in  the  absence  of 
friction  this  difference  of  phase  lies  between  0  and  90°  ;  in  the 
opposite  case  it  lies  between  90°  and  180°.  If  the  frictional 
coefficient  b  be  relatively  small,  the  interval  differs  very  little  from 
0  or  180°,  as  the  case  may  be. 

The  rate  of  dissipation  is  bq2,  the  mean  value  of  which  is  easily 
found  to  be 


This  is  greatest  when  a  =  (c/a)*. 

As  in  Art.  165,  when  the  oscillations  are  very  rapid  the  formula 
(11)  gives 

q  =  -Q/°*a  ...........................  (21), 

approximately  ;  the  inertia  only  of  the  system  being  operative. 

On  the  other  hand  when  cr  is  small,  the  displacement  has  very 
nearly  the  equilibrium  -value 

9  =  Q/c  ..............................  (22). 

277.     An  interesting  example  is  furnished  by  the  tides  in  an 
equatorial  canal*. 

The  equation  of  motion,  as  modified  by  the  introduction  of  a 
frictional  term,  is 


where  the  notation  is  as  in  Art.  I78f. 

*  Airy,  "  Tides  and  Waves,"  Arts.  315... 

t  In  particular,  c2  now  stands  for  gh,  where  h  is  the  depth. 

32—2 


500  VISCOSITY.  [CHAP,  xi 

In  the  case  of  free  waves,  putting  X  =  0  and  assuming  that 


we  find  X2  +  /*X  +  &2c2  =  0, 

whence 


(3). 
If  we  neglect  the  square  of  jju/kc,  this  gives,  in  real  form, 

%  =  Ae-^tcos{k(ct±x)  +  e}  ..................  (4). 

The  modulus  of  decay  is  2/A"1,  and  the  wave-velocity  is  (to  the 
first  order)  unaffected  by  the  friction. 

To  find  the  forced  waves  due  to  the  attraction  of  the  moon  we 
write,  in  conformity  with  Art.  178, 


where  n'  is  the  angular  velocity  of  the  moon  relative  to  a  fixed 
point  on  the  canal,  and  a  is  the  earth's  radius.  We  find,  assuming 
the  same  time-factor, 


"2- 


t  —  JL  ____  _       ________  g2t(n' 

*'    'c'-wV  +  Jvm'a* 
Hence,  for  the  surface-elevation,  we  have 


where  H/a  =f/g,  as  in  Art.  177. 

To  put  these  expressions  in  real  form,  we  write 


where  0  <  ^  <  90°.    We  thus  find  that  to  the  tidal  disturbing  force 

+€\  .....................  (9) 

corresponds  the  horizontal  displacement 


and  the  surface-elevation 

x 

"= 
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Since  in  these  expressions  n't  +  x/a  4-  e  measures  the  hour-angle 
of  the  moon  past  the  meridian  of  any  point  (x)  on  the  canal,  it 
appears  that  high-water  will  follow  the  moon's  transit  at  an  in- 
terval ti  given  by  n't^  =  %. 

If  c2  <  rc/2  a2,  or  h/a  <  n'2a/g,  we  should  in  the  case  of  infinitesimal 
friction  have  ^  =  90°,  i.e.  the  tides  would  be  inverted  (cf.  Art.  178). 
With  sensible  friction,  %  will  lie  between  90°  and  45°,  and  the 
time  of  high-water  is  accelerated  by  the  time-equivalent  of  the 
angle  90°  -  %. 

On  the  other  hand,  when  h/a  >  n'2a/g,  so  that  in  the  absence  of 
friction  the  tides  would  be  direct,  the  value  of  ^  lies  between  0° 
and  45°,  and  the  time  of  high-water  is  retarded  by  the  time- 
equivalent  of  this  angle. 

The  figures  shew  the  two  cases.  The  letters  Mt  M'  indicate  the  positions 
of  the  moon  and  '  anti-moon '  (see  p.  365)  supposed  situate  in  the  plane  of  the 
equator,  and  the  curved  arrows  shew  the  direction  of  the  earth's  rotation. 


It  is  evident  that  in  each  case  the  attraction  of  the  disturbing 
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system  on  the  elevated  water  is  equivalent  to  a  couple  tending  to 
diminish  the  angular  momentum  of  the  system  composed  of  the 
earth  and  sea. 

In  the  present  problem  the  amount  of  the  couple  can  be  easily 
calculated.  We  find,  from  (9)  and  (11),  for  the  integral  tangential 
force  on  the  elevated  water 

2ira 

pXrjdx  =  —  Trpahfsm  2v (12), 

o 

where  h  is  the  vertical  amplitude.  Since  the  positive  direction  of 
X  is  eastwards,  this  shews  that  there  is  on  the  whole  a  balance  of 
westward  force.  If  we  multiply  by  a  we  get  the  amount  of  the 
retarding  couple,  per  unit  breadth  of  the  canal*. 

Another  more  obvious  phenomenon,  viz.  the  retardation  of  the  time  of 
spring  tides  behind  the  days  of  new  and  full  moon,  can  be  illustrated  on  the 
same  principles.  The  composition  of  two  simple-harmonic  oscillations  of 
nearly  equal  speed  gives 

T}  =  A  COS  (a-t  +  e)  +  A'  COS  (<r't  +  e') 

=  (A  +  A'  cos  <£)  cos  (a-t  +  e )  +  A'  sin  </>  sin  (a-t  +  e)  

where  d>  =  (V  — o-'X  +  t-f'  .. 


If  the  first  term  in  the  second  member  of  (i)  represents  the  lunar,  and  the 
second  the  solar  tide,  we  shall  have  o-O',  and  A>A'.     If  we  write 

A  +  A'  cos  0  =  C  cos  a,        A'  sin  0  =  C  sin  a  ...............  (iii), 

we  get  r)  =  Ccos(<rt  +  f-a)  ..............................  (iv), 

where  C=(A2+2AA'cos<f>+A'rf  ........................  (v), 

A'  sin  d> 

and  a=tan" 


This  may  be  described  as  a  simple-harmonic  vibration  of  slowly  varying 
amplitude  and  phase.  The  amplitude  ranges  between  the  limits  A  +  A', 
whilst  a  lies  always  between  ±\n.  The  'speed3  must  also  be  regarded  as 
variable,  viz.  we  find 

da  =  ovt2  +  (o-  +  <r')  A  A'  cos  0  +  tr'A'* 

dt  A2+2AA'  cos 


*  Cf.  Delaunay,  "  Sur  1'existence  d'une  cause  nouvelle  ay  ant  une  influence 
sensible  sur  la  valeur  de  1'equation  seculaire  de  la  Lune,"  Comptes  Rendus,  t.  Ixi. 
(1865);  Sir  W.  Thomson,  "On  the  Observations  and  Calculations  required  to  find 
the  Tidal  Ketardation  of  the  Earth's  Eotation,"  Phil.  Mag.,  June  (supplement) 
1866,  Math,  and  Phys.  Papers,  t.  iii.,  p.  337.  The  first  direct  numerical  estimate  of 
tidal  retardation  appccirs  to  have  been  made  by  Ferrel,  iu  1853. 
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m1  .  ,    ,  'cr'         ,  A(T  —  A'<r' 

This  ranges  between  —  -.  -  j-f  —  and  —  j-  —  p—  ........................  (vni)*. 

A  -{•  A  A  —  A 

The  above  is  the  well-known  explanation  of  the  phenomena  of  the  spring- 
and  neap-tides  f  ;  but  we  are  now  concerned  further  with  the  question  of  phase. 
In  the  absence  of  friction,  the  maxima  of  the  amplitude  C  would  occur  whenever 


where  in  is  integral.  Owing  to  the  friction,  e  and  e'  are  replaced  by  quantities 
of  the  form  e  -  e1  and  e'  -  e/,  and  the  corresponding  times  of  maximum  are 
given  by 

(or'  -d)t-  (e/  -  Ci)  =  2W7T  +  e  -  e', 

i.  e.  they  occur  later  by  an  interval  (f  /  -  €1)/(or'  -  <r).  If  the  difference  between 
a-'  and  <r  were  infinitesimal,  this  would  be  equal  to  dejda: 

In  the  case  of  the  semi-diurnal  tides  in  an  equatorial  canal  we  have  o-=2w', 
e1  =  2x,  whence 

d^=dx_        pa*(<*  +  n!*a*)  . 

do-     dn'     ^-nWy'" 


278.  Returning  to  the  general  theory,  let  qlt  q2,...  be  the 
coordinates  of  a  dynamical  system,  which  we  will  suppose  subject 
to  conservative  forces  depending  on  its  configuration,  to  'motional' 
forces  varying  as  the  velocities,  and  to  given  extraneous  forces. 
The  equations  of  small  motion  of  such  a  system,  on  the  most 
general  assumptions  we  can  make,  will  be  of  the  type 

d   dT          .  dV 


where  the  kinetic  and  potential  energies  T,  V  are  given  by  ex- 
pressions of  the  forms 

+  2a12M2+  ............  (2), 

+2c12g1g2  +  ............  (3). 

It  is  to  be  remembered  that 

drs  =  dsr  ,       Crg  =  Cgr  ........................  \*/> 

but  we  do  not  assume  the  equality  of  Brs  and  Bsr. 

If  we  now  write 

BH)  .....................  (5), 


*  Helmholtz,  Lehre  von  den,  Tonempjinduncjen  (2e  Aufl.),  Braunschweig,  1870, 
p.  622. 

t  Cf.  Thomson  and  Tait,  Natural  Philosophy,  Art.  60. 
J  Cf.  Airy,  "  Tides  and  Waves,"  Arts.  328... 


504  VISCOSITY.  [CHAP,  xi 

and  &»  =  -&r  =  i  (£„-£*•)  ..................  (6), 

the  typical  equation  (1)  takes  the  form 

i£+£+A.*+***..—  £+»  .......  m. 

provided 


...+2b1,q1q,+  ...............  (8). 

From  the  equations  in  this  form  we  derive 


(9). 


The  right-hand  side  expresses  the  rate  at  which  the  extraneous 
forces  are  doing  work.  Part  of  this  work  goes  to  increase  the  total 
energy  T  +  V  of  the  system;  the  remainder  is  dissipated,  at  the 
rate  2F.  In  the  application  to  natural  problems  the  function  F  is 
essentially  positive:  it  is  called  by  Lord  Rayleigh*,  by  whom  it 
was  first  formally  employed,  the  '  Dissipation-Function.' 

The  terms  in  (7)  which  are  due  to  F  may  be  distinguished  as 
the  'frictional  terms.'  The  remaining  terms  in  ql}  q.2)...,  with 
coefficients  subject  to  the  relation  /3rg  =  —  /3grj  are  of  the  type  we 
have  already  met  with  in  the  general  equations  of  a  'gyrostatic' 
system  (Art.  139);  they  may  therefore  be  referred  to  as  the 
*  gyrostatic  terms.' 

279.  When  the  gyrostatic  terms  are  absent,  the  equation  (7) 
reduces  to 

d^dT     dF     dV_n 

dtdjr  +  djr  +  dqr-^" 

As  in  Art.  165,  we  may  suppose  that  by  transformation  of 
coordinates  the  expressions  for  T  and  V  are  reduced  to  sums  of 
squares,  thus  : 

2^  =  ^  +  04/4-  .....................  (11), 

2V=c1ql*+c&+  .....................  (12). 

It  frequently,  but  not  necessarily,  happens  that  the  same 
transformation  also  reduces  F  to  this  form,  say 

2F=b1q1*  +  b&  +  .....................  (13). 

*  "  Some  General  Theorems  relating  to  Vibrations,"  Proc.  Lond.  Math.  Soc., 
t.  iv.,  p.  363  (1873)  ;  Theory  of  Sound,  Art.  81. 
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The  typical  equation  (10)  then  assumes  the  simple  form 

arqr  +  brqr  +  crqr  =  Qr (14), 

which  has  been  discussed  in  Art.  275.     Each  coordinate  qr  now 
varies  independently  of  the  rest. 

When  F  is  not  reduced  by  the  same  transformation  as  T  and   F,  the 
equations  of  small  motion  are 


where  bft=bsr. 

The  motion  is  now  more  complicated  ;  for  example,  in  the  case  of  free 
oscillations  about  stable  equilibrium,  each  particle  executes  (in  any  fun- 
damental type)  an  elliptic-harmonic  vibration,  with  the  axes  of  the  orbit 
contracting  according  to  the  law  e~at. 

The  question  becomes  somewhat  simpler  when  the  frictional  coefficients 
brs  are  small,  since  the  modes  of  motion  will  then  be  almost  the  same  as  in  the 
case  of  no  friction.  Thus  it  appears  from  (i)  that  a  mode  of  free  motion  is 
possible  in  which  the  main  variation  is  in  one  coordinate,  say  qr.  The  rth 
equation  then  reduces  to 

arqr  -f-  brr  qr  +  crqr  =  Q (ii), 

where  we  have  omitted  terms  in  which  the  relatively  small  quantities  gj,  </2, ... 
(other  than  qr}  are  multiplied  by  the  small  coefficients  6rl,  br2,...  We  have 
seen  in  Art.  275  that  if  brr  be  small  the  solution  of  (ii)  is  of  the  type 


(iii), 

where  T~l=$brr/ar,    <r=(cr/ar)* (iv). 

The  relatively  small  variations  of  the  remaining  coordinates  are  then  given 
by  the  remaining  equations  of  the  system  (i).  For  example,  with  the  same 
approximations, 

a8q8  +  brsqr  +  csqs  =  Q (v), 


whence  qt  =  _^»     Ae~tlr  sin  (at  +  e). 

**        -2 


Except  in  the  case  of  approximate  equality  of  period  between  two  funda- 
mental modes,  the  elliptic  orbits  of  the  particles  will  on  the  present  supposi- 
tions be  very  flat. 

If  we  were  to  assume  that 

gV  =  acos(otf  +  «)  (vii)> 

where  a-  has  the  same  value  as  in  the  case  of  no  friction,  whilst  a  varies  slowly 
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with  the  time,  and  that  the  variations  of  the  other  coordinates  are  relatively 

small,  we  should  find 

^+F=K?r2+K^2=k2ara2  ..................  (viii), 

nearly.     Again,  the  dissipation  is 


the  mean  value  of  which  is  J<r26rra2  ....................................  (ix), 

approximately.  Hence  equating  the  rate  of  decay  of  the  energy  to  the  mean 
value  of  the  dissipation,  we  get 

da_      ,brr  ,. 

di~    *^.a 

whence  a  =  a0e~^T  ....................................  (xi), 

if  T~l=^brr/ar  .................................  (xii), 

as  in  Art.  275.  This  method  of  ascertaining  the  rate  of  decay  of  the  oscilla- 
tions is  sometimes  useful  when  the  complete  determination  of  the  character 
of  the  motion,  as  affected  by  friction,  would  be  difficult. 

When  the  frictional  coefficients  are  relatively  great,  the  inertia  of  the 
system  becomes  ineffective  ;  and  the  most  appropriate  system  of  coordinates 
is  that  which  reduces  F  and  V  simultaneously  to  sums  of  squares,  say 


The  equations  of  free-motion  are  then  of  the  type 

brqr  +  crqr  =  0  .................................  (xiv), 

whence  qr  =  Ce~^T  ....................................  (xv), 

if  r  =  br/cr  ....................................  (xvi). 

280.  When  gyrostatic  as  well  as  frictional  terms  are  present 
in  the  fundamental  equations,  the  theory  is  naturally  more  com- 
plicated. It  will  be  sufficient  here  to  consider  the  case  of  two 
degrees  of  freedom,  by  way  of  supplement  to  the  investigation  of 
Art.  198. 

The  equations  of  motion  are  now  of  the  types 


To  determine  the  modes  of  free  motion  we  put  Q1  =  0,  $2  =  0,  an<^  assume  that 
</!  and  </2  vary  as  eu.     This  leads  to  the  biquadratic  in  X  : 
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There  is  no  difficulty  in  shewing,  with  the  help  of  criteria  given  by  Routh*, 
that  if,  as  in  our  case,  the  quantities 


are  all  positive,  the  necessary  and  sufficient  conditions  that  this  biquadratic 
should  have  the  real  parts  of  its  roots  all  negative  are  that  cx,  c2  should  both 
be  positive. 

If  we  neglect  terms  of  the  second  order  in  the  frictional  coefficients,  the 
same  conclusion  may  be  attained  more  directly  as  follows.  On  this  hypothesis 
the  roots  of  (ii)  are,  approximately, 

X=  -a1±icr1,   -a2±iV2  ........................  (iii), 

where  o-l5  (T2  are,  to  the  first  order,  the  same  as  in  the  case  of  no  friction,  viz. 
they  are  the  roots  of 

a1a2(r4-(a2c1  +  a1c2+/32)  o-2  +  c1c2  =  0  ..................  (iv), 

whilst  ax  ,  a2  are  determined  by 


.(v). 


It  is  evident  that,  if  o-j  and  o-2  are  to  be  real,  clt  c2  must  have  the  same  sign, 
and  that  if  alt  a2  are  to  be  positive,  this  sign  must  be  +.  Conversely,  if  cl9  c2 
are  both  positive,  the  values  of  o^2,  cr22  are  real  and  positive,  and  the  quantities 
ci/ai)  G2/a2  both  h"6  m  tne  interval  between  them.  It  then  easily  follows  from 
(v)  that  al5  a2  are  both  positivet. 

If  one  of  the  coefficients  clt  c2  (say  c2)  be  zero,  one  of  the  values  of  <r  (say 
o-2)  is  zero,  indicating  a  free  mode  of  infinitely  long  period.     We  then  have 


(vi), 
(vii). 


*  Advanced  Rigid  Dynamics,  Art.  287. 

t  A  simple  example  of  the  above  theory  is  supplied  by  the  case  of  a  particle  in 
an  ellipsoidal  bowl  rotating  about  a  principal  axis,  which  is  vertical.  If  the  bowl 
be  frictionless,  the  equilibrium  of  the  particle  when  at  the  lowest  point  will  be  stable 
unless  the  period  of  the  rotation  lie  between  the  periods  of  the  two  fundamental 
modes  of  oscillation  (one  in  each  principal  plane)  of  the  particle  when  the  bowl  is  at 
rest.  But  if  there  be  friction  of  motion  between  the  particle  and  the  bowl,  there  will 
be  '  secular '  stability  only  so  long  as  the  speed  of  the  rotation  is  less  than  that  of  the 
slower  of  the  two  modes  referred  to.  If  the  rotation  be  more  rapid,  the  particle 
will  gradually  work  its  way  outwards  into  a  position  of  relative  equilibrium  in  which 
it  rotates  with  the  bowl  like  the  bob  of  a  conical  pendulum.  In  this  state  the  system 
made  up  of  the  particle  and  the  bowl  has  leas  energy  for  the  same  angular  momentum 
than  when  the  particle  was  at  the  bottom.  Cf.  Art.  235. 
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As  in  Art.  198  we  could  easily  write  down  the  expressions  for  the  forced 
oscillations  in  the  general  case  where  Qlt  Q2  vary  as  ei(rt,  but  we  shall  here 
consider  more  particularly  the  case  where  c2  =  0  and  Q2  =  0.  The  equations  (i) 
then  give 

i*  (bn  -  £)  2i  +  (*<r«2  +  ^22)  ?a  =  ° 
Hence 

lWo  +  6.,0 


This  may  also  be  written 

- 


Our  main  object  is  to  examine  the  case  of  a  disturbing  force  of  long  period, 
for  the  sake  of  its  bearing  on  Laplace's  argument  as  to  the  fortnightly  tide 
(Art.  210).  We  will  therefore  suppose  that  the  ratio  o-j/o-,  as  well  as  o-j/aj,  is 
large.  The  formula  then  reduces  to 

i<ra.2+b22  _ 


Everything  now  turns  on  the  values  of  the  ratios  <r/a2  and  o-a.2/b22.     If  a-  be  so 
small  that  these  may  be  both  neglected,  we  have 


in  agreement  with  the  equilibrium  theory.  The  assumption  here  made 
is  that  the  period  of  the  imposed  force  is  long  compared  with  the  time  in 
which  free  motions  would,  owing  to  friction,  fall  to  e~2lT  of  their  initial 
amplitudes.  This  condition  is  evidently  far  from  being  fulfilled  in  the  case  of 
the  fortnightly  tide.  If,  as  is  more  in  agreement  with  the  actual  state  of 
things,  we  assume  cr/a2  and  <ra2fb22  to  be  large,  we  obtain 


as  in  Art.  198  (vii). 


Viscosity. 


281.  sA\re  proceed  to  consider  the  special  kind  of  resistance 
which  is  met  with  in  fluids.  The  methods  we  shall  employ  are  of 
necessity  the  same  as  are  applicable  to  the  resistance  to  distortion, 
known  as  'elasticity/  which  is  characteristic  of  solid  bodies. 
The  two  classes  of  phenomena  are  of  course  physically  distinct, 
the  latter  depending  on  the  actual  changes  of  shape  produced, 
the  former  on  the  rate  of  change  of  shape,  but  the  mathema- 
tical methods  appropriate  to  them  are  to  a  great  extent  identical. 

If  we  imagine  three  planes  to  be  drawn  through  any  point  P 
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perpendicular  to  the  axes  of  x,  y,  z,  respectively,  the  three  com- 
ponents of  the  stress,  per  unit  area,  exerted  across  the  first  of 
these  planes  may  be  denoted  by  pxx,  pxy,pxz,  respectively;  those 
of  the  stress  across  the  second  plane  by  pyx,  pyy,  pyz\  and  those  of 
the  stress  across  the  third  plane  by  pzx,pzy,  Pzz*-  If  we  nx  our 
attention  on  an  element  SaSySz  having  its  centre  at  P,  we  find, 
on  taking  moments,  and  dividing  by  §x§y§z, 

Pyz=Pzy,    Pzx=Pxz,    Pxy=Py*  ...............  (1), 

the  extraneous  forces  and  the  kinetic  reactions  being  omitted, 
since  they  are  of  a  higher  order  of  small  quantities  than  the 
surface  tractions.  These  equalities  reduce  the  nine  components 
of  stress  to  six  ;  in  the  case  of  a  viscous  fluid  they  will  also  follow 
independently  from  the  expressions  for  pyz,  pzx,  pxy  in  terms  of  the 
rates  of  distortion,  to  be  given  presently  (Art.  283). 


It  appears  from  Arts.  1,  2  that  in  a  fluid  the  deviation 
of  the  state  of  stress  denoted  by  pxx>Pxy,--  from  one  of  pressure 
uniform  in  all  directions  depends  entirely  on  the  motion  of 
distortion  in  the  neighbourhood  of  P,  i.e.  on  the  six  quantities 
a,  6,  c,  /,  g,  h  by  which  this  distortion  was  in  Art.  31  shewn  to  be 
specified.  Before  endeavouring  to  express  pxx,  pxy)  ...  as  functions 
of  these  quantities,  it  will  be  convenient  to  establish  certain  for- 
mulae of  transformation. 

Let  us  draw  Pxr,  Py',  Pz   in  the  directions  of  the  principal 
axes  of  distortion  at  P,  and  let  a',  V,  c'  be  the 
rates  of  extension   along  these   lines.     Further  " 


let  the  mutual  configuration  of  the  two  sets  of  * 

axes,  x,  y,  z  and  xf,  y',  z',  be   specified  in    the  y' 

usual  manner  by  the  annexed  scheme  of  direc-  z' 
tion-cosines.     We  have,  then, 


llt  m1}  nlt 
h,  m2,  7i2> 
/3,  m3,  n3. 


-- 

dx          dy  dz 

*  In  conformity  with  the  usual  practice  in  the  theory  of  Elasticity,  we  reckon 
a  tension  as  positive,  a  pressure  as  negative.  Thus  in  the  case  of  a  frictionless  fluid 
we  have 
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Hence  a  =  /12a/    +/,»&'  +  l*c't 


the  last  two  relations  being  written  down  from  symmetry.     We 
notice  that 

a-f  b  +  c  =  a'  +  b'+c'  .....................  (2), 

an  invariant,  as  it  should  be,  by  Art.  7. 
Again 
dw     dv      f       d  d  d 


+  V1  dx'  +n2ch/+  HS  dfJ  ^HlU/  +  m^ 
and  this,  with  the  two  corresponding  formula,  gives 


283.  From  the  symmetry  of  the  circumstances  it  is  plain 
that  the  stresses  exerted  at  P  across  the  planes  y'z'  ',  z'x'  ',  x'y'  must 
be  wholly  perpendicular  to  these  planes.  Let  us  denote  them  by 
P\,  P<2,  P*  respectively.  In  the  figure  of  Art.  2  let  ABC  now 
represent  a  plane  drawn  perpendicular  to  x,  infinitely  close  to  P, 
meeting  the  axes  of  of,  y  ',  z'  in  A,  B,  C,  respectively  ;  and  let  A 
denote  the  area  ABC.  The  areas  of  the  remaining  faces  of  the 
tetrahedron  PA  BG  will  then  be  ^A,  /2A,  Z3A.  Resolving  parallel 
to  x  the  forces  acting  on  the  tetrahedron,  we  find 


pxx  A  =plll&  .  /!  +p2l2  A  .  It  +jpst  A  .  4  ; 

the  external  impressed  forces  and  the  resistances  to  acceleration 
being  omitted  for  the  same  reason  as  before.  Hence,  and  by 
similar  reasoning, 


We  notice  that 

(2). 
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Hence  the  arithmetic  mean  of  the  normal  pressures  on  any  three 
mutually  perpendicular  planes  through  the  point  P  is  the  same. 
We  shall  denote  this  mean  pressure  by  p. 

Again,  resolving  parallel   to  y,  we  obtain  the  third   of  the 
following  symmetrical  system  of  equations: 


>.      +  P*K*k,      } (3). 

pXy=plllml  +p,l.2m.2  +p3l3m3 
These  shew  that 

Pyz  =  Pzy  >    PZX  =  PXZ  >    pxy  =  Pyx  > 

as  in  Art.  281. 

If  in  the  same  figure  we  suppose  PA,  PB,  PC  to  be  drawn 
parallel  to  x,  y,  z  respectively,  whilst  ABC  is  any  plane  drawn  near 
P,  whose  direction -cosines  are  I,  m,  n,  we  find  in  the  same  way 
that  the  components  (phx,  phy,  Phz)  of  the  stress  exerted  across  this 
plane  are 

Phx  =  lp  xx  +  mpxy  +  npxz ,  "I 

Phz  =  Ipzx  +  mpzy  •+  npzz    \ 


284.  Now  PI,  p2,  ps  differ  from  —  p  by  quantities  depending 
on  the  motion  of  distortion,  which  must  therefore  be  functions  of 
a',  b',  c',  only.  The  simplest  hypothesis  we  can  frame  on  this 
point  is  that  these  functions  are  linear.  We  write  therefore 


=  -p  +  X  (a'  +  V  +  c')  + 


where  X,  //,  are  constants  depending  on  the  nature  of  the  fluid, 
and  on  its  physical  state,  this  being  the  most  general  assumption 
consistent  with  the  above  suppositions,  and  with  symmetry.  Sub- 
stituting these  values  of  PI,  p^,  p3  in  (1)  and  (3)  of  Art.  283,  and 
making  use  of  the  results  of  Art.  282,  we  find 

Pxx  =  —p  +  X  (a  +  b  +  c)  +  2pa,\ 


Pzz  =  ~p  +  X  (a  -f  b  +  c)  +  2/iC 

xy  =  fyh  ...............  (3). 
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The  definition  of  p  adopted  in  Art.  283  implies  the  relation 

3X  +  2/Lt  =  0, 
whence,  finally,  introducing   the   values   of  a,  b,  c,  /,  gy  h,  from 

fdu     dv      dw\       .    du    ^ 


Art.  31, 


Pyy  =  ~P  ~lAfcj~  +  j~  +  ^7~+2At^"' 
\dae     dy      dzj          dy 

,    dw 


dw      dv 


dw 


.(5). 


dw 


The  constant  yu,  is  called  the  'coefficient  of  viscosity.'  Its  physi- 
cal meaning  may  be  illustrated  by  reference  to  the  case  of  a  fluid 
in  what  is  called  'laminar'  motion  (Art.  31);  i.e.  the  fluid  moves 
in  a  system  of  parallel  planes,  the  velocity  being  in  direction 
everywhere  the  same,  and  in  magnitude  proportional  to  the 
distance  from  some  fixed  plane  of  the  system.  Each  stratum  of 
fluid  will  then  exert  on  the  one  next  to  it  a  tangential  traction, 
opposing  the  relative  motion,  whose  amount  per  unit  area  is  /* 
times  the  variation  of  velocity  per  unit  distance  perpendicular  to 
the  planes.  In  symbols,  if  u  =  ay,  v  =  0,  w  =  0,  we  have 


If  [M],  [L],  [T]  denote  the  units  of  mass,  length,  and  time,  the 
dimensions  of  the  ps  are  [ML~l  T~*],  and  those  of  the  rates  of 
distortion  (a,  b,  c,  ...)  are  [T~ll,  so  that  the  dimensions  of  /*  are 
[ML-1  T-1]. 

The  stresses  in  different  fluids,  under  similar  circumstances  of 
motion,  will  be  proportional  to  the  corresponding  values  of  /j,  ;  but 
if  we  wish  to  compare  their  effects  in  modifying  the  existing 
motion  we  have  to  take  account  of  the  ratio  of  these  stresses  to 
the  inertia  of  the  fluid.  From  this  point  of  view,  the  determining 
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quantity  is  the  ratio  fi/p  ;  it  is  therefore  usual  to  denote  this  by  a 
special  symbol  v,  called  by  Maxwell  the  '  kinematic  coefficient  '  of 
viscosity.  The  dimensions  of  v  are  [L2T~1]. 

The  hypothesis  made  above  that  the  stresses  pxx,  pxy,.  .  .  are  linear  functions 
of  the  rates  of  strain  a,  6,  c,...  is  of  a  purely  tentative  character,  and  although 
there  is  considerable  a  priori  probability  that  it  will  represent  the  facts 
accurately  for  the  case  of  infinitely  small  motions,  we  have  so  far  no  assurance 
that  it  will  hold  generally.  It  has  however  been  pointed  out  by  Prof.  Osborne 
Reynolds'3*'  that  the  equations  based  on  this  hypothesis  have  been  put  to  a 
very  severe  test  in  the  experiments  of  Poiseuille  and  others,  to  be  referred  to 
presently  (Art.  289).  Considering  the  very  wide  range  of  values  of  the  rates  of 
distortion  over  which  these  experiments  extend,  we  can  hardly  hesitate  to 
accept  the  equations  in  question  as  a  complete  statement  of  the  laws  of 
viscosity.  In  the  case  of  gases  we  have  additional  grounds  for  this  assump- 
tion in  the  investigations  of  the  kinetic  theory  by  Maxwell  f. 

The  practical  determination  of  p  (or  v}  is  a  matter  of  some  difficulty. 
Without  entering  into  the  details  of  experimental  methods,  we  quote  a  few  of 
the  best-established  results.  The  calculations  of  von  Helmholtz|,  based  on 
Poiseuille's  observations,  give  for  water 

•0178 


in  c.G.s.  units,  where  6  is  the  temperature  Centigrade.  The  viscosity,  as  in 
the  case  of  all  liquids  as  yet  investigated,  diminishes  rapidly  as  the  temperature 

rises  ;  thus  at  17°  C.  the  value  is 

^  =  •0109. 
For  mercury  Koch  §  found 

^  =  •01697,  and  ^10=-01633, 
respectively. 

In  gases,  the  value  of  /*  is  found  to  be  sensibly  independent  of  the  pressure, 
within  very  wide  limits,  but  to  increase  somewhat  with  rise  of  temperature. 
Maxwell  found  as  the  result  of  his  experiments  ||, 

H=  -0001878(1  +  -00366  <9)  ; 

this  makes  /u  proportional  to  the  absolute  temperature  as  measured  by  the 
air-therrnometer.  Subsequent  observers  have  found  a  somewhat  smaller 
value  for  the  first  factor,  and  a  less  rapid  increase  with  temperature. 
We  may  take  perhaps  as  a  fairly  established  value 

=  '000170 


*   " 


On  the  Theory  of  Lubrication,  &c.,"  Phil.  Trans.,  1886,  Pt.  I.,  p.  165. 

t  "On  the  Dynamical  Theory  of  Gases,"  Phil.  Trans.,  1867;  Scientific  Papers, 
t.  ii.,  p.  26. 

+  "Ueber  Reibung  tropfbarer  Fliissigkeiten,"  Wien.  Sitznngsber.,  t.  xl.  (1860); 
Ges.  Abh.,  t.  i.,  p.  172. 

§  Wied.  Ann.,  t.  xiv.  (1881). 

||  "  On  the  Viscosity  or  Internal  Friction  of  Air  and  other  Gases,"  Phil.  Trans., 
1866;  Scientific  Papers,  t.  ii.,  p.  1. 

L.  33 
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for  the  temperature  0°  C.    For  air  at  atmospheric  pressure,  assuming  p  =  '00129 
this  gives 

*„  -  -132. 

The  value  of  v  varies  inversely  as  the  pressure*. 

285.  We  have  still  to  inquire  into  the  dynamical  conditions 
to  be  satisfied  at  the  boundaries. 

At  a  free  surface,  or  at  the  surface  of  contact  of  two  dissimilar 
fluids,  the  three  components  of  stress  across  the  surface  must  be 
continuous  •[•.  The  resulting  conditions  can  easily  be  written  down 
with  the  help  of  Art.  283  (4). 

A  more  difficult  question  arises  as  to  the  state  of  things  at  the 
surface  of  contact  of  a  fluid  with  a  solid.  It  appears  probable  that 
in  all  ordinary  cases  there  is  no  motion,  relative  to  the  solid,  of  the 
fluid  immediately  in  contact  with  it.  The  contrary  supposition 
would  imply  an  infinitely  greater  resistance  to  the  sliding  of  one 
portion  of  the  fluid  past  another  than  to  the  sliding  of  the  fluid 
over  a  solid §. 

If  however  we  wish,  temporarily,  to  leave  this  point  open,  the  most 
natural  supposition  to  make  is  that  the  slipping  is  resisted  by  a  tangential 
force  proportional  to  the  relative  velocity.  If  we  consider  the  motion  of  a 
small  film  of  fluid,  of  thickness  infinitely  small  compared  with  its  lateral 
dimensions,  in  contact  with  the  solid,  it  is  evident  that  the  tangential  traction 
on  its  inner  surface  must  ultimately  balance  the  force  exerted  on  its  outer 
surface  by  the  solid.  The  former  force  may  be  calculated  from  Art.  283  (4) ; 
the  latter  is  in  a  direction  opposite  to  the  relative  velocity,  and  proportional 
to  it.  The  constant  (/3,  say)  which  expresses  the  ratio  of  the  tangential  force 
to  the  relative  velocity  may  be  called  the  '  coefficient  of  sliding  friction.' 

286.  The  equations  of  motion  of  a  viscous  fluid  are  obtained 
by  considering,  as  in  Art.  6,  a  rectangular  element  BxByBz  having 
its  centre  at  P.     Taking,   for   instance,    the   resolution   parallel 
to  x,  the  difference  of  the  normal  tractions  on  the  two  yz-  faces 
gives  (dpxxjdx)  Bx .  By  Bz.     The   tangential    tractions   on   the   two 
zx-&ces  contribute  (dpyx/dy)  By .  BzBx,  and  the  two  #?/- faces  give 

*  A  very  full  account  of  the  results  obtained  by  various  experimenters  is 
given  in  Wmkelmann's  Handbuch  der  Physik,  t.  i.,  Art.  'Keibung.' 

t  This  statement  requires  an  obvious  modification  when  capillarity  is  taken  into 
account.  Of.  Art.  302. 

§  Stokes,  1.  c.  p,  518. 
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in    like    manner    (dpzx/dz)  $z .  8xSy.       Hence,    with    our    usual 
notation, 


Y  ,  upxx  .  upyx     upzx 

)A.  -\ j 1 -. 1 j—  , 

ax        dy        dz 


Pn*  = 


0          _ 
P         ~ 


'dz' 


.(1). 


dy 


Substituting  the  values  of  pxxj  pxy,  ...  from  Art.  284  (4),  (5), 
we  find 

Du  dp          d6 

p=pX-       +  ^+^U' 


Dv 
'Di 

Dw 


dp          d6 
dj  +  ^dy 

dp         M 


•(2), 


where 

,,  _  du     dv      dw 
dx     dy      dz" 

and  V2  has  its  usual  meaning. 

When  the  fluid  is  incompressible,  these  reduce  to 


•(3), 


.(4). 


These  dynamical  equations  were  first  obtained  by  Navier* 
and  Poisson-|-  on  various  considerations  as  to  the  mutual  action  of 
the  ultimate  molecules  of  fluids.  The  method  above  adopted, 
which  is  free  from  all  hypothesis  of  this  kind,  appears  to  be  due 
in  principle  to  de  Saint-Venant  and  Stokes}. 

*  "M6moire  sur  les  Lois  du  Mouvement  des  Fluides,"  Mem.  de  I'Acad.  des 
Sciences,  t.  vi.  (1822). 

t  "M6moire  sur  les  Equations  g6n6rales  de  l'6quilibre  et  du  Mouvement  des 
Corps  solides  elastiques  et  des  Fluides,"  Journ.  de  VEcole  Polytfchn.,  t.  xiii.  (1829). 

I  "  On  the  Theories  of  the  Internal  Friction  of  Fluids  in  Motion,  &c.,"  Camb. 
Trans.,  t.  viii.  (1845);  Math,  and  Phys.  Papers,  t.  i.,  p.  88. 
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The  equations  (4)  admit  of  an  interesting  interpretation.     The  first  of 
them,  for  example,  may  be  written 

Du  1  dt 


The  first  two  terms  on  the  right  hand  express  the  rate  of  variation  of  u  in 
consequence  of  the  external  forces  and  of  the  instantaneous  distribution  of 
pressure,  and  have  the  same  forms  as  in  the  case  of  a  frictionless  liquid.  The 
remaining  term  vv2u,  due  to  viscosity,  gives  an  additional  variation  following 
the  same  law  as  that  of  temperature  in  Thermal  Conduction,  or  of  density  in 
the  theory  of  Diffusion.  This  variation  is  in  fact  proportional  to  the  (positive 
or  negative)  excess  of  the  mean  value  of  u  through  a  small  sphere  of  given 
radius  surrounding  the  point  (#,  y,  z)  over  its  value  at  that  point*.  In 
connection  with  this  analogy  it  is  interesting  to  note  that  the  value  of  v  for 
water  is  of  the  same  order  of  magnitude  as  that  (-01249)  found  by  Dr  Everett 
for  the  thermometric  conductivity  of  the  Greenwich  gravel. 

When  the  forces  X,  F,  Z  have  a  potential  Q,  the  equations  (4)  may  be 
written 


dy 


where 


q  denoting  the  resultant  velocity,  and  £,  77,  £  the  components  of  the  angular 
velocity  of  the  fluid.     If  we  eliminate  x  by  cross-differentiation,  we  find, 


du 

f& 

dv        dv      .  dv 

+  "^  +  fS 

dw        dw      ..dw 


(iv). 


The  first  three  terms  on  the  right  hand  of  each  of  these  equations  express,  as 
in  Art.  143,  the  rates  at  which  £,  ?/,  £  vary  for  a  particle,  when  the  vortex-lines 
move  with  the  fluid,  and  the  strengths  of  the  vortices  remain  constant.  The 
additional  variation  of  these  quantities,  due  to  viscosity,  is  given  by  the  last 
terms,  and  follows  the  law  of  conduction  of  heat.  It  is  evident  from  this 
analogy  that  vortex-motion  cannot  originate  in  the  interior  of  a  viscous  liquid, 
but  must  be  diffused  inwards  from  the  boundary. 


*  Maxwell,  Proc.  Lond.  Math.  Soc.,  t.  iii.,  p.  230;  Electricity  and  Magnetism, 
Art.  26. 
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287.  To  compute  the  rate  of  dissipation  of  energy,  due  to 
viscosity,  we  consider  first  the  portion  of  fluid  which  at  time  t 
occupies  a  rectangular  element  §x§y§z  having  its  centre  at  (x,  y,  z). 
Calculating  the  differences  of  the  rates  at  which  work  is  being  done 
by  the  tractions  on  the  pairs  of  opposite  faces,  we  obtain 

\dx  (pxxU  +pxyV  +  p**w)  +  dy  (pyxU  +PyyV  +  Pyz  W) 

...............  (1). 


The  terms 


'zu 


ax        dy        dz  ]        \  dx        dy        dz 


express,  by  Art.  286  (1),  the  rate  at  which  the  tractions  on  the  faces 
are  doing  work  on  the  element  as  a  whole,  in  increasing  its  kinetic 
energy  and  in  compensating  the  work  done  against  the  extraneous 
forces  X,  F,  Z.  The  remaining  terms  express  the  rate  at  which 
work  is  being  done  in  changing  the  volume  and  shape  of  the 
element.  They  may  be  written 


where  a,  b,  c,  f,  g,  h  have  the  same  meanings  as  in  Arts.  31,  284. 
Substituting  from  Art.  284  (2),  (3),  we  get 


+  }-  J/A  (a  +  b  +  c)2  +  2/A  (a2  +  62  +  c2  +  2/2  +  2 

......  W- 

If  p  be  a  function  of  p  only,  the  first  line  of  this  is  equal  to 

DE/Dt.p&sBySz, 

provided 

(3), 


i.e.  E  denotes,  as  in  Art.  11,  the  intrinsic  energy  per  unit  mass. 
Hence  the  second  line  of  (4)  represents  the  rate  at  which  energy 
is  being  dissipated.  On  the  principles  established  by  Joule,  the 
mechanical  energy  thus  lost  takes  the  form  of  heat,  developed  in 
the  element. 
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If  we  integrate  over  the  whole  volume  of  the  fluid,  we  find,  for 
the  total  rate  of  dissipation, 


(6), 

where 

fdu     dv      dw\2 
^dx     dy      dz ) 


du     dw2       dv 

+    .....  <7>* 


If  we  write  this  in  the  form 


it  appears  that  F  cannot  vanish  unless 

a  =  6  =  c,  and  f=g  =  h=Q, 

at  every  point  of  the  fluid.  In  the  case  of  an  incompressible  fluid  it  is 
necessary  that  the  quantities  a,  b,  c,  f,  g,  h  should  all  vanish.  It  easily 
follows,  on  reference  to  Art.  31,  that  the  only  condition  under  which  a  liquid 
can  be  in  motion  without  dissipation  of  energy  by  viscosity  is  that  there  must 
be  nowhere  any  extension  or  contraction  of  linear  elements  ;  in  other  words, 
the  motion  must  be  composed  of  a  translation  and  a  pure  rotation,  as  in  the 
case  of  a  rigid  body.  In  the  case  of  a  gas  there  may  be  superposed  on  this  an 
expansion  or  contraction  which  is  the  same  in  all  directions. 

We  now  consider  specially  the  case  when  the  fluid  is  incompressible,  so  that 


If  we  subtract  from  this  the  expression 

du     dv      dw\2 


which  is  zero,  we  obtain 

dw     dv\2      fdu     dw\2      (dv      du\2} 


dv  dw     dv  dw     dw  du     dw  du     dudv      du  dv 


*  Stokes,  "  On  the  Effect  of  the  Internal  Friction  of  Fluids  on  the  Motion  of 
Pendulums,"  Gamb.  Trans.,  t.  ix.,  p.  [58]  (1851). 
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If  we  integrate  this  over  a  region  such  that  u,  v,  w  vanish  at  every  point  of 
the  boundary,  as  in  the  case  of  a  liquid  filling  a  closed  vessel,  on  the  hypothesis 
of  no  slipping,  the  terms  due  to  the  second  line  vanish  (after  a  partial  integra- 
tion), and  we  obtain 

%F~til^dyfe=*riti(?+*f+1*)diBdydsi (iv)*. 

In  the  general  case,  when  no  limitation  is  made  as  to  the  boundary 
conditions,  the  formula  (iii)  leads  to 


4-4/u. 


m,    n, 


u,    v, 


f, 


dS  .. 


where,  in  the  former  of  the  two  surface-integrals,  dn  denotes  an  element  of  the 
normal,  and,  in  the  latter,  I,  m,  n  are  the  direction-cosines  of  the  normal, 
drawn  inwards  in  each  case  from  the  surface-element  3S. 

When  the  motion  considered  is  irrotational,  this  formula  reduces  to 


simply.    In  the  particular  case  of  a  spherical  boundary  this  expression  follows 
independently  from  Art.  44  (i). 


Problems  of  Steady  Motion. 

288.  The  first  application  which  we  shall  consider  is  to  the 
steady  motion  of  liquid,  under  pressure,  between  two  fixed  parallel 
planes,  the  flow  being  supposed  to  take  place  in  parallel  lines. 

Let  the  origin  be  taken  half-way  between  the  planes,  and  the 
axis  of  y  perpendicular  to  them.  We  assume  that  u  is  a  function 
of  y  only,  and  that  v,  w  =  0.  Since  the  traction  parallel  to  x  on  any 
plane  perpendicular  to  y  is  equal  to  pdu/dy,  the  difference  of  the 
tractions  on  the  two  faces  of  a  stratum  of  unit  area  and  thickness 
Sy  gives  a  resultant  pd^u/dy2.  £?/.  This  must  be  balanced  by  the 
normal  pressures,  which  give  a  resultant  —  dpjdoc  per  unit  volume 
of  the  stratum.  Hence 

a  —  -^  m 

^  df~  dx" 

*  Bobyleff,  "Einige  Betrachtungen  iiber  die  Gleichungen  der  Hydrodynamik," 
Math.  Ann.,  t.  vi.  (1873);  Forsyth,  "On  the  Motion  of  a  Viscous  Incompressible 
Fluid,"  Mess,  of  Math.,  t.  ix.  (1880). 
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Also,  since  there  is  no  motion  parallel  to  y,  dpjdy  must  vanish. 
These  results  might  of  course  have  been  obtained  immediately 
from  the  general  equations  of  Art.  286. 

It  follows   that  the  pressure-gradient   dpjdx  is  an   absolute 
constant.     Hence  (1)  gives 


and  determining  the  constants  so  as  to  make  u  =  0  for  y  =  ±  h,  we 
find 


Hence 


f  udy  =  -  f*  *  .  .(4). 

].h  Sfju  dx 


289.  The  investigation  of  the  steady  flow  of  a  liquid  through 
a  straight  pipe  of  uniform  circular  section  is  equally  simple,  and 
physically  more  important. 

If  we  take  the  axis  of  z  coincident  with  the  axis  of  the  tube, 
and  assume  that  the  velocity  is  everywhere  parallel  to  z,  and  a 
function  of  the  distance  (f)  from  this  axis,  the  tangential  stress 
across  a  plane  perpendicular  to  r  will  be  fidw/dr.  Hence,  con- 
sidering a  cylindrical  shell  of  fluid,  whose  bounding  radii  are  r 
and  r  +  Sr,  and  whose  length  is  I,  the  difference  of  the  tangential 
tractions  on  the  two  curved  surfaces  gives  a  retarding  force 

—  r  (  P  -7-  -  2?rr/  )  Sr. 
dr  v    dr  J 

On  account  of  the  steady  character  of  the  motion,  this  must  be 
balanced  by  the  normal  pressures  on  the  ends  of  the  shell.  Since 
dw/dz  =  0,  the  difference  of  these  normal  pressures  is  equal  to 


where  pi,p2  are  the  values  of  p  (the  mean  pressure)  at  the  two 
ends.     Hence 


(1) 
dr\dr 

Again,  if  we  resolve  along  the  radius  the  forces  acting  on  a 
rectangular  element,  we  find  dp/dr  =  0,  so  that  the  mean  pressure 
is  uniform  over  each  section  of  the  pipe. 
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The  equation  (1)  might  have  been   obtained  from  Art.  286 
(4)  by  direct  transformation  of  coordinates,  putting 


The  integral  of  (1)  is 

logr  +  B  ...............  (2). 


Since  the  velocity  must  be  finite  at  the  axis,  we  must  have  A  =  0; 
and  if  we  determine  B  on  the  hypothesis  that  there  is  no  slipping 
at  the  wall  of  the  pipe  (r  =  a,  say),  we  obtain 

x-V-*")  .....................  (3). 


This  gives,  for  the  flux  across  any  section, 

^.P^..  ...(4). 


Jo 


It  has  been  assumed,  for  shortness,  that  the  flow  takes  place 
under  pressure  only.  If  we  have  an  extraneous  force  X  acting 
parallel  to  the  length  of  the  pipe,  the  flux  will  be 


In  practice,  X  is  the  component  of  gravity  in  the  direction  of  the 
length. 

The  formula  (4)  contains  exactly  the  laws  found  experimentally 
by  Poiseuille*  in  his  researches  on  the  flow  of  water  through 
capillary  tubes  ;  viz.  that  the  time  of  efflux  of  a  given  volume  of 
water  is  directly  as  the  length  of  the  tube,  inversely  as  the 
difference  of  pressure  at  the  two  ends,  and  inversely  as  the  fourth 
power  of  the  diameter. 

This  last  result  is  of  great  importance  as  furnishing  a  conclusive  proof  that 
there  is  in  these  experiments  no  appreciable  slipping  of  the  fluid  in  contact 
with  the  wall.  If  we  were  to  assume  a  slipping-coefficient  /3,  as  explained  in 
Art.  285,  the  surface-condition  would  be 


or  w=  —  \dwjdr 


*  "Recherches  experimentales  sur  le  mouvement  des  liquides  dans  les  tubes  de 
tres  petits  diametres,"  Comptes  Eendus,  tt.  xi.,  xii.  (1840-1),  Mem.  des  Sav. 
Etrdngers,  t.  ix.  (1846). 
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if  A  =  /n//3.     This  determines  B,  in  (2),  so  that 

(ii). 


If  A/a  be  small,  this  gives  sensibly  the  same  law  of  velocity  as  in  a  tube  of 
radius  a-t-A,  on  the  hypothesis  of  no  slipping.  The  corresponding  value 
of  the  flux  is 


If  A  were  more  than  a  very  minute  fraction  of  a  in  the  narrowest  tubes 
employed  by  Poiseuille  [a='0015  cm.J  a  deviation  from  the  law  of  the  fourth 
power  of  the  diameter,  which  was  found  to  hold  very  exactly,  would  become 
apparent.  This  is  sufficient  to  exclude  the  possibility  of  values  of  A  such  as 
•235  cm.,  which  were  inferred  by  Helmholtz  and  Piotrowski  from  their 
experiments  on  the  torsional  oscillations  of  a  metal  globe  filled  with  water, 
described  in  the  paper  already  cited*. 

The  assumption  of  no  slipping  being  thus  justified,  the  comparison  of  the 
formula  (4)  with  experiment  gives  a  very  direct  means  of  determining  the 
value  of  the  coefficient  p  for  various  fluids. 

It  is  easily  found  from  (3)  and  (4)  that  the  rate  of  shear  close 
to  the  wall  of  the  tube  is  equal  to  4tw0/a,  where  WQ  is  the  mean 
velocity  over  the  cross-section.  As  a  numerical  example,  we  may 
take  a  case  given  by  Poiseuille,  where  a  mean  velocity  of  126  '6  c.  s. 
was  obtained  in  a  tube  of  '01134  cm.  diameter.  This  makes 
=  89300  radians  per  second  of  time. 


290.  Some  theoretical  results  for  sections  other  than  circular 
may  be  briefly  noticed. 

1°.  The  solution  for  a  channel  of  annular  section  is  readily  deduced  from 
equation  (2)  of  the  preceding  Art.,  with  A  retained.  Thus  if  the  boundary- 
conditions  be  that  w  =  0  for  r  =  a  and  r=b,  we  find 


giving  a  flux 


2°.  It  has  been  pointed  out  by  Greenhillt  that  the  analytical  conditions 
of  the  present  problem  are  similar  to  those  which  determine  the  motion  of  a 
frictionless  liquid  in  a  rotating  prismatic  vessel  of  the  same  form  of  section 

*  For  a  fuller  discussion  of  this  point  see  Whetham,  "  On  the  Alleged  Slipping 
at  the  Boundary  of  a  Liquid  in  Motion,"  Phil.  Trans.,  1890,  A. 

t  "  On  the  Flow  of  a  Viscous  Liquid  in  a  Pipe  or  Channel,"  Proc.  Lond.  Math. 
Soc.y  t.  xiii.  p.  43  (1881). 


289-291]  FLOW  THROUGH  A   PIPE.  523 

(Art.  72).  If  the  axis  of  z  be  parallel  to  the  length  of  the  pipe,  and  if  we 
assume  that  w  is  a  function  of  x,  y  only,  then  in  the  case  of  steady  motion 
the  equations  reduce  to 

..... 


where  V12=d2/dx2+d2/dy2.     Hence,  denoting  by  P  the  constant  pressure- 
gradient  (  -  dp/dz),  we  have 

Vl2w=-P/ij.  .................................  (iv), 


with  the  condition  that  w=0  at  the  boundary.     If  we  write  >//•  —  4o>(#2 
for  w,  and  2o>  for  P/p,  we  reproduce  the  conditions  of  the  Art.  referred  to. 
This  proves  the  analogy  in  question. 

In  the  case  of  an  elliptic  section  of  semi-axes  a,  6,  we  assume 


which  will  satisfy  (iv)  provided 

n    P 
C= 

The  discharge  per  second  is  therefore 


This  bears  to  the  discharge  through  a  circular  pipe  of  the  same  sectional 
area  the  ratio  2a6/(a2  +  &2).  For  small  values  of  the  eccentricity  (e)  this 
fraction  differs  from  unity  by  a  quantity  of  the  order  e4.  Hence  considerable 
variations  may  exist  in  the  shape  of  the  section  without  seriously  affecting 
the  discharge,  provided  the  sectional  area  be  unaltered.  Even  when  a  :  b  -  8  :  7, 
the  discharge  is  diminished  by  less  than  one  per  cent. 

291.  We  consider  next  some  simple  cases  of  steady  rotatory 
motion. 

The  first  is  that  of  two-dimensional  rotation  about  the  axis  of 
z,  the  angular  velocity  being  a  function  of  the  distance  (r)  from 
this  axis.  Writing 

u  =  —  coy,     v  =  o)0),  ........................  (1) 

we  find  that  the  rates  of  extension  along  and  perpendicular  to  the 
radius  vector  are  zero,  whilst  the  rate  of  shear  in  the  plane  xy  is 
rdco/dr.  Hence  the  moment,  about  the  origin,  of  the  tangential 
forces  on  a  cylindrical  surface  of  radius  r,  is  per  unit  length  of 
the  axis,  =  /jurdco/dr  .  2?rr  .  r.  On  account  of  the  steady  motion, 
the  fluid  included  between  two  coaxial  cylinders  is  neither  gaining 

*  This,  with  corresponding  results  for  other  forms  of  section,  appears  to  have 
been  obtained  by  Boussinesq  in  1868  ;  see  Hicks,  Brit.  Ass.  Rep.,  1882,  p.  63. 
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nor  losing  angular  momentum,  so  that  the  above  expression  must 
be  independent  of  r.     This  gives 


(2). 

If  the  fluid  extend  to  infinity,  while  the  internal  boundary  is  that 
of  a  solid  cylinder  of  radius  a,  whose  angular  velocity  is  o>0,  we 
have 

a>  =  ft)0a2/r2  ..........................  (3). 

The  frictional  couple  on  the  cylinder  is  therefore 

(4). 


If  the  fluid  were  bounded  externally  by  a  fixed  coaxial  cylin- 
drical surface  of  radius  b  we  should  find 

a2   b'2-r2 

•-jjrjfr*-*  .....................  <°>> 

which  gives  a  frictional  couple 


292.  A  similar  solution,  restricted  however  to  the  case  of 
infinitely  small  motions,  can  be  obtained  for  the  steady  motion  of 
a  fluid  surrounding  a  solid  sphere  which  is  made  to  rotate 
uniformly  about  a  diameter.  Taking  the  centre  as  origin,  and  the 
axis  of  rotation  as  axis  of  x,  we  assume 

u  =  —  <oy,   v  =  a)x,  w  =  0 (1), 

where  co  is  a  function  of  the  radius  vector  r,  only.     If  we  put 

P=fa>rdr (2), 

these  equations  may  be  written 

u  =  -dP/dy,  v  =  dP/dx,   iv=0 (3); 

and  it  appears  on  substitution  in  Art.  286  (4)  that,  provided  we 
neglect  the  terms  of  the  second  order  in  the  velocities,  the 
equations  are  satisfied  by 

p  =  const.,   V2P  =  const (4). 

*  This  problem  was  first  treated,  not  quite  accurately,  by  Newton,  Principia, 
Lib.  ii.,  Prop.  51.  The  above  results  were  given  substantially  by  Stokes,  I.  c.  ante, 
p.  515. 
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The  latter  equation  may  be  written 

d?P     2  dP 

•j-r  +  -  j—  =  const., 

dr*      r  dr 

da)  ,„. 

or  r  -7-  +  3o)  =  const  ......................  (o), 

OjT 

whence  a)  =  A/rs  +  B  .......................  (6). 

If  the  fluid  extend  to  infinity  and  is  at  rest  there,  whilst  o>0  is 
the  angular  velocity  of  the  rotating  sphere  (r  =  a],  we  have 

a? 


(7). 


If  the  external  boundary  be  a  fixed  concentric  sphere  of  radius 
b  the  solution  is 

"^•tt-"' (8>- 

The  retarding  couple  on  the  sphere  may  be  calculated  directly 
by  means  of  the  formulae  of  Art.  284,  or,  perhaps  more  simply, 
by  means  of  the  Dissipation  Function  of  Art.  287.  We  find 
without  difficulty  that  the  rate  of  dissipation  of  energy 


=  //,  1 1  l(x2  +  2/2)  ( -y- )  dxdydz 

JJJ  \(IT  / 


™\dr 

r 


(9). 


If  N  denote  the  couple  which  must  be  applied  to  the  sphere  to 
maintain  the  rotation,  this  expression  must  be  equivalent  to  Na>0, 
whence 


or,  in  the  case  corresponding  to  (7),  where  6=  oo  , 

N  =  Sirfia9to0  .............  ,  ..........  (11).* 

The  neglect  of  the  terms  of  the  second  order  in  this  problem  involves  a 
more  serious  limitation  of  its  practical  value  than  might  be  expected.  It  is 
not  difficult  to  ascertain  that  the  assumption  virtually  made  is  that  the  ratio 

*  Kirchhofif,  Mechanic,  c.  xxvi. 
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«0a2/i/  is  small.     If  we  put  i/='018  (water),  and  a  =  10,  we  find  that  the 
equatorial  velocity  <»0a  must  be  small  compared  with  '0018  (c.  s.)*. 

When  the  terms  of  the  second  order  are  sensible,  no  steady  motion  of 
this  kind  is  possible.  The  sphere  then  acts  like  a  centrifugal  fan,  the  motion 
at  a  distance  from  the  sphere  consisting  of  a  flow  outwards  from  the  equator 
and  inwards  towards  the  poles,  superposed  on  a  motion  of  rotation  f. 

It  appears  from  Art.  286  that  the  equations  of  motion  may  be  written 


I  =  X  —  ~  +  vV2u,  &c.,  &c. 
where  Y' 


Hence  a  steady  motion  which  satisfies  the  conditions  of  any  given  problem, 
when  the  terms  of  the  second  order  are  neglected,  will  hold  when  these  are 
retained,  provided  we  introduce  the  constraining  forces 


(iii)t 


The  only  change  is  that  the  pressure  p  is  diminished  by  %pq2.  These  forces 
are  everywhere  perpendicular  to  the  stream-lines  and  to  the  vortex-lines,  and 
their  intensity  is  given  by  the  product  2<7&>  sin  x,  where  o>  is  the  angular 
velocity  of  the  fluid  element,  and  x  is  tne  angle  between  the  direction  of  q 
and  the  axis  of  o>. 

In  the  problem  investigated  in  this  Art.  it  is  evident  a  priori  that  the 
constraining  forces 

X=  -a>2x,     Y=  -«?y,    Z=0  ...............  .  ........  (iv). 

would  make  the  solution  rigorous.  It  may  easily  be  verified  that  these 
expressions  differ  from  (iii)  by  terms  of  the  forms  -  dQjdx^  —  dQjdy^  —  dQ/dz, 
respectively,  which  will  only  modify  the  pressure. 

293.  The  motion  of  a  viscous  incompressible  fluid,  when  the 
effects  of  inertia  are  insensible,  can  be  treated  in  a  very  general 
manner,  in  terms  of  spherical  harmonic  functions. 

It  will  be  convenient,  in  the  first  place,  to  investigate  the 
general  solution  of  the  following  system  of  equations  : 

VV  =  0,   W  =  0,   W  =  0  ...............  (1), 

W     W     M^  .....................    2) 

ax      ay       az 

*  Cf.  Lord  Eayleigh,  "On   the  Flow  of  Viscous  Liquids,  especially  in  Two 
Dimensions,"  Phil.  Mag.,  Oct.  1893. 
t  Stokes,  1.  c.  ante,  p.  515. 
£  Lord  Kayleigh,  L  c. 
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The  functions  u't  v,  wf  may  be  expanded  in  series  of  solid  har- 
monics, and  it  is  plain  that  the  terms  of  algebraical  degree  n  in 
these  expansions,  say  un',  vn',  wnf,  must  separately  satisfy  (2).  The 
equations  VX/  =  0,  V2vn'  =  0,  V2w/  =  0  may  therefore  be  put  in 
the  forms 


d    fdvn      dwn'\  _  d    fdun      dwn\ 
d     \  dx       d    )     dz  \  dz        dx  }  ' 


d    fdwn      dvn'\  _  d    fdv^  _  dun'\ 
dz  \dy        dz  )     dx  \  dx       dy  )  ' 


(3). 


dz 

A  (d^L  _  dw*L\  =—(. "  -  —^ 

dx  V  dz        dx  I      dy  V  dy        dz 

Hence 

dwn'  _  dv^  _  d/Xn     dun'  _  dwn'  _  d%n     dvnf     du^  __  dxn       A  x 
dy        dz  ~  dx  '     dz        dx   "~  dy  '     dx  ~  ~dy  ~~  dz  '"^  '' 

where  %n  is  some  function  of  x,  y,  z ;  and  it  further  appears  from 
these  relations  that  V2^w  =  0,  so  that  %n  is  a  solid  harmonic  of 
degree  n. 

From  (4)  we  also  obtain 


dy       y  dz  dx       1  dy  dz 

-  j^  (%<  +  yvnf  +  zwnf)  .  .  .  (5), 
with  two  similar  equations.    Now  it  follows  from  (1)  and  (2)  that 

V2  (xUn   +  y»n   +  aWn)  =  0  ..................  (6), 

so  that  we  may  write 

+  yOn   +  ZWn   =  0n+1  ..................   (7), 


where  <f>n+1  is  a  solid  harmonic  of  degree  n  +  1.     Hence  (5)  may  be 
written 


(8). 


.  -  - 

dx  dy       1   dz 

The  factor  n  +  1  may  be  dropped  without  loss  of  generality  ;  and 
we  obtain  as  the  solution  of  the  proposed  system  of  equations  : 
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dy 


dz 


dz)' 


. 

dx  ] 


(9), 


dx          dy  J 
where  the  harmonics  </>n,  %n  are  arbitrary*. 

294.  If  we  neglect  the  inertia-terms,  the  equations  of  motion 
of  a  viscous  liquid  reduce,  in  the  absence  of  extraneous  forces,  to 
the  forms 


,  ............  (1), 

dy  dz 

.,,  du     dv     dw  /ox 

with  j-+:y-  +  -7-  =  0  ........................  (2). 

dx     dy     dz 

By  differentiation  we  obtain 

V*p=0  ..............................  (3), 

so  that  p  can  be  expanded  in  a  series  of  solid  harmonics,  thus 

P  =  2pn  ..............................  (4). 

The  terms  of  the  solution  involving  harmonics  of  different  alge- 
braical degrees  will  be  independent.  To  obtain  the  terms  in  pn 
we  assume 

-*•£+*-£;&.' 

(5), 


dz  dz 

where   r2  =  a?  +  y*  +  ^2.      The   terms    multiplied   by   B   are   solid 
harmonics  of  degree  n  +  1,  by  Arts.  82,  84.     Now 


L,  dpn\  = 

\     dx  J 


dx     ^  dy        dz]  dx       dx 


*  Cf.  Borchardt,  '  '  Untersuchungen  iiber  die  Elasticitat  fester  Korper  unter 
Beriicksichtigung  der  Warme,"  Berl.  Monatsber.,  Jan.  9,  1873;  Gesammelte  Werke, 
Berlin,  1888,  p.  245.  The  investigation  in  the  text  is  from  a  paper  "On  the 
Oscillations  of  a  Viscous  Spheroid,"  Proc.  Lond.  Math.  Soc.,  t.  xiii.,  p.  51  (1881). 
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Hence  the  equations  (1)  are  satisfied,  provided 


Also,  substituting  in  (2),  we  find 

2nA  -  (n  +  l)(2w  +  3)  B=  0, 


Hence  the  general  solution  of  the  system  (1)  and  (2)  is 


1  g  f       ^        dpn     _  nr^+s  _    d_ 
~>      12(2n  +  l)  das  +  (n+l)(2n+l)(2fc  +  3)  ^r2w+1J  ~*  Uf 

=  lyf 
fj,      (2  ( 


, 


-  , 


(n  '+  1)  (2n  +  1)  (2w  +  3)  dy 


/*      (2  (2/1  +  1)  dz      (TO  +  1)  (2/i  +  1)  (2/1  +  3) 


where  w7,  t/,  w'  have  the  forms  given  in  (9)  of  the  preceding  Art. 

The  formulae  (8)  make 

1  nr2 

xu  +  yv  +  zw  =  -  2  2  (  pn  +  ^n<t>n  ..........  (9). 


Also,  if  we  denote  by  f,  ij,  £  the  components  of  the  angular 
velocity  of  the  fluid  (Art.  31),  we  find 


These  make  2  (a?f  +  yiy  +  ^rj)  =  Sw  (TO+  I)%n  ...............  (n)- 

*  This  investigation  is  derived,  with  some  modifications,  from  various  sources. 
Cf.  Thomson  and  Tait,  Natural  Philosophy,  Art.  736  ;  Borchardt,  1.  c.  ;  Oberbeck, 
"Ueber  stationare  Fliissigkeitsbewegungen  mit  Beriicksichtigung  der  inneren 
Reibung,"  Crelle,  t.  Ixxxi.,  p.  62  (1876). 
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295.  The  results  of  Arts.  293,  294  can  be  applied  to  the 
solution  of  a  number  of  problems  where  the  boundary  conditions 
have  relation  to  spherical  surfaces.  The  most  interesting  cases 
fall  under  one  or  other  of  two  classes,  viz.  we  either  have 


(1) 


everywhere,  and  therefore  pn  =  0,  <f)n  =  0  ;  or 


(2), 


and  therefore  %n  =  0. 

1°.  Let  us  investigate  the  steady  motion  of  a  liquid  past  a  fixed  spherical 
obstacle.  If  we  take  the  origin  at  the  centre,  and  the  axis  of  x  parallel  to  the 
flow,  the  boundary  conditions  are  that  w  =  0,  #  =  0,  w?  =  0  for  r=a  (the  radius), 
and  w  =  u,  v=Q,  w=Q  for  r=co.  It  is  obvious  that  the  vortex-lines  will  be 
circles  about  the  axis  of  #,  so  that  the  relation  (2)  will  be  fulfilled.  Again,  the 
equation  (9)  of  Art.  294,  taken  in  conjunction  with  the  condition  to  be 
satisfied  at  infinity,  shews  that  as  regards  the  functions  pn  and  <£n  we  are 
limited  to  surface-harmonics  of  the  first  order,  and  therefore  to  the  cases 
n=l,n=—  2.  Also,  we  must  evidently  have  ^  =  0.  Assuming,  then, 


we  find 


3B 

3CZ  --  -r 


.(ii). 


The  condition  of  no  slipping  at  the  surface  r=a  gives 


whence 
Hence 


A=  -f 


These  make 


110, 


*=»>   r-4%   f-» 


(iv). 

•(V), 

.(vi). 
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The  components  of  stress  across  the  surface  of  a  sphere  of  radius  r  are, 
by  Art.  283, 


If  we  substitute  the  values  ofpxx,pxv,  pxt,  ...,  from  Art.  284,  we  find 


d  '      •       •     *   L...(viii) 


+ypzy  +zpzz^-zp+pr-l\w+iji(xu  +yv  +  zw) 


In  the  present  case  we  have 

...........................  (ix). 


We  thus  obtain,  for  the  component  tractions  on  the  sphere  r  =  «, 


x      ,  o/nU  11  z 

-Po  +  $^-,      Pry=--Po,     Prz=-- 


If  dS  denote  an  element  of  the  surface,  we  find 

ISpndS=fyrp'aa,    flpr,dS=0,    HpndS=0  ...............  (xi). 

The  resultant  force  on  the  sphere  is  therefore  parallel  to  #,  and  equal  to 


The  character  of  the  motion  may  be  most  concisely  expressed  by  means  of 
the  stream-function  of  Art.  93.  If  we  put  x=r  cos  0,  the  flux  (27r>^)  through  a 
circle  with  Ox  as  axis,  whose  radius  subtends  an  angle  6  at  0  is  given  by 


(xii), 
as  is  evident  at  once  from  (v). 

If  we  impress  on  everything  a  velocity  -  u  in  the  direction  of  x,  we  get 
the  case  of  a  sphere  moving  steadily  through  a  viscous  fluid  which  is  at  rest 
at  infinity.  The  stream-function  is  then 


(xiii)*. 


The  diagram  on  p.  532,  shews  the  stream-lines  \}r  =  const.,  in  this  case,  for  a 
series  of  equidistant  values  of  ^.  The  contrast  with  the  case  of  a  frictionless 
liquid,  depicted  on  p,  137,  is  remarkable,  but  it  must  be  remembered  that  the 

*  This  problem  was  first  solved  by  Stokes,  in  terms  of  the  stream -function, 
I.e.  ante  p.  518. 
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fundamental  assumptions  are  very  different.  In  the  former  case  inertia  was 
predominant,  and  viscosity  neglected  ;  in  the  present  problem  these  circum- 
stances are  reversed. 


If  X  be  the  extraneous  force  acting  on  the  sphere,  this  must  balance  the 

resistance,  whence 

(xiv). 


It  is  to  be  noticed  that  the  formula  (xiii)  makes  the  momentum  and  the 
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energy  of  the  fluid  both  infinite*  The  steady  motion  here  investigated 
could  therefore  only  be  fully  established  by  a  constant  force  X  acting  on  the 
sphere  through  an  infinite  distance. 

The  whole  of  this  investigation  is  based  on  the  assumption  that  the 
inertia-  terms  udu\dx,  ...  in  the  fundamental  equations  (4)  of  Art.  286  may 
be  neglected  in  comparison  with  j/v2^,  ....  It  easily  follows  from  (iv)  above 
that  ua  must  be  small  compared  with  v.  This  condition  can  always  be 
realized  by  making  u  or  a  sufficiently  small,  but  in  the  case  of  mobile  fluids 
like  water,  this  restricts  us  to  velocities  or  dimensions  which  are,  from  a 
practical  point  of  view,  exceedingly  minute.  Thus  even  for  a  sphere  of  a 
millimetre  radius  moving  through  water  (i/='018),  the  velocity  must  be 
considerably  less  than  -18  cm.  per  sec.f. 

We  might  easily  apply  the  formula  (xiv)  to  find  the  '  terminal  velocity  '  of 
a  sphere  falling  vertically  in  a  fluid.  The  force  X  is  then  the  excess  of  the 
gravity  of  the  sphere  over  its  buoyancy,  viz. 


where  p  denotes  the  density  of  the  fluid,  and  p0  the  mean  density  of  the 
sphere.     This  gives 


This  will  only  apply,  as  already   stated,  provided   ua/v  is  small.      For   a 
particle  of  sand  descending  in  water,  we  may  put  (roughly) 

Po=2p,     v=-018,    #  =  981, 

whence  it  appears  that  a  must  be  small  compared  with  -0114  cm.     Subject  to 
this  condition,  the  terminal  velocity  is  u  =  12000  a2. 

For  a  globule  of  water  falling  through  the  air,  we  have 
Po  =  l}    p  =  -00129,     /i  =  ' 


This  gives  a  terminal  velocity  u  =  1280000  «2,  subject  to  the  condition  that  a 
is  small  compared  with  '006  cm. 

2°.     The  problem  of  a  rotating  sphere  in  an  infinite  mass  of  liquid  is 
solved  by  assuming 

C?Y_9  d\_c>.      v 

.(xvii), 


"   dy      ' 

1    dz   ' 

<*X-2 

*  dz      ~ 

dv  —  a 

ni       A     &         n 

dx  ' 

where  v^^Az/r3 (xvni)> 


*  Lord  Bayleigh,  Phil.  Mag.,  May  1886. 
t  Lord  Rayleigh,  1.  c.  ante  p.  526. 
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the  axis  of  z  being  that  of  rotation.     At  the  surface  r  —  a  we  must  have 

u=—a>y,    v=a>x,    w  =  Q, 
if  o>  be  the  angular  velocity  of  the  sphere.     This  gives  A  —  o>a3  ;  cf.  Art.  292. 

296.  The  solutions  of  the  corresponding  problems  for  an 
ellipsoid  can  be  obtained  in  terms  of  the  gravitation-potential  of 
the  solid,  regarded  as  homogeneous  and  of  unit  density. 

The  equation  of  the  surface  being 

#2       «/2       Z2 

a*  +  F+0=l  .................................  (0> 

the  gravitation-potential  is  given,  at  external  points,  by  Dirichlet's  formula* 


where  A  =  {(«2  +  A)(&2  +  A)  (c2  +  A)p  ........................  (iii), 

and  the  lower  limit  is  the  positive  root  of 


This  makes 

dQ  dQ  do. 

(v), 


where 


We  will  also  write 

,  rd\  .  ... 

X  =  abcl     —  ..............................  (vn); 

it  has  been  shewn  in  Art.  110  that  this  satisfies  V2x  =  0- 

If  the  fluid  be  streaming  past  the  ellipsoid,  regarded  as  fixed,  with  the 
general  velocity  u  in  the  direction  of  #,  we  assume  t 


dxdy          dy ' 

d2Q  dy 

w  =  A  -= — j  +  Bx  -A 

dxdz          dz 

These  satisfy  the  equation  of  continuity,  in  virtue  of  the  relations 


*  Crelle,  t.  xxxii.  (1846) ;  see  also  Kirchhoff,  Mechanik,  c.  xviii.,  and  Thomson 
and  Tait,  Natural  Philosophy  (2nd  ed.),  Art.  494  w. 
t  Oberbeck,  /.  c.  ante  p.  529. 
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and  they  evidently  make  w  =  u,  v  =  0,  w  =  Q  at  infinity.     Again,  they  make 

sis  .........  <&> 


so  that  the  equations  (1)  of  Art.  294  are  satisfied  by 

dy 
p  =  2Bfj.  -    +  const  ...............................  (x). 


It  remains  to  shew  by  a  proper  choice  of  A,  B  we  can  make  u,  v,  w=0  at 
the  surface  (i).     The  conditions  0  =  0,  w=0  require 


or  2TrA/a?  +  B=0  .................................  (xi). 

With  the  help  of  this  relation,  the  condition  u  =  0  reduces  to 

2nAaQ-BXo+M  =  0  ..............................  (xii), 

where  the  suffix  denotes  that  the  lower  limit  in  the  integrals  (vi)  and  (vii)  is 
to  be  replaced  by  zero.     Hence 


n 


At  a  great  distance  r  from  the  origin  we  have 

Q  =  -  f  nabc/r,     x  =  2«6c/r, 

whence  it  appears,  on  comparison  with  the  equations  (iv)  of  the  preceding  Art., 
that  the  disturbance  is  the  same  as  would  be  produced  by  a  sphere  of  radius 
a,  determined  by 

(xiv), 


The  resistance  experienced  by  the  ellipsoid  will  therefore  be 

67r/iau  ....................................  (xvi). 

In  the  case  of  a  circular  disk  moving  broadside-on,  we  have  a=0,  6  =  c; 
whence  a0  =  2,  ^O=TTOC,  so  that 

a  =  ^-c='85c. 
3?r 

We  must  not  delay  longer  over  problems  which,  for  reasons 
already  given,  have  hardly  any  real  application  except  to  fluids  of 
extremely  great  viscosity.  We  can  therefore  only  advert  to  the 
mathematically  very  elegant  investigations  which  have  been 
given  of  the  steady  rotation  of  an  ellipsoid*,  and  of  the  flow 

*  Edwardes,  Quart.  Journ.  Math.,  t.  xxvi.,  pp.  70,  157  (1892). 
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through  a  channel  bounded  by  a  hyperboloid  of  revolution  (of  one 
sheet)*. 

Some  examples  of  a  different  kind,  relating  to  two-dimensional 
steady  motions  in  a  circular  cylinder,  due  to  sources  and  sinks  in 
various  positions  on  the  boundary,  have  been  recently  discussed 
by  Lord  Rayleigh-f. 

297.  Some  general  theorems  relating  to  the  dissipation  of 
energy  in  the  steady  motion  of  a  liquid  under  constant  extra- 
neous forces  have  been  given  by  von  Helmholtz  and  Korteweg. 
They  involve  the  assumption  that  the  terms  of  the  second  order  in 
the  velocities  may  be  neglected. 

1°.  Considering  the  motion  in  a  region  bounded  by  any  closed  surface  2, 
let  u,  #,  w  be  the  component  velocities  in  the  steady  motion,  and  u  +  u\  v+v't 
w  +  v/  the  values  of  the  same  components  in  any  other  motion  subject  only  to 
the  condition  that  u',  vft  w'  vanish  at  all  points  of  the  boundary  2.  By 
Art.  287  (3),  the  dissipation  in  the  altered  motion  is  equal  to 

JJJ«|^+yj(«+^  +  .«^ 

where  the  accent  attached  to  any  symbol  indicates  the  value  which  the 
function  in  question  assumes  when  u,  v,  w  are  replaced  by  u',  v',  w'.  Now  the 
formulse  (2),  (3)  of  Art.  284  shew  that,  in  the  case  of  an  incompressible  fluid, 


/«jgr+2X^ (ii), 

each  side  being  a  symmetric  function  of  a,  6,  c,  /,  <?,  h  and  a',  6',  c',  /',  g',  h'. 
Hence,  and  by  Art.  287,  the  expression  (i)  reduces  to 

JJJ$  dxdydz  +  JJJV  dxdy  dz  +  2  jjj(pxxa'  +pvyb'  +pzzc' 

+  Zpyzf  4-  Zpzxd'  +  2>Pxyti}  dxdydz (iii). 

The  last  integral  may  be  written 

du' 


and  by  a  partial   integration,  remembering  that  u\  v',  w'  vanish   at  the 
boundary,  this  becomes 


or  JS  jp(Xu'+  TV'  +  Zw')  dxdydz  .......................  (vi), 

*  Sampson,  1.  c.  ante  p.  134. 

t  "On  the  Flow  of  Viscous  Liquids,  especially  in  Two  Dimensions,"  PhiL  Mag., 
Oct.  1893. 
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by  Art.  286.    If  the  extraneous  forces  Jf,  T,  Z  have  a  single-valued  potential, 
this  vanishes,  in  virtue  of  the  equation  of  continuity,  by  Art.  42  (4). 

Under  these  conditions  the  dissipation  in  the  altered  motion  is  equal  to 

(vii), 


or  2  (F+F'}.  That  is,  it  exceeds  the  dissipation  in  the  steady  motion  by  the 
essentially  positive  quantity  2F'  which  represents  the  dissipation  in  the 
motion  u',  v',  w'. 

In  other  words,  provided  the  terms  of  the  second  order  in  the  velocities 
may  be  neglected,  the  steady  motion  of  a  liquid  under  constant  forces  having 
a  single-valued  potential  is  characterized  by  the  property  that  the  dissipation 
in  any  region  is  less  than  in  any  other  motion  consistent  with  the  same 
values  of  u,  v,  w  at  the  boundary. 

It  follows  that,  with  prescribed  velocities  over  the  boundary,  there  is  only 
one  type  of  steady  motion  in  the  region*. 

2°.     If  u,  v,  w  refer  to  any  motion  whatever  in  the  given  region,  we  have 

......  (viii), 


since  the  formula  (ii)  holds  when  dots  take  the  place  of  accents. 

The  treatment  of  this  integral  is  the  same  as  before.     If  we  suppose  that 
u,  v,  w  vanish  over  the  bounding  surface  2,  we  find 


Yv+Zw)  dxdydz...(ix). 

The  latter  integral  vanishes  when  the  extraneous  forces  have  a  single- 
valued  potential,  so  that 

/=  -p  \ti(u>  +  v*  +  w*}dxdydz  .....................  (x). 

This  is  essentially  negative,  so  that  F  continually  diminishes,  the  process 
ceasing  only  when  ^=0,  v  =  0,  ^=0,  that  is,  when  the  motion  has  become 
steady. 

Hence  when  the  velocities  over  the  boundary  2  are  maintained  constant, 
the  motion  in  the  interior  will  tend  to  become  steady.  The  type  of  steady 
motion  ultimately  attained  is  therefore  stable,  as  well  as  unique  f. 

It  has  been  shewn  by  Lord  RayleighJ  that  the  above  theorem  can  be 
extended  so  as  to  apply  to  any  dynamical  system  devoid  of  potential  energy, 

*  Helmholtz,  "  Zur  Theorie  der  stationaren  Strome  in  reibenden  Fliissig- 
keiten,"  Verh.  d.  naturhist.-med.  Vereins,  Oct.  30,  1868  ;  Wiss.  Abh.,  t.  i.,  p.  223. 

t  Korteweg,  "On  a  General  Theorem  of  the  Stability  of  the  Motion  of  a  Viscous 
Fluid,"  Phil.  Mag.,  Aug.  1883, 

J  I.e.  ante  p.  526. 
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in  which  the  kinetic  energy  (T)  and  the  dissipation-function  (F)  can  be 
expressed  as  quadratic  functions  of  the  generalized  velocities,  with  constant 
coefficients. 

If  the  extraneous  forces  have  not  a  single-valued  potential,  or  if  instead  of 
given  velocities  we  have  given  tractions  over  the  boundary,  the  theorems 
require  a  slight  modification.  The  excess  of  the  dissipation  over  double  the 
rate  at  which  work  is  being  done  by  the  extraneous  forces  (including  the 
tractions  on  the  boundary)  tends  to  a  unique  minimum,  which  is  only 
attained  when  the  motion  is  steady*. 


Periodic  Motion. 

298.  We  next  examine  the  influence  of  viscosity  in  various 
problems  of  small  oscillations. 

We  begin  with  the  case  of  '  laminar  '  motion,  as  this  will  enable 
us  to  illustrate  some  points  of  great  importance,  without  elaborate 
mathematics.  If  we  assume  that  v  =  0,  w  =  0,  whilst  u  is  a 
function  of  y  only,  the  equations  (4)  of  Art.  286  require  that 

p  =  const.,  and 

du       <$u 


This  has  the  same  form  as  the  equation  of  linear  motion  of 
heat.  In  the  case  of  simple-harmonic  motion,  assuming  a  time- 
factor  ei(<rt+f),  we  have 


the  solution  of  which  is 

u  =  Ae*+i>to  +  Be-*+i>to  ......................  (3), 

provided  £=(<r/2v)*  ...........................  (4). 

Let  us  first  suppose  that  the  fluid  lies  on  the  positive  side  of 
the  plane  xz,  and  that  the  motion  is  due  to  a  prescribed  oscillation 

) 


of  a  rigid  surface  coincident  with  this  plane.  If  the  fluid  extend 
to  infinity  in  the  direction  of  y-positive,  the  first  term  in  (3)  is 
excluded,  and  determining  B  \>y  the  boundary-condition  (5),  we 
have 


Cf.  Helmholtz,  I.  c. 
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or,  taking  the  real  part, 

corresponding  to  a  prescribed  motion 

u  =  a  cos  (<rt  +  e) (8) 

at  the  boundary*. 

The  formula  (7)  represents  a  wave  of  transversal  vibrations 
propagated  inwards  from  the  boundary  with  the  velocity  er//3,  but 
with  rapidly  diminishing  amplitude,  the  falling  off  within  a  wave- 
length being  in  the  ratio  e~27r,  or  ^L. 

The  linear  magnitude 

27T//3    Or    (47TZ/  .  2?r/<7)* 

is  of  great  importance  in  all  problems  of  oscillatory  motion  which 
do  not  involve  changes  of  density,  as  indicating  the  extent  to 
which  the  effects  of  viscosity  penetrate  into  the  fluid.  In  the 
case  of  air  (y  —  '13)  its  value  is  1'28P*  centimetres,  if  P  be  the 
period  of  oscillation  in  seconds.  For  water  the  corresponding 
value  is  '47P*.  We  shall  have  further  illustrations,  presently, 
of  the  fact  that  the  influence  of  viscosity  extends  only  to  a  short 
distance  from  the  surface  of  a  body  performing  small  oscillations 
with  sufficient  frequency. 

The  retarding  force  on  the  rigid  plane  is,  per  unit  area, 

rj  ni    I 

=  fjL/Ba  {cos  (at  +  e)  —  sin  (art  +  e)} 
Uz/=o 

=  pit  a*  a  cos  (at  +  e  +  J  TT) (9). 

The  force  has  its  maxima  at  intervals  of  one-eighth  of  a  period 
before  the  oscillating  plane  passes  through  its  mean  position. 

On  the  forced  oscillation  above  investigated  we  may  superpose  any  of  the 
normal  modes  of  free  motion  of  which  the  system  is  capable.  If  we  assume 
that 

u  a  A  cos  my  +  Bsin  my (i), 

and  substitute  in  (1),  we  find 
whence  we  obtain  the  solution 


='S(A  cos  my  +  B  sin  my}  e 
*  Stokes,  1.  c.  ante  p.  518. 
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The  admissible  values  of  m,  and  the  ratios  A  :  B  are  as  a  rule  determined 
by  the  boundary  conditions.  The  arbitrary  constants  which  remain  are  then 
to  be  found  in  terms  of  the  initial  conditions,  by  Fourier's  methods. 

In  the  case  of  a  fluid  extending  from  y  =  -  <x>  to  y  =  +  QO  ,  all  real  values  of 
m  are  admissible.  The  solution,  in  terms  of  the  initial  conditions,  can  in 
this  case  be  immediately  written  down  by  Fourier's  Theorem  (Art.  227  (15)). 
Thus 

j      /•»  ,-w 

u  =  -  I    dm  I      f(\)cosm(y  —  \)e~vmd\ (iv), 

n  J  0  J  -oo 

if  «=/(y) (v) 

be  the  arbitrary  initial  distribution  of  velocity. 

The  integration  with  respect  to  m  can  be  effected  by  the  known  formula 


We  thus  find 


f  e-(y~x^vtf(\)d\..  ...(vii). 

_00 


As  a  particular  case,  let  us  suppose  that  f(y)=  +  U,  where  the  upper  or 
lower  sign  is  to  be  taken  according  as  y  is  positive  or  negative.  This  will 
represent  the  case  of  an  initial  surface  of  discontinuity  coincident  with  the 
plane  y=0.  After  the  first  instant,  the  velocity  at  this  surface  will  be  zero 
on  both  sides.  We  find 

TT  C<B 

U •"  \  \&  ~~~  &  }  €ff\  ....    .......  ( Vlll ). 

O  f— «./N*   / 
^  \TTVl)    J  o 

By  a  change  of  variables,  and  easy  reductions,  this  can  be  brought  to  the 
form 


where  in  Glaisher's  (revised)  notation  f 

Erf  #=        -*<fc  ..............................  (x). 


9 

The  function  27r~*Erf  x  was  tabulated  by  EnckeJ.  It  appears  that  u  will 
equal  \U  when  y/2v*t*  ='4769.  For  water,  this  gives,  in  seconds  and  centi- 
metres, 


*  Lord  Rayleigh,  "On  the  Stability,  or  Instability,  of  certain  Fluid  Motions," 

Proc.  Lond.  Math.  Soc.,  t.  xi.,  p.  57  (1880). 

t  See  Phil  Mag.,  Dec.  1871,  and  Encyc.  Britann.,  Art.  "  Tables." 

J  Berl.  Ast.    Jahrbuch,  1834.     The  table  has  been  reprinted  by  De  Morgan, 

Encyc.  Metrop.,  Art.  "Probabilities,"  and  Lord  Kelvin,  Math,  and  Phys.  Papers^ 

t.  iii.,  p.  434. 
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The  corresponding  result  for  air  is 


These  results  indicate  how  rapidly  a  surface  of  discontinuity,  if  it  could 
ever  be  formed,  would  be  obliterated  in  a  viscous  fluid. 

The  angular  velocity  (<•>)  of  the  fluid  is  given  by 

du        U 


—  T  ........................  (xi). 

fy      (in*)* 

This  represents  the  diffusion  of  the  angular  velocity,  which  is  initially 
confined  to  a  vortex-sheet  coincident  with  the  plane  y=0,  into  the  fluid  on 
either  side. 

299.  When  the  fluid  does  not  extend  to  infinity,  but  is 
bounded  by  a  fixed  rigid  plane  y  =  h,  then  in  determining  the 
motion  due  to  a  forced  oscillation  of  the  plane  y  =  0  both  terms  of 
(3)  are  required,  and  the  boundary  conditions  give 

A  +  B  =  a, 


whence  u  =  a  7      .  *™  .,  „  (11), 


sm 


as  is  easily  verified.     This  gives  for  the  retarding  force  per  unit 
area  on  the  oscillating  plane 


acoth(l  +  i)ph.ei&+*)...(12). 

The  real  part  of  this  may  be  reduced  to  the  form 
/o    _    sinh  2j3h  cos  (o~t  +  e  -f  ITT)  +  sin  2/3h  sin  (at  -\-  e  +  -TTT) 

A/ AjjjfcjCL 

cosh  2/3h  —  cos  2/S/i 

(13). 

When  @h  is  moderately  large  this  is  equivalent  to  (9)  above ; 
whilst  for  small  values  of  (3h  it  reduces  to 

as  might  have  been  foreseen. 

This  example  contains  the  theory  of  the  modification  introduced  by 
Maxwell*  into  Coulomb's  method  t  of  investigating  the  viscosity  of  liquids  by 
the  rotational  oscillation  of  a  circular  disk  in  its  own  (horizontal)  plane.  The 

*  1.  c.  ante  p.  513. 

t  Mem.  de  Vlnst.,  t.  Hi.  (1800). 
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addition  of  fixed  parallel  disks  at  a  short  distance  above  and  below  greatly 
increases  the  effect  of  viscosity. 

The  free  modes  of  motion  are  expressed  by  (iii),  with  the  conditions  that 
u  =  0  for  y=Q  and  y  =  h.  This  gives  .4=0  and  mh=8Tr,  where  s  is  integral. 
The  corresponding  moduli  of  decay  are  then  given  by  r=l/vm2. 


300.     As  a  further  example,  let  us  take  the  case  of  a  force 
X=fcos(at  +  €)  .....................  (1), 

acting  uniformly  on  an  infinite  mass  of  water  of  uniform  depth  h. 
The  equation  (1)  of  Art.  298  is  now  replaced  by 

du       d*u 

-T:  =  *>  -j-;  -+X  ........................  ^2). 

dt        d* 


If  the  origin  be  taken  in  the  bottom,  the  boundary  -conditions 
are  u  =  0  for  y  =  0,  and  dujdy  =  0  for  y  =  h  ;  this  latter  condition 
expressing  the  absence  of  tangential  force  on  the  free  surface. 
Replacing  (1)  by 


we  find      «— 

if  £  =  (<r/2i/)*,  as  before. 

When  fth  is  large,  the  expression  in  {  }  reduces  practically  to 
its  first  term  for  all  points  of  the  fluid  whose  height  above  the 
bottom  exceeds  a  moderate  multiple  of  ft~l.  Hence,  taking  the 
real  part, 

u  =  —  sin  (<rt  -f  e)  ........................  (5). 

(7 

This  shews  that  the  bulk  of  the  fluid,  with  the  exception  of  a 
stratum  at  the  bottom,  oscillates  exactly  like  a  free  particle,  the 
effect  of  viscosity  being  insensible.  For  points  near  the  bottom 
the  formula  (4)  becomes 


(7 

or,  on  rejecting  the  imaginary  part, 


u  =-  sin(<7*  +  e)  --er*san  (at  - 
cr  (7 


(6), 
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This  might  have  been  obtained  directly,  as  the  solution  of  (2) 
satisfying  the  conditions  that  u  =  0  for  y  =  0,  and 


u  =fl<r  .  sin  (crt  +  e) 


for  large  values  o 


The  curves  A,  B,  (7,  Z),  E,  F  in  the  accompanying  figure  represent 
successive  forms  assumed  by  the  same  line  of  particles  at  intervals  of 
one-tenth  of  a  period.  To  complete  the  series  it  would  be  necessary  to  add 
the  images  of  E,  D,  C,  B  with  respect  to  the  vertical  through  0.  The  whole 
system  of  curves  may  be  regarded  as  successive  aspects  of  a  properly  shaped 
spiral  revolving  uniformly  about  a  vertical  axis  through  0.  The  vertical  range 
of  the  diagram  is  one  wave-length  (2ir//3)  of  the  laminar  disturbance. 


As  a  numerical  illustration  we  note  that  if  i/  =  '0l78,  and  27r/o-  =  12  hours, 
we  find  3~1  =  15'6  centimetres.  This  indicates  how  utterly  insensible  must 
be  the  direct  action  of  viscosity  on  oceanic  tides.  There  can  be  no  doubt  that 
the  dissipation  of  energy  by  '  tidal  friction '  takes  place  mainly  through  the 
eddying  motion  produced  by  the  exaggeration  of  tidal  currents  in  shallow 
water.  Cf.  Art.  310. 
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When  f$h  is  small  the  real  part  of  (4)  gives 

...............  (8), 


the  velocity  being  in  the  same  phase  with  the  force,  and  varying 
inversely  as  v. 

301.  To  find  the  effect  of  viscosity  on  free  waves  on  deep 
water  we  may  make  use  of  the  Dissipation  -Function  of  Art.  287, 
in  any  of  the  forms  there  given,  the  simplest  for  our  purpose 
being 


since,  by  Art.  279,  the  dissipation  may,  under  a  certain  restriction, 
be  calculated  as  if  the  motion  were  irrotational. 

To  put  the  calculation  in  a  form  which  shall  apply  at  once  to 
the  case  where  capillary  as  well  as  gravitational  forces  are  taken 
into  account,  we  recall  that,  corresponding  to  the  surface-elevation 

7j  =  a  sin  k  (x  —  ct) (2), 

we  have  <f>  =  acekv  Cos  k  (x  —  ct) (3), 

since  this  makes  diy/dt  =  —  d$/dy  for  y  —  0.     Hence 

and  the  dissipation  is,  by  (1), 

2/*&3c2a2 (5), 

per  unit  area  of  the  surface.     The  kinetic  energy, 

-j7&& (6), 


has  a  mean  value  ^pktfa?  per  unit  area.     The  total  energy,  being 
double  of  this,  is 

..............................  (7). 


Hence,  equating  the  rate  of  decay  of  the  energy  to  the  dissipa- 
tion, we  have 

..................  (8), 


or 
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whence  a  =  ^e-^m  ........................  (10). 


The  '  modulus  of  decay/  r,  is  therefore  given  by  T  =  l/2^&2,  or, 
in  terms  of  the  wave-length  (X), 


........................  (11)*. 

In  the  case  of  water,  this  gives 

T=  712X2  seconds, 

if  X  be  expressed  in  centimetres.  It  follows  that  capillary  waves 
are  very  rapidly  extinguished  by  viscosity  ;  whilst  for  a  wave- 
length of  one  metre  r  would  be  about  2  hours. 

The  above  method  rests  on  the  assumption  that  or  is  moderately  large, 
where  o-(  =  kc}  denotes  the  'speed.'  In  mobile  fluids  such  as  water  this 
condition  is  fulfilled  for  all  but  excessively  minute  wave-lengths. 

The  method  referred  to  fails  for  another  reason  when  the  depth  is  less  than 
(say)  half  the  wave-length.  Owing  to  the  practically  infinite  resistance  to 
slipping  at  the  bottom,  the  dissipation  can  no  longer  be  calculated  as  if  the 
motion  were  irrotational. 

302.     The   direct    calculation   of  the   effect   of  viscosity   on 
water  waves  can  be  conducted  as  follows. 

If  the  axis  of  y  be  drawn  vertically  upwards,  and  if  we  assume 
that  the  motion  is  confined  to  the  two  dimensions  #,  y,  we  have 


dt 

dv 
— 
dt 

These  are  satisfied  by 


_  v  =  _ 

dx      dy  dy      dx 


and 


*  Stokes,  1.  c.  ante  p.  518.     (Through  an  oversight  in  the  calculation  the  value 
obtained  for  r  was  too  small  by  one-half.) 

L.  35 
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provided  V^  =  0, 


(5), 


where  V,2  =  d^daf  +  d"/df . 


To  determine  the  '  normal  modes  '  which  are  periodic  in 
respect  of  a,  with  a  prescribed  wave-length  2-7T/&,  we  assume  a 
time-factor  e?*  and  a  space-factor  eikx.  The  solutions  of  (5)  are 
then 


with  ra2  =  &2  +  a/z/  ...........................  (7). 

The  boundary-conditions  will  supply  equations  which  are  sufficient 
to  determine  the  nature  of  the  various  modes,  and  the  corre- 
sponding values  of  a. 

In  the  case  of  infinite  depth  one  of  these  conditions  takes  the 
form  that  the  motion  must  be  finite  for  y  =  —  oo  .  Excluding  for 
the  present  the  cases  where  m  is  pure-imaginary,  this  requires 
that  B  =  Q,  D  =  0,  provided  m  denote  that  root  of  (7)  which  has 
its  real  part  positive.  Hence 


If  ?;  denote  the  elevation  at  the  free  surface,  we  must  have 
drj/dt  =  v.  If  the  origin  of  y  be  taken  in  the  undisturbed  level, 
this  gives 

<n  =  --(A-iC)eikx+°t  ...............  (9). 

a 

If  Tl  denote  the  surface-tension,  the  stress-conditions  at  the 
surface  are  evidently 

Pyy  =  T'   **-<>  ..................  (10). 


to  the   first   order,  since  the  inclination  of  the  surface  to  the 
horizontal  is  assumed  to  be  infinitely  small.     Now 

dv     du 
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whence,  by  (4)  and  (6)  we  find,  at  the  surface, 


A  -  i  (gk  +  T'ks  +  2vkma)  C}...  .(12), 
^  =  -{2ivk*A+(a  +  2vk*)C}  ...............  (13), 

where    Tf  =  T-^jp,  the    common   factor   eikx+at  being    understood. 
Substituting  in  (10),  and  eliminating  the  ratio  A  :  C,  we  obtain 

(a  +  2vk*)2  +  gk+T'ks  =  4<vJ<?m  ............  (14). 

If  we  eliminate  m  by  means  of  (7),  we  get  a  biquadratic  in  a, 
but  only  those  roots  are  admissible  which  give  a  positive  value  to 
the  real  part  of  the  left-hand  member  of  (14),  and  so  make  the 
real  part  of  m  positive. 

If  we  write,  for  shortness, 

gk  +  T'k3  =  a\     vk*/<r  =  6,     a  +  2vk2  =  xv  ......  (15), 

the  biquadratic  in  question  takes  the  form 

(tf2  +  l)2=16<93(#-<9)  ..................  (16). 

It  is  not  difficult  to  shew  that  this  has  always  two  roots  (both 
complex)  which  violate  the  restriction  just  stated,  and  two 
admissible  roots  which  may  be  real  or  complex  according  to  the 
magnitude  of  the  ratio  6.  If  X  be  the  wave-length,  and  c  (=  cr/k) 
the  wave-velocity  in  the  absence  of  friction,  we  have 

0=vk/c  =  (27rvlc)  +  \  ..................  (17). 

Now,  for  water,  if  cm  denote  the  minimum  wave-velocity  of 
Art.  246,  we  find  27ri>/cm  =  '0048  cm.,  so  that  except  for  very 
minute  wave-lengths  6  is  a  small  number.  Neglecting  the  square 
of  0,  we  have  x  =  ±  i,  and 

a  =  -2vfr±i<r  ........................  (18). 

The  condition  pxy  =  0  shews  that 

CIA  =  -  2ivte/(a  +  2vfr)  =  +  2^2/o-  ............  (19), 

which  is,  under  the  same  circumstances,  very  small.     Hence  the 
motion  is  approximately  irrotational,  with  a  velocity-potential 

(20). 
35—2 
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If  we  put  a  =  +  kAjcr,  the  equation  (9)  of  the  free  surface 
becomes,  approximately,  on  taking  the  real  part, 

<n  =  ae-*m$m(kx±at)  ..................  (21). 


The  wave-velocity  is  o-jk,  or  (g/k  +  Tk)*,  as  in  Art.  246,  and 
the  law  of  decay  is  that  investigated  independently  in  the  last  Art. 

To  examine  more  closely  the  character  of  the  motion,  as  affected  by 
viscosity,  we  may  calculate  the  angular  velocity  (o>)  at  any  point  of  the  fluid. 
This  is  given  by 

dv     du 

2a>=-=  ---  =- 

dx     dy 


Now,  from  (7)  and  (18),  we  have,  approximately, 

ra  =  (l±^)/3,  where  /3  =  (o-/2i/)*. 
With  the  same  notation  as  before,  we  find 

0>=+<rkae-Zvk''t+Msm{kx±(<rt+py)}  .................  (ii). 

This  diminishes  rapidly  from  the  surface  downwards,  in  accordance  with 
the  analogy  pointed  out  in  Art.  286.  Owing  to  the  oscillatory  character  of 
the  motion,  the  sign  of  the  vortex-motion  which  is  being  diffused  inwards 
from  the  surface  is  continually  being  reversed,  so  that  beyond  a  stratum  of 
thickness  comparable  with  2?r//3  the  effect  is  insensible,  just  as  the  fluctuations 
of  temperature  at  the  earth's  surface  cease  to  have  any  influence  at  a  depth 
of  a  few  yards. 

In  the  case  of  a  very  viscous  fluid,  such  as  treacle  or  pitch,  6 
may  be  large  even  when  the  wave-length  is  considerable.  The 
admissible  roots  of  (16)  are  then  both  real.  One  of  them  is 
evidently  nearly  equal  to  20,  and  continuing  the  approximation 
we  find 


whence,  neglecting  capillarity,  we  have,  by  (15), 

a  =  -g/2kv  ........................  (22). 

The  remaining  real  root  is  T090,  nearly,  which  gives 

(23). 


The  former  root  is  the  more  important.  It  represents  a  slow 
creeping  of  the  fluid  towards  a  state  of  equilibrium  with  a  horizontal 
surface  ;  the  rate  of  recovery  depending  on  the  relation  between 
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the  gravity  of  the  fluid  (which  is  proportional  to  gp)  and  the 
viscosity  (//,),  the  influence  of  inertia  being  insensible.  It  appears 
from  (7)  and  (15)  that  m  =  k,  nearly,  so  that  the  motion  is  ap- 
proximately irrotational. 

The  type  of  motion  corresponding  to  (23),  on  the  other  hand, 
depends,  as  to  its  persistence,  on  the  relation  between  the  inertia 
(p)  and  the  viscosity  (/it),  the  effect  of  gravity  being  unimportant. 
It  dies  out  very  rapidly. 

The  above  investigation  gives  the  most  important  of  the  normal  modes,  of 
the  prescribed  wave-length,  of  which  the  system  is  capable.  We  know  a  priori 
that  there  must  be  an  infinity  of  others.  These  correspond  to  pure-imaginary 
values  of  m,  and  are  of  a  less  persistent  character.  If  in  place  of  (6)  we 
assume 


with  m'2=-F-a/i/  ..................................  (iv), 

and  carry  out  the  investigation  as  before,  we  find 

(a2  +  2i/Fa  +gk  +  T'k3)  A  -  i(gk  +  T'&}  C-  Zivkm'aD  =  0} 

2itfA  +  (k2-m'*)C=Q)   .........  W* 

Any  real  value  of  m!  is  admissible,  these  equations  determining  the  ratios 
A  :  C  :  D  ;  and  the  corresponding  value  of  a  is 

a=  -^(F  +  m'2)  ................................  (vi). 

In  any  one  of  these  modes  the  plane  xy  is  divided  horizontally  and 
vertically  into  a  series  of  quasi-rectangular  compartments,  within  each  of 
which  the  fluid  circulates,  gradually  coming  to  rest  as  the  original  momentum 
is  spent  against  viscosity. 

By  a  proper  synthesis  of  the  various  normal  modes  it  must  be  possible  to 
represent  the  decay  of  any  arbitrary  initial  disturbance. 

303.  The  equations  (12)  and  (13)  of  the  preceding  Art. 
enable  us  to  examine  a  related  question  of  some  interest,  viz.  the 
generation  and  maintenance  of  waves  against  viscosity,  by  suit- 
able forces  applied  to  the  surface. 

If  the  external  forces  p'yyt  p'xy  be  given  multiples  of  elkx+at, 
where  k  and  a  are  prescribed,  the  equations  in  question  deter- 
mine A  and  C,  and  thence,  by  (9),  the  value  of  rj.  Thus  we  find 

Pjuv  _  (ct2  +  2vk*a.  +  o-2)  A  -  i  (a2  +  Zvkma)  G 
gprj-  gk(A-iG)    ' 

p'xy      o_   2ivk*  A  +  (PL  +  2vtf)  G 
gk  '  A-iC 
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Let  us  first  examine  the  effect  of  a  purely  tangential  force. 
Assuming  p'yy  =  0,  we  find 

p^y  _m    (a  +  2z/fc2)2  +  <r2  -  4i/2A?m 
gpr)~~gk'      ~  a  +  2vk*  -  2vkm 

For  a  given  wave-length,  the  elevation  will  be  greatest  when 
a=  ±  icr,  nearly.  To  find  the  force  necessary  to  maintain  a  train 
of  waves  of  given  amplitude,  travelling  in  the  direction  of  x- 
positive,  we  put  a  =  —  icr.  Assuming,  for  a  reason  already  indi- 
cated, that  vk2/cr  and  vkm/cr  are  small,  we  find 

P'xylgpv  =  *vk<r/ff,  or  P'*y  =  4M<"/  M  —  .......  W- 

Hence  the  force  acts  forwards  on  the  crests  of  the  waves,  and 
backwards  at  the  troughs,  changing  sign  at  the  nodes.  A  force 
having  the  same  distribution,  but  less  intensity  in  proportion  to 
the  height  of  the  waves  than  that  given  by  (4),  would  only  retard, 
without  preventing,  the  decay  of  the  waves  by  viscosity.  A  force 
having  the  opposite  sign  would  accelerate  this  decay. 

The  case,  of  purely  normal  force  can  be  investigated  in  a 
similar  manner.  If  p'xy  =  0,  we  have 

(a  +  2z/P)2  4-  o-2  - 


. 

...............  (  O  ). 

gm  g 

The  reader  may  easily  satisfy  himself  that  when  uhere  is  no 
viscosity  this  coincides  with  the  result  of  Art.  226.  If  we  put 
a  =  —  icr,  we  obtain,  with  the  same  approximations  as  before, 

p'yy  =  —  4fifjikcrrj  ........................  (6). 

Hence  the  wave-system 

T]  =  a  sin  (lex  —  a~t)  .....................  .  .  .(7) 

will  be  maintained  without  increase  or  decrease  by  the  pressure- 
distribution 

p'  —  const.  +  4>jj,kao-  cos  (kx  —  cri)  ...............  (8), 

applied  to  the  surface.  It  appears  that  the  pressure  is  greatest  on 
the  rear  and  least  on  the  front  slopes  of  the  waves*. 

If  we  call  to  mind  the  phases  of  the  particles,  revolving  in  their 
circular  orbits,  at  different  parts  of  a  wave-profile,  it  is  evident 

*  This  agrees  with  the  result  given  at  the  end  of  Art.  226,  where,  however,  the 
dissipative  forces  were  of  a  different  kind. 
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that  the  forces  above  investigated,  whether  normal  or  tangential, 
are  on  the  whole  urging  the  surface-particles  in  the  directions  in 
which  they  are  already  moving. 

Owing  to  the  irregular,  eddying,  character  of  a  wind  blowing 
over  a  roughened  surface,  it  is  not  easy  to  give  more  than  a 
general  explanation  of  the  manner  in  which  it  generates  and 
maintains  waves.  It  is  not  difficult  to  see,  however,  that  the 
action  of  the  wind  will  tend  to  produce  surface  forces  of  the 
kinds  above  investigated.  When  the  air  is  moving  in  the  direction 
in  which  the  wave-form  is  travelling,  but  with  a  greater  velocity, 
there  will  evidently  be  an  excess  of  pressure  on  the  rear-slopes,  as 
well  as  a  tangential  drag  on  the  exposed  crests.  The  aggregate 
effect  of  these  forces  will  be  a  surface  drift,  and  the  residual 
tractions,  whether  normal  or  tangential,  will  have  on  the  whole 
the  distribution  above  postulated.  Hence  the  tendency  will  be  to 
increase  the  amplitude  of  the  waves  to  such  a  point  that  the 
dissipation  balances  the  work  done  by  the  surface  forces.  In  like 
manner  waves  travelling  faster  than  the  wind,  or  against  the  wind, 
will  have  their  amplitude  continually  reduced*. 

It  has  been  shewn  (Art.  246)  that,  under  the  joint  influence 
of  gravity  and  capillarity,  there  is  a  minimum  wave-velocity 
of  23*2  cm.  per  sec.,  or  '45  miles  per  hour.  Hence  a  wind  of 
smaller  velocity  than  this  is  incapable  of  reinforcing  waves 
accidentally  started,  which,  if  of  short  wave-length,  must  be 
rapidly  extinguished  by  viscosity  *|*.  This  is  in  accordance  with 
the  observations  of  Scott  Russell J,  from  whose  paper  we  make 
the  following  interesting  extract : 

"Let  [a  spectator]  begin  his  observations  in  a  perfect  calm,  when  the 
surface  of  the  water  is  smooth  and  reflects  like  a  mirror  the  images  of 
surrounding  objects.  This  appearance  will  not  be  affected  by  even  a  slight 
motion  of  the  air,  and  a  velocity  of  less  than  half  a  mile  an  hour  (8£  in.  per  sec.) 
does  not  sensibly  disturb  the  smoothness  of  the  reflecting  surface.  A  gentle 
zephyr  flitting  along  the  surface  from  point  to  point,  may  be  observed  to 
destroy  the  perfection  of  the  mirror  for  a  moment,  and  on  departing,  the 
surface  remains  polished  as  before  ;  if  the  air  have  a  velocity  of  about  a  mile 
an  hour,  the  surface  of  the  water  becomes  less  capable  of  distinct  reflexion,  and 

*  Cf.  Airy,  "Tides  and  Waves,"  Arts.  265—272;  Stokes,  Comb.  Trans.,  t.  ix., 
p.  [62]  ;  Lord  Bayleigh,  1.  c.  ante  p.  526. 
t  Sir  W.  Thomson,  1.  c.  ante  p.  446. 
J  I.e.  ante  p.  455. 
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on  observing  it  in  such  a  condition,  it  is  to  be  noticed  that  the  diminution  of 
this  reflating  power  is  owing  to  the  presence  of  those  minute  corrugations  of 
the  superficial  film  which  form  waves  of  the  third  order  [capillary  waves].... 
This  first  stage  of  disturbance  has  this  distinguishing  circumstance,  that  the 
phenomena  on  the  surface  cease  almost  simultaneously  with  the  intermission 
of  the  disturbing  cause  so  that  a  spot  which  is  sheltered  from  the  direct  action 
of  the  wind  remains  smooth,  the  waves  of  the  third  order  being  incapable  of 
travelling  spontaneously  to  any  considerable  distance,  except  when  under  the 
continued  action  of  the  original  disturbing  force.  This  condition  is  the 
indication  of  present  force,  not  of  that  which  is  past.  While  it  remains  it 
gives  that  deep  blackness  to  the  water  which  the  sailor  is  accustomed  to 
regard  as  the  index  of  the  presence  of  wind,  and  often  as  the  forerunner  of 
more. 

"  The  second  condition  of  wave  motion  is  to  be  observed  when  the  velocity 
of  the  wind  acting  on  the  smooth  water  has  increased  to  two  miles  an  hour. 
Small  waves  then  begin  to  rise  uniformly  over  the  whole  surface  of  the  water  ; 
these  are  waves  of  the  second  order,  and  cover  the  water  with  considerable 
regularity.  Capillary  waves  disappear  from  the  ridges  of  these  waves,  but  are 
to  be  found  sheltered  in  the  hollows  between  them,  and  on  the  anterior  slopes 
of  these  waves.  The  regularity  of  the  distribution  of  these  secondary  waves 
over  the  surface  is  remarkable ;  they  begin  with  about  an  inch  of  amplitude, 
and  a  couple  of  inches  long ;  they  enlarge  as  the  velocity  or  duration  of  the 
wave  increases ;  by  and  by  the  coterminal  waves  unite ;  the  ridges  increase, 
and  if  the  wind  increase  the  waves  become  cusped,  and  are  regular  waves  of 
the  second  order  [gravity  waves]*.  They  continue  enlarging  their  dimensions, 
and  the  depth  to  which  they  produce  the  agitation  increasing  simultaneously 
with  their  magnitude,  the  surface  becomes  extensively  covered  with  waves  of 
nearly  uniform  magnitude." 

It  will  be  seen  that  our  theoretical  investigations  give  con- 
siderable insight  into  the  incipient  stages  of  wave-formation.  No 
sufficient  explanation  appears  however  to  have  been  as  yet  given 
of  the  origin  of  the  regular  processions  of  waves  of  greater  length 
which  are  so  conspicuous  a  result  of  the  continued  action  of  wind 
on  a  large  expanse  of  water. 

304.  The  calming  effect  of  oil  on  water  waves  appears  to  be 
due  to  the  variations  of  tension  caused  by  the  extensions  and  con- 
tractions of  the  contaminated  surface f.  The  surface-tension  of 
pure  water  is  less  than  the  sum  of  the  tensions  of  the  surfaces  of 
separation  of  oil  and  air,  and  oil  and  water,  respectively,  so  that  a 

*  Scott  Kussell's  wave  of  the  first  order  is  the  '  solitary  wave '  (Art.  234). 

t  Keynolds,  "On  the  Effect  of  Oil  in  destroying  Waves  on  the  Surface  of 
Water,"  Brit.  Ass.  Rep.,  1880;  Aitken,  "On  the  Effect  of  Oil  on  a  Stormy  Sea, 
Proc.  Eoy.  Soc.  Edin.,  t.  xii.,  p.  56  (1883). 
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drop  of  oil  thrown  on  water  is  gradually  drawn  out  into  a  thin  film. 
If  the  film  be  sufficiently  thin,  say  not  more  than  two  millionths  of 
a  millimetre  in  thickness,  the  tension  is  increased  when  the  thick- 
ness is  reduced  by  stretching,  and  conversely.  It  is  evident  at 
once  from  the  figure  on  p.  374  that  in  oscillatory  waves  any 
portion  of  the  surface  is  alternately  contracted  and  extended, 
according  as  it  is  above  or  below  the  mean  level.  The  consequent 
variations  in  tension  produce  an  alternating  tangential  drag  on  the 
water,  with  a  consequent  increase  in  the  rate  of  dissipation  of 
energy. 

The  preceding  formulae  enable  us  to  submit  this  explanation,  to  a  certain 
extent,  to  the  test  of  calculation. 

Assuming  that  the  surface  tension  varies  by  an  amount  proportional  to 
the  extension,  we  may  denote  it  by 


where  Tt  is  the  tension  in  the  undisturbed  state,  £  is  the  horizontal  displace- 
ment of  a  surface  particle,  and  /  is  a  numerical  coefficient. 

The  internal  motion  of  the  water  is  given  by  the  same  formulae  as  in 
Art.  302.  The  surface-conditions  are  obtained  by  resolving  normally  and 
tangentially  the  forces  acting  on  an  element  of  the  superficial  film.  We  thus 
find,  in  the  case  of  free  waves, 


^y__ 

p  ~  dr,  ~J      dx*} 

where  T  =  TJp.     In  the  derivation  of  the  first  of  these  equations  a  term  of 
the  second  order  has  been  neglected. 

Since  the  time-factor  is  eat,  we  have  |=^/a,  whence,  substituting  from 
Art.  302  (8),  (9),  (11),  we  find,  as  the  expression  of  the  surface-conditions  (ii), 

(a2  +  Wa+gk  +  TO)  A  -  i  (gk  +  TO  +  Zvkma)  C=0,~ 

i  (Zvtfa  +fT'k*}  A  +  (a2  +  2wfc2a  +/TOw)  C=0 
If  we  write 


(iv), 

the  elimination  of  the  ratio  A  :  C  between  the  above  equations  gives 

'?-.•{«*+ (l4Vl=<> (V). 
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This  equation,  with 


determines  the  values  of  a  and  m.    Eliminating  m,  we  find 

(a  +  v&}  {/<r02  (a2  +  o-2)  -  4i/2£V}2  =  vtf  [a2  {(a  +  2,/&2)2  +  o-2}  -/(r  V02]2.  .  .  (  vii), 

or,  if  we  write 

a/a=y,     vk2/<r  =  6  ..............................  (viii), 

This  equation  has  an  extraneous  root  y=0,  and  other  roots  are  in- 
admissible as  giving,  when  substituted  in  (v),  negative  values  to  the  real  part 
of  m.  For  all  but  very  minute  wave-lengths,  6  is  a  small  number  ;  and,  if  we 
neglect  the  square  of  0,  we  obtain 


This  is  satisfied  by  y=  ±i,  approximately;   and  a  closer  approximation  is 
given  by 


leading  to 

Hence,  neglecting  the  small  change  in  the  'speed'  of  the  oscillations, 

The  modulus  of  decay  is  therefore 


in  the  notation  of  Art.  246. 

Under  the  circumstances  to  which  this  formula  applies  the  elasticity  of  the 
oil-film  has  the  effect  of  practically  annulling  the  horizontal  motion  at  the 
surface.  The  dissipation  is  therefore  (within  limits)  independent  of  the 
precise  value  of/. 

The  substitution  of  (x)  for  (ix)  is  permissible  when  6  is  small  compared 
with  /o-02/o-2,  or  c  small  compared  with  fT'/v.  Assuming  i/='018,  7"=  40, 
we  have  7T'/i'  =  2200.  Hence  the  investigation  applies  to  waves  whose 
velocity  is  small  compared  with  2200  centimetres  per  second.  It  appears  on 
examination  that  this  condition  is  fulfilled  for  wave-lengths  ranging  from  a 
fraction  of  a  millimetre  to  several  metres. 

The  ratio  of  the  modulus  (xiv)  to  the  value  (l/2i/£2),  obtained  on  the 
hypothesis  of  constant  surface-tension,  is  4^2  (vk2/o-)  ,  which  is  assumed  to 
be  small.  The  above  numerical  data  make  Am=l'27,  cm  =  20.  Substituting 
in  (xiv)  we  find 


For  X=Am  this  gives  r='43sec.  instead  of  1*41  sec.  as  on  the  hypothesis 
of  constant  tension.     For  larger  values  of  X  the  change  is  greater. 
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When  the  wave-  velocity  c  is  great  compared  with  2200  c.s.,  we  may 
neglect  <r02/V2  in  comparison  with  6.  The  result  is  the  sama  as  if  we  were  to 
put  /=0,  so  that  the  modulus  of  decay  has,  for  sufficiently  long  waves,  the 
value  l/2i>£2  found  in  Art.  301.  The  same  statement  would  apply  to 
sufficiently  minute  crispations  ;  but  6  then  ceases  to  be  small,  and  the 
approximations  break  down  ab  initio.  The  motion,  in  fact,  tends  to  become 
aperiodic. 

305.  Problems  of  periodic  motion  in  two  dimensions,  with  a 
circular  boundary,  can  be  treated  with  the  help  of  Bessel's  Func- 
tions*. The  theory  of  the  Bessel's  Function,  whether  of  the  first 
or  second  kind,  with  a  complex  argument,  involves  however  some 
points  of  great  delicacy,  which  have  been  discussed  in  several 
papers  by  Stokes  f.  To  avoid  entering  on  these,  we  pass  on  to 
the  case  of  a  spherical  boundary  ;  this  includes  various  problems 
of  greater  interest  which  can  be  investigated  with  much  less 
difficulty,  since  the  functions  involved  (the  -fyn  and  Wn  of  Art.  267) 
admit  of  being  expressed  in  finite  forms. 

It  is  convenient,  with  a  view  to  treating  all  such  questions  on 
a  uniform  plan,  to  give,  first,  the  general  solution  of  the  system  of 
equations  : 

(V2  +  h*)u'  =  0,    (V2  +  /*2X  =  0,    (V'J  +  h*)  w'  =  0  ......  (1), 

du'     M     du/__  (} 

dx  +  dy  +  dz  ~ 


in  terms  of  spherical  harmonics.  This  is  an  extension  of  the 
problem  considered  in  Art.  293.  We  will  consider  only,  in  the 
first  instance,  cases  where  uf,  v',  w'  are  finite  at  the  origin. 

The  solutions  fall  naturally  into  two  distinct   classes.     If  r 
denote  the  radius  vector,  the  typical  solution  of  the  First  Class  is 

d        d 


d         d 

'at-  • 


(3), 


*  Cf.  Stokes,  I.e.  ante  p.  518;  Steam,  Quart.  Journ.  Math.,  t.  xvii.  (1881); 
and  the  last  paper  cited  on  p.  558. 

t  "On  the  Discontinuity  of  Arbitrary  Constants  which  appear  in  Divergent 
Developments,"  Camb.  Trans.,  t.  x.  (1857),  and  t.  xi.  (1868). 
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where  ^n  is  a  solid   harmonic  of  positive   degree  n,  and  tyn  is 
denned  by 


1.3...(2re  +  l)          2(2»  +  3) 

......  (4). 

It  is  immediately  verified,  on  reference  to  Arts.  266,  267,  that  the 
above  expressions  do  in  fact  satisfy  (1)  and  (2).  It  is  to  be 
noticed  that  this  solution  makes 

am'  +  yvf  +  zwf  =  0  ........................  (5). 

The  typical  solution  of  the  Second  Class  is 


t'  =  (n  + 1)  ^M  (Ar)  ^P  -  mK+1  (ArJ 

M/t</  /"""  '  -1 

d      <f>n  /a\ 

j--^>i'-W> 


-*~        ^l+1  dz 


where  fyn  is  a  solid  harmonic  of  positive  degree  n.  The  coefficients 
of  tyn-i  (hr)  and  tyn+i  (hr)  in  these  expressions  are  solid  harmonics 
of  degrees  n  —  1  and  n  +  1  respectively,  so  that  the  equations  (1) 
are  satisfied. 

To  verify  that  (2)  is  also  satisfied  we  need  the  relations 

*.'(£>  — «>.H..(f) (7), 

r*.' (0+(2»+i)*.  (»-*._.  (0 (8), 

which  follow  easily  from  (4).     The  formulae  (6)  make 

asu'  +  yv'  +  W  =  n  (n  +  1)  (2w  +  1)  ^  (Ar)  ^ (9), 

the  reduction  being  effected  by  means  of  (7)  and  (8). 
If  we  write 

dw'     dv'     9,_du'     dw'  dv'     du' 

28  =  —5- r~  >    ^       "^ T~  i     -"b  ==  ~? T~"  •  »» 

6       ^2/      dz  dz      dx '  c?a?      dy 
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we  find,  in  the  solutions  of  the  First  Class, 


(11); 

these  make 


?)  =  -n(n  +  l)^n(hr)xn (12). 

In  the  solutions  of  the  Second  Class,  we  have 

d 


=  -  <2n  +  1)  A^.  (Ar)  (y  ~  - 


1'  =  -(2n+l)h^n(hr)(z~-x^r}<t>n\ (13), 


and  therefore 

^^O  .....................  (14). 


In  the  derivation  of  these  results  use  has  been  made  of  (7), 
and  of  the  easily  verified  formula 


To  shew  that  the  aggregate  of  the  solutions  of  the  types  (3) 
and  (6),  with  all  integral  values  of  n,  and  all  possible  forms  of  the 
harmonics  <f>n,  Xn,  constitutes  the  complete  solution  of  the  proposed 
system  of  equations  (1)  and  (2),  we  remark  in  the  first  place  that 
the  equations  in  question  imply 

(V2  +  A2)(#w'  +  2/?/  +  ^/)  =  ()  ...............  (16), 

and  (V»  +  ^)(«f  +  yV  +  O  =  0  ...............  (17). 

It  is  evident  from  Arts.  266,  267  that  the  complete  solution  of 
these,  subject  to  the  condition  of  finiteness  at  the  origin,  is 
contained  in  the  equations  (9)  and  (12),  above,  if  these  be 
generalized  by  prefixing  the  sign  2  of  summation  with  respect  to 
n.  Now  when  xu  +  yv'  +  zw'  and  x%  '  +  yj]  +  z%  are  given  through- 
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out  any  space,  the  values  of  u1,  v',  w'  are  rendered  by  (2)  completely 
determinate.  For  if  there  were  two  sets  of  values,  say  u,  v,  w1 
and  u",  v",  w",  both  satisfying  the  prescribed  conditions,  then, 
writing 

u^  =  u'  —  u",     V-L  =  v'  -  v",     w^  —  w'  —  ?(/', 


we  should  have 

anti  +  yVi  -I-  zw^  =  0; 


.(18). 


== 
dx      dy      dz 

Regarding  u^  ,  v1}  w^  as  the  component  velocities  of  a  liquid,  the 
first  of  these  shews  that  the  lines  of  flow  are  closed  curves  lying 
on  a  system  of  concentric  spherical  surfaces.  Hence  the  '  circula- 
tion' (Art.  32)  in  any  such  line  has  a  finite  value.  On  the 
other  hand,  the  second  equation  shews,  by  Art.  33,  that  the 
circulation  in  any  circuit  drawn  on  one  of  the  above  spherical 
surfaces  is  zero.  These  conclusions  are  irreconcileable  unless 
MI,  vlf  wl  are  all  zero. 

Hence,  in  the  present  problem,  whenever  the  functions  <f>n  and 
%n  have  been  determined  by  (9)  and  (12),  the  values  of  u',  v',  w' 
follow  uniquely  as  in  (3)  and  (6). 

When  the  region  contemplated  is  bounded  internally  by  a 
spherical  surface,  the  condition  of  finiteness  when  r  =  0  is  no  longer 
imposed,  and  we  have  an  additional  system  of  solutions  in  which 
the  functions  tyn(K)  are  replaced  by  ^(f),  in  accordance  with 
Art.  267* 


*  Advantage  is  here  taken  of  an  improvement  introduced  by  Love,  "The  Free 
and  Forced  Vibrations  of  an  Elastic  Spherical  Shell  containing  a  given  Mass  of 
Liquid,"  Proc.  Lond.  Math.  Soc.,  t.  xix.,  p.  170  (1888). 

The  foregoing  investigation  is  taken,  with  slight  changes  of  notation,  from  the 
following  papers  : 

"  On  the  Oscillations  of  a  Viscous  Spheroid,"  Proc.  Lond.  Math.  Soc.,  t.  xiii., 
p.  51  (1881) ; 

"On  the  Vibrations  of  an  Elastic  Sphere,"  Proc.  Lond.  Math.  Soc.,  t.  xiii., 
p.  189  (1882) ; 

"On  the  Motion  of  a  Viscous  Fluid  contained  in  a  Spherical  Vessel,"  Proc. 
Lond.  Math.  Soc.,  t.  xvi.,  p.  27  (1884). 
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306.     The  equations  of  small    motion  of  an  incompressible 
fluid  are,  in  the  absence  of  extraneous  forces, 

du        I  dp       _9     ^ 
-TT  =  —  -£  +  vV2u, 
dt         pdx 

dv        I  dp       _9 

Tt  =  -pf  +  vV*v' 
to±*£  +  v^ 

dt          pdz 

with  *!  +  *!  +  *?  =  o.  ..(2). 

dx     dy      dz 

If  we  assume  that  u,  v,  w  all  vary  as  eM,  the  equations  (1)  may 
be  written 

1  ,,     .    ^   . 

( 

where  h*  =  -\/v  ...........................  (4). 

From  (2)  and  (3)  we  deduce 

V2p  =  0  ..............................  (5). 

Hence  a  particular  solution  of  (3)  and  (2)  is 

1  dp  I    dp  I   dp 

U  =  >     V  =  >     W=  ............  (6)' 


and  therefore  the  general  solution  is 

1   dp        ,  1   dp       .  1   dp 

w==i^-;7  +w>    v==irj+v>  W  =  T^J 

n?ji  dx  * 


where  u't  vf,  w'  are  determined  by  the  conditions  of  the  preceding 
Art. 


Hence  the  solutions  in  spherical   harmonics,  subject  to  the 
condition  of  finiteness  at  the  origin,  fall  into  two  classes. 
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In  the  First  Class  we  have 

p  =  const., 

d         d 


and  therefore  xu  +  yv  4-  zw  =  0. 

In  the  Second  Class  we  have 


[CHAP,  xi 


•(8); 


.(9). 


and 


(11), 


where  f,  ?;,  f  denote  the  component  rotations  of  the  fluid  at  the 
point  (x,  y,  z).  The  symbols  ^n,  <f>n,  pn  stand  for  solid  harmonics 
of  the  degrees  indicated. 

The  component  tractions  on  the  surface  of  a  sphere  of  radius  r 
are  given  by 


d 


y...(i2). 

In  the  solutions  of  the  First  Class  we  find  without  difficulty 
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where  Pn  =  /*  {hr$n'  (hr)  +  (n  -  I)  ^n_,  (hr)}  .........  (14). 

To  obtain  the  corresponding  formulae  for  the  solutions  of  the 
Second  Class,  we  remark  first  that  the  terms  in  pn  give 

d    pn  (U} 

2n+l    dx      Zn  +  ldxr™^" 

The  remaining  terms  give 

(r  ±  -  l)  «'  =  («  +  1)  [^'M  (hr)  +  (n  -  2)  ^M  (fcr)}  ^ 

-  n  (M/n+1  (Ar)  +  n+n+1  (hr)}  h*~»  ~  ^  ......  (16), 

and 

_  (XU>  +  ^  +  ^)  =  n  (n  +  1)  (2n  +  1)       ^n  (Ar)  0n 

......  (17). 


Various  reductions  have  here  been  effected  by  means  of  Art.  305 
(7),  (8),  (15).     Hence,  and  by  symmetry,  we  obtain 


where 


n     2n+l' 


(hr)  —  tyn+i  (hr)} 
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307.     The  general  formulae  being  once  established,  the  applica- 
tion to  special  problems  is  easy. 

1°.     We  may  first  investigate  the  decay  of  the  motion  of  a  viscous  fluid 
contained  in  a  spherical  vessel  which  is  at  rest. 

The  boundary  conditions  are  that 


for  r  =  a,  the  radius  of  the  vessel.   In  the  modes  of  the  First  Class,  represented 
by  (8)  above,  these  conditions  are  satisfied  by 


The  roots  of  this  are  all  real,  and  the  corresponding  values  of  the  modulus  of 
decay  (r)  are  then  given  by 

r=-X-1  =  -(A«)-2  ..............................  (iii). 

The  modes  n  =  l  are  of  a  rotatory  character;    the   equation   (ii)  then 
becomes 

t&uha=ha  ....................................  (iv), 

the  lowest  root  of  which  is  Aa=4'493.     Hence 

r  =  -0495-. 
v 

In  the  case  of  water,  we  have  v  =  '018  c.  s.,  and 

T=2'75a2  seconds, 
if  a  be  expressed  in  centimetres. 

The  modes  of  the  Second  Class  are  given  by  (10).     The  surface  conditions 
may  be  expressed  by  saying  that  the  following  three  functions  of  x,  y,  z 


-5 

must  severally  vanish  when  r=a.     Now  these  functions  as  they  stand  satisfy 
the  equations 

V2u  =  0,     V2V  =  0,     v2W  =  0  ........................  (vi), 

and  since  they  are  finite  throughout  the  sphere,  and  vanish  at  the  boundary, 
they  must  everywhere  vanish,  by  Art.  40.     Hence,  forming  the  equation 

du 

s+ 

we  find  . 
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Again,  since  #u+yv  +  2W  =  0  .................................  (ix), 

for  r=  a,  we  must  have 


where  use  has  been  made  of  Art.  305  (7).     This  determines  the  ratio  pn  :  $n. 
In  the  case  n  =  l,  the  equation  (viii)  becomes 

Shct  .  .. 

—         ..............................  (xi), 


the  lowest  root  of  which  is  Aa  =  5'764,  leading  to 

»  T  =  -0301—  . 

v 

For  the  method  of  combining  the  various  solutions  so  as  to  represent  the 
decay  of  any  arbitrary  initial  motion  we  must  refer  to  the  paper  cited  last  on 
p.  558. 

2°.  We  take  next  the  case  of  a  hollow  spherical  shell  containing  liquid, 
and  oscillating  by  the  torsion  of  a  suspending  wire*. 

The  forced  oscillations  of  the  liquid  will  evidently  be  of  the  First  Class,  with 
71  =  1.  If  the  axis  of  z  coincide  with  the  vertical  diameter  of  the  shell,  we  find, 

putting  xi  =#2, 

u={7^1(Ar)y,     v=-C^l(hr)x,    w  =  0  .................  (xii). 

If  to  denote  the  angular  velocity  of  the  shell,  the  surface-condition  gives 

Cr^1(Aa)=-®  .................................  (xiii). 

It  appears  that  at  any  instant  the  particles  situate  on  a  spherical  surface 
of  radius  r  concentric  with  the  boundary  are  rotating  together  with  an 
angular  velocity 

,  .  . 
a>  .................................  (xiv). 


If  we  assume  that  0>  =  aei(<rt+e}  .................................  (xv), 

and  put  A2  =  -io-/v  =  (I-i)2@*  ...........................  (xvi), 

where,  as  in  Art.  297,  /32  =  o-/2i/  .................................  (xvii), 

the  expression  (xiv)  for  the  angular  velocity  may  be  separated  into  its  real 
and  imaginary  parts  with  the  help  of  the  formula 


If  the  viscosity  be  so  small  that  /3a  is  considerable,  then,  keeping  only  the 
most  important  term,  we  have,  for  points  near  the  surface, 


*  This  was  first  treated,  in  a  different  manner,  by  Helmholtz,  1.  c.  ante  p.  513. 
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and  therefore,  for  the  angular  velocity  (xiv), 


« 
the  real  part  of  which  is 


(xxi). 


As  in  the  case  of  laminar  motion  (Art.  298),  this  represents  a  system  of  waves 
travelling  inwards  from  the  surface  with  rapidly  diminishing  amplitude. 

When,  on  the  other  hand,  the  viscosity  is  very  great,  pa  is  small,  and  the 
formula  (xiv)  reduces  to 


nearly,  when  the  imaginary  part  is  rejected.     This  shews  that  the  fluid  now 
moves  almost  bodily  with  the  sphere. 

The  stress-components  at  the  surface  of  the  sphere  are  given  by  (13).     In 
the  present  case  the  formulae  reduce  to 


Prx=  - 


aj 


(xxiii). 


sr,        ar 
If  8$  denote  an  element  of  the  surface,  these  give  a  couple 

>'(A«; 


(XX1V)' 

by  (xiii)  and  Art.  305  (7). 

In  the  case  of  small  viscosity,  where  /3a  is  large,  we  find,  on  reference  to 
Art.  267,  putting  ha  =  (1  -  1)  £a,  that 


~  .....................  (xxv), 

approximately,  where  £=  (1  -  1)  pa.     This  leads  to 

N=-%7rij.a3(l+i)pa«>  .........................  (xxvi). 

If  we  restore  the  time-factor,  this  is  equivalent  to 

7r/ia3(/3a)6)  ............  (xxvii). 


The  first  term  has  the  effect  of  a  slight  addition  to  the  inertia  of  the  sphere  ; 
the  second  gives  a  frictional  force  varying  as  the  velocity. 

308.     The  general  formulae  of  Arts.  305,  306  may  be  further 
applied  to  discuss  the  effect  of  viscosity  on  the  oscillations  of  a 
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mass  of  liquid  about  the  spherical  form.  The  principal  result  of 
the  investigation  can,  however,  be  obtained  more  simply  by  the 
method  of  Art.  301. 

It  was  shewn  in  Arts.  241,  242,  that  when  viscosity  is  neglected,  the 
velocity-potential  in  any  fundamental  mode  is  of  the  form 

*-J~&.oos(«rl+f)  ...........................  (i), 

where  Sn  is  a  surface  harmonic.  This  gives  for  twice  the  kinetic  energy 
included  within  a  sphere  of  radius  r,  the  expression 

2n+i 


r\2n+i  f  r 
-^        JJ 


if  So;  denote  an  elementary  solid  angle,  and  therefore  for  the  total  kinetic 
energy 

T=^p7iajjSn2d^.A2cos2(a-t+€}  .....................  (iii). 

The  potential  energy  must  therefore  be  given  by  the  formula 

V=%pnattSn*d&.A2am*((rt  +  e)  .....................  (iv). 

Hence  the  total  energy  is 

*  ...........................  (v). 


Again,  the  dissipation  in  a  sphere  of  radius  r,  calculated  on  the  assumption 
that  the  motion  is  irrotational,  is,  by  Art.  287  (vi), 


Now  r>fdw4,dm  .....................  (vii), 

each  side,  when  multiplied  by  p8r  being  double  the  kinetic  energy  of  the  fluid 
contained  between  two  spheres  of  radii  r  and  r  +  8r.     Hence,  from  (ii), 


Substituting  in  (vi),  and  putting  r  =  a,  we  have,  for  the  total  dissipation, 

2F=2n(n-l)(2n  +  l)£  I  \S^dw.  A2cos?(<rt  +  e)  ......  (viii). 

The  mean  dissipation,  per  unit  time,  is  therefore 

2F=n(n-l)(2n  +  I)£  f  fsn2d&.A*  ..................  (ix). 

If  the  effect  of  viscosity  be  represented  by  a  gradual  variation  of  the 
coefficient  J,  we  must  have 


~)=~2F  ..............................  (x), 
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whence,  substituting  from  (v)  and  (ix), 

—  =  -(TI-!)  (271+1) -2^4 (xi). 

This  shews  that  Ax  e~tlr ,  where 

1     rrx- (*ii)*- 


The  most  remarkable  feature  of  this  result  is  the  excessively  minute 
extent  to  which  the  oscillations  of  a  globe  of  moderate  dimensions  are  affected 
by  such  a  degree  of  viscosity  as  is  ordinarily  met  with  in  nature.  For  a  globe 
of  the  size  of  the  earth,  and  of  the  same  kinematic  viscosity  as  water,  we 
have,  on  the  c.G.s.  system,  a  =  6*37  x  108,  i/  =  '0178,  and  the  value  of  T  for  the 
gravitational  oscillation  of  longest  period  (w  =  2)  is 

r=l'44x  1011  years. 

Even  with  the  value  found  by  Darwin  t  for  the  viscosity  of  pitch  near  the 
freezing  temperature,  viz.  p.  =  l'3  x  108  xg,  we  find,  taking  ^  =  980,  the  value 

r  =  180  hours 

for  the  modulus  of  decay  of  the  slowest  oscillation  of  a  globe  of  the  size  of  the 
earth,  having  the  density  of  water  and  the  viscosity  of  pitch.  Since  this  is 
still  large  compared  with  the  period  of  1  h.  34  m.  found  in  Art.  241 ,  it  appears 
that  such  a  globe  would  oscillate  almost  like  a  perfect  fluid. 

The  investigation  by  which  (xii)  was  obtained  does  not  involve  any  special 
assumption  as  to  the  nature  of  the  forces  which  produce  the  tendency  to  the 
spherical  form.  The  result  applies,  therefore,  equally  well  to  the  vibrations 
of  a  liquid  globule  under  the  surface-tension  of  the  bounding  film.  The 
modulus  of  decay  of  the  slowest  oscillation  of  a  globule  of  water  is,  in  seconds, 

r=ll'2a2, 
where  the  unit  of  a  is  the  centimetre. 

The  formula  (xii)  includes  of  course  the  case  of  waves  on  a  plane  surface. 
When  n  is  very  great  we  find,  putting  X  =  2na/n, 


in  agreement  with  Art.  301. 

The  same  method,  applied  to  the  case  of  a  spherical  bubble,  gives 

1  a2 


.    .    . 


where  v  is  the  viscosity  of  the  surrounding  liquid.     If  this  be  water  we  have, 
for  7i  =  2,  r=2'8«2. 

The  above  results  all  postulate  that  2irr  is  a  considerable  multiple  of  the 
period.    The  opposite  extreme,  where  the  viscosity  is  so  great  that  the  motion 

*  Proc.  Lond.  Math.  Soc.,  t.  xiii.,  pp.  61,  65  (1881). 

t  "On  the  Bodily  Tides  of  Viscous  and   Semi-Elastic   Spheroids,...,"   Phil. 
Trans.,  1879. 
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is  aperiodic,  can  be  investigated  by  the  method  of  Arts.  293,  294,  the  effects  of 
inertia  being  disregarded.  In  the  case  of  a  globe  returning  to  the  spherical 
form  under  the  influence  of  gravitation,  it  appears  that 

ao+iy+i^ 

n          ga 
a  result  first  given  by  Darwin  (I.  c.).     Cf.  Art.  302  (22). 

309.  Problems  of  periodic  motion  of  a  liquid  in  the  space 
between  two  concentric  spheres  require  for  their  treatment 
additional  solutions  of  the  equations  of  Art.  306,  in  which  p  is  of 
the  form  p-n-i  ,  and  the  functions  ^n  (hr)  which  occur  in  the 
complementary  functions  u',  v',  wf  are  to  be  replaced  by  M/*n  (hr). 

The  question  is  simplified,  when  the  radius  of  the  second  sphere 
is  infinite,  by  the  condition  that  the  fluid  is  at  rest  at  infinity.  It 
was  shewn  in  Art.  267  that  the  functions  ^w(?)»  "^n(?)  are  both 
included  in  the  form 

fd  \n  A<&  +  Be-** 

' 


In  the  present  applications,  we  have  £  =  hr,  where  h  is  defined 
by  Art.  306  (4),  and  we  will  suppose,  for  definiteness,  that  that 
value  of  h  is  adopted  which  makes  the  real  part  of  ih  positive. 
The  condition  of  zero  motion  at  infinity  then  requires  that  -4  =  0, 
and  we  have  to  deal  only  with  the  function 


As  particular  cases  : 


The  formulae  of  reduction  for/n  (£)  are  exactly  the  same  as  for 
tyn(£)  and>Jrn(f),  and  the  general  solution  of  the  equations  of 
small  periodic  motion  of  a  viscous  liquid,  for  the  space  external  to 
a  sphere,  are  therefore  given  at  once  by  Art.  306  (8),  (10),  with 
P-n-i  written  for  pn,  smdfn(hr)  for  tyn(hr). 

1°.  The  case  of  the  rotatory  oscillations  of  a  sphere  surrounded  by  an 
infinite  mass  of  liquid  is  included  in  the  solutions  of  the  First  Class,  with 
n=  1.  As  in  Art.  307,  2°,  we  put  x\  =  Czt  and  find 


(i), 
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with  the  condition  Cf1(ka)=-a> (ii), 

a  being  the  radius,  and  o>  the  angular  velocity  of  the  sphere,  which  we  suppose 
given  by  the  formula 

o>  =  ae^+£) (iii). 


Putting  A  =  (l  —  i)  ft,  where  /3  =  (<r/2i/)*,  we  find  that  the  particles  on 
concentric  sphere  of  radius  r  are  rotating  together  with  the  angular  velocity 


1*  1+ika 

where  the  values  of/!  (hr),  /j  (ha}  have  been  substituted  from  (3).     The  real 
part  of  (iv)  is 

i^+g/^3*"*^^ 

-/3(r-a)sin{<r*-/3(r-a)  +  e}]  ......  (v), 

corresponding  to  an  angular  velocity 

o>  =  acos  (otf  +  e)  .................................  (vi) 

of  the  sphere. 

The  couple  on  the  sphere  is  found  in  the  same  way  as  in  Art.  307  to  be 

v 


Putting  ha=(l  -  i)  /3a,  and  separating  the  real  and  imaginary  parts  we  find 
This  is  equivalent  to 


The  interpretation  is  similar  to  that  of  Art.  307  (xxvii)  *. 

2°.  In  the  case  of  a  ball  pendulum  oscillating  in  an  infinite  mass  of  fluid, 
which  we  treat  as  incompressible,  we  take  the  origin  at  the  mean  position  of 
the  centre,  and  the  axis  of  x  in  the  direction  of  the  oscillation. 

The  conditions  to  be  satisfied  at  the  surface  are  then 

M  =  u,     v  =  0,     «?  =  0  ..............................  (x), 

for  r=a  (the  radius),  where  u  denotes  the  velocity  of  the  sphere.  It  is  evident 
that  we  are  concerned  only  with  a  solution  of  the  Second  Class.  Again,  the 
formulae  (10)  of  Art.  306,  when  modified  as  aforesaid,  make 


r)(t>n  ......  (xi)  ; 

*  Another  solution  of  this  problem  is  given  by  Kirchhoff,  Mechunik,  c.  xxvi. 
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and  by  comparison  with  (x),   it  appears   that   this  must  involve  surface 
harmonics  of  the  first  order  only.     We  therefore  put  w  =  l,  and  assume 


0x=j5^ (xii). 

Hence  U=T*~  -* — 5  + 


The  conditions  (x)  are  therefore  satisfied  if 

=  u  ..................  (xiv). 


The  character  of  the  motion,  which  is  evidently  symmetrical  about  the 
axis  of  X,  can  be  most  concisely  expressed  by  means  of  the  stream-function 
(Art.  93).  From  (xi)  or  (xiii)  we  find 


...(xv), 
or,  substituting  from  (3), 


If  we  put  .2?=rcos0,  this  leads,  in  the  notation,  and  on  the  convention  as 
to  sign,  of  Art.  93  to 


Writing  u  =  aei(a*+e)  .................................  (xviii), 

and  therefore  h  =  (l-  1)  /3,  where  /3  =  (cr/2i»)*,  we  find,  on  rejecting  the  imaginary 
part  of  (xvii), 


-  J^  { 


cos  {ir<-^r-  a)  +  e} 

At  a  sufficient  distance  from  the  sphere,  the  part  of  the  disturbance  which 
is  expressed  by  the  terms  in  the  first  line  of  this  expression  is  predominant. 
This  part  is  irrotational,  and  differs  only  in  amplitude  and  phase  from  the 
motion  produced  by  a  sphere  oscillating  in  a  frictionless  liquid  (Arts.  91,  95). 
The  terms  in  the  second  line  are  of  the  type  we  have  already  met  with  in  the 
case  of  laminar  motion  (Art.  298). 

To  calculate  the  resultant  force  (X)  on  the  sphere,  we  have  recourse  to 
Art.  306  (18).  Substituting  from  (xii),  arid  rejecting  all  but  the  constant 
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terms  in  prx,   since  the  surface-harmonics  of  other  than  zero  order  will 
disappear  when  integrated  over  the  sphere,  we  find 

2^  +  ClBa^  ..................  (xx), 

where  J5_2=-£a2,     (7X  =  2/xAa/0'  (ha)  .....................  (xxi), 

by  Art.  306  (19).     Hence,  by  (xii)  and  (3), 

{2/0'  (ha)  -  1  A3«3/a  (ha)} 


This  is  equivalent  to 

-****•   + 


The  first  term  gives  the  correction  to  the  inertia  of  the  sphere.     This 
amounts  to  the  fraction 


of  the  mass  of  fluid  displaced,  instead  of  ^  as  in  the  case  of  a  frictionless 
liquid  (Art.  91).  The  second  term  gives  a  frictional  force  varying  as  the 
velocity*. 

310.  We  may  next  briefly  notice  the  effect  of  viscosity  on 
waves  of  expansion  in  gases,  although,  for  a  reason  to  be  given,  the 
results  cannot  be  regarded  as  more  than  illustrative. 

In  the  case  of  plane  waves  •(•  in  a  laterally  unlimited  medium, 
we  have,  if  we  take  the  axis  of  x  in  the  direction  of  propagation, 
and  neglect  terms  of  the  second  order  in  the  velocity, 

du         1  dp          d*u  ,-  N 

di~-j.£+*vd*  .....................  (1)> 

by  Art.  286  (2),  (3).  If  s  denote  the  condensation,  the  equation 
of  continuity  is,  as  in  Art.  255, 

ds        du 


*  This  problem  was  first  solved,  in  a  different  manner,  by  Stokes,  I.  c.  ante 
p.  518.  For  other  methods  of  treatment  see  0.  E.  Meyer,  "  Ueber  die  pendelnde 
Bewegung  einer  Kugel  unter  dem  Einflusse  der  irmeren  Eeibung  des  umgebenden 
mediums,"  Crelle,  t.  Ixxiii.  (1871);  Kirchhoff,  Mechanik,  c.  xxvi.  The  variable 
motion  of  a  sphere  in  a  liquid  has  been  discussed  by  Basset,  Phil.  Trans.,  1888; 
Hydrodynamics,  c.  xxii. 

t  Discussed  by  Stokes,  I.  c.  ante  p.  518. 
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and  the  physical  equation  is,  if  the  transfer  of  heat  be  neglected, 

...........................  (3), 


where  c  is  the  velocity  of  sound  in  the   absence   of  viscosity. 
Eliminating  p  and  s,  we  have 

dzu  _   2d?u     4      dsu  ... 

dt*~c  fo*  +  *vda?d£" 

To  apply  this  to  the  case  of  forced  waves,  we  may  suppose  that 
at  the  plane  x  —  0  a  given  vibration 

u  =  aeiart  ..............................  (5) 

is  kept  up.     Assuming  as  the  solution  of  (4) 

u  =  aj*t+P*  ...........................  (6), 

we  find  yS2(c2  +  fiVo-)  =  -o-2  .....................  (7), 


whence  /3=±l-|  ..................  (8). 


If  we  neglect  the  square  of  i>cr/c2,  and  take  the  lower  sign,  this 
gives 


Substituting  in  (6),  and  taking  the  real  part,  we  get,  for  the  waves 
propagated  in  the  direction  of  ^-positive 


u  =  ae~x!l  cos  a- 


(«- 

V          C, 

where  Z  =  fc3/^2  (11). 

The  amplitude  of  the  waves  diminishes  exponentially  as  they 
proceed,  the  diminution  being  more  rapid  the  greater  the  value  of 
a.  The  wave-velocity  is,  to  the  first  order  of  i/<r/c2,  unaffected  by 
the  friction. 

The  linear  magnitude  I  measures  the  distance  in  which  the 
amplitude  falls  to  l/e  of  its  original  value.  If  X  denote  the  wave- 
length (27rc/cr),  we  have 

it  is  assumed  in  the  above  calculation  that  this  is  a  small  ratio. 
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In  the  case  of  air- waves  we  have  c=3*32  x  104,  j/='132,  C.G.S.,  whence 

i/0-/c2  =  27ri//Xc  =  2'50X~1x  10'5,     £=9'56X2x  103, 
if  X  be  expressed  in  centimetres. 

To  find  the  decay  of  free  waves  of  any  prescribed  wave-length 
(27T/&),  we  assume 

and,  substituting  in  (4),  we  obtain 


-£2c2 (14). 

If  we  neglect  the  square  of  vk/c,  this  gives 

a  =  -^vks±ikc (15). 

Hence,  in  real  form, 

u  =  ae-tlrcosk(x±ci) (16), 

where  r  =  3/2i/&2 (17)*. 

The  estimates  of  the  rate  of  damping  of  aerial  vibrations, 
which  are  given  by  calculations  such  as  the  preceding,  though 
doubtless  of  the  right  order  of  magnitude,  must  be  actually  under 
the  mark,  since  the  thermal  processes  of  conduction  and  radiation 
will  produce  effects  of  the  same  kind,  of  comparable  amount,  and 
ought  therefore,  for  consistency,  to  be  included  in  our  calculations. 
This  was  first  pointed  out  distinctly  by  Kirchhoff,  who  has 
investigated,  in  particular,  the  theoretical  velocity  of  sound-waves 
in  a  narrow  tube-f-.  This  problem  is  important  for  its  bearing  on 
the  well-known  experimental  method  of  Kundt.  Lord  Rayleigh 
has  applied  the  same  principles  to  explain  the  action  of  porous 
bodies  in  absorption  of  sound  J. 

311.  It  remains  to  call  attention  to  the  chief  outstanding 
difficulty  of  our  subject. 

It  has  already  been  pointed  out  that  the  neglect  of  the  terms 
of  the  second  order  (adujdx,  &c.)  seriously  limits  the  application 
of  many  of  the  preceding  results  to  fluids  possessed  of  ordinary 

*  For  a  calculation,  on  the  same  assumptions,  of  the  effect  of  viscosity  in 
damping  the  vibrations  of  air  contained  within  spherical  and  cylindrical  envelopes 
reference  may  be  made  to  the  paper  ' '  On  the  Motion  of  a  Viscous  Fluid  contained 
in  a  Spherical  Vessel,"  cited  on  p.  558. 

f  "Ueber  den  Einfluss  der  Warmeleitung  in  einem  Gase  auf  die  Schallbewegung," 
Pogg.  Ann.,  t.  cxxxiv.  (1868) ;  Ges.  Abh.,  p.  540. 

J  "  On  Porous  Bodies  in  relation  to  Sound,"  Phil.  Mag.,  Sept.  1883. 
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degrees  of  mobility.  Unless  the  velocities  be  very  small,  the 
actual  motion,  in  such  cases,  so  far  as  it  admits  of  being  observed, 
is  found  to  be  very  different  from  that  represented  by  our  formulae. 
For  example,  when  a  solid  of  (  easy  '  shape  moves  through  a  liquid, 
an  irregular,  eddying,  motion  is  produced  in  a  layer  of  the  fluid 
next  to  the  solid,  and  a  widening  trail  of  eddies  is  left  behind, 
whilst  the  motion  at  a  distance  laterally  is  comparatively  smooth 
and  uniform. 

The  mathematical  disability  above  pointed  out  does  not  apply 
to  cases  of  rectilinear  flow,  such  as  have  been  discussed  in  Arts. 
288,  289  ;  but  even  here  observation  shews  that  the  types  of 
motion  there  investigated,  though  always  theoretically  possible, 
become  under  certain  conditions  unstable.  The  case  of  flow 
through  a  pipe  of  circular  section  has  been  made  the  subject  of 
a  very  careful  experimental  study  by  Reynolds*,  by  means  of 
filaments  of  coloured  fluid  introduced  into  the  stream.  So  long 
as  the  mean  velocity  (w0)  over  the  cross-section  falls  below  a 
certain  limit  depending  on  the  radius  of  the  pipe  and  the  nature 
of  the  fluid,  the  flow  is  smooth,  and  in  accordance  with  Poiseuille's 
laws  ;  but  when  this  limit  is  exceeded  the  motion  becomes  wildly 
irregular,  and  the  tube  appears  to  be  filled  with  interlacing  and 
constantly  varying  streams,  crossing  and  recrossing  the  pipe.  It 
was  inferred  by  Reynolds,  from  considerations  of  dimensions,  that 
the  aforesaid  limit  must  be  determined  by  the  ratio  of  w0a  to  v, 
where  a  is  the  radius,  and  v  the  (kinematic)  viscosity.  This  was 
verified  by  experiment,  the  critical  ratio  being  found  to  be, 
roughly, 


Thus  for  a  pipe  one  centimetre  in  radius  the  critical  velocity  for 
water  (z/  =  '018)  would  be  18  cm.  per  sec. 

Simultaneously  with  the  change  in  the  character  of  the  motion, 
when  the  critical  ratio  is  passed,  there  is  a  change  in  the  relation 
between  the  pressure-gradient  (dpjdz)  and  the  mean  velocity  WQ. 
So  long  as  wQa/v  falls  below  the  above  limit,  dp/dz  varies  as  wQ,  as 

*  "An  Experimental  Investigation  of  the  Circumstances  which  determine 
whether  the  Motion  of  Water  shall  be  Direct  or  Sinuous,  and  of  the  Law  of  Besist- 
ance  in  Parallel  Channels,"  Phil.  Trans.,  1883. 

t  The  dependence  on  v  was  tested  by  varying  the  temperature. 
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in  Poiseuille's  experiments,  but  when  the  irregular  mode  of  flow 
has  set  in,  dp/dz  varies  more  nearly  as  w<?. 

The  practical  formula  adopted  by  writers  on  Hydraulics,  for 
pipes  whose  diameter  exceeds  a  certain  limit,  is 


where  R  is  the  tangential  resistance  per  unit  area,  w0  is  the  mean 
velocity  relative  to  the  wetted  surface,  and  /  is  a  numerical 
constant  depending  on  the  nature  of  the  surface.  As  a  rough 
average  value  for  the  case  of  water  moving  over  a  clean  iron 
surface,  we  may  take  /=  "005*.  A  more  complete  expression  for 
Ry  taking  into  account  the  influence  of  the  diameter,  has  been 
given  by  Darcy,  as  the  result  of  his  very  extensive  observations  on 
the  flow  of  water  through  conduits  f. 

The  resistance,  in  the  case  of  turbulent  flow,  is  found  to  be 
sensibly  independent  of  the  temperature,  and  therefore  of  the 
viscosity  of  the  fluid.  This  is  what  we  should  anticipate  from 
considerations  of  '  dimensions/  if  it  be  assumed  that  R  oc  w02{- 

If  we  accept  the  formula  (2)  as  the  expression  of  observed 
facts,  a  conclusion  of  some  interest  may  be  at  once  drawn. 
Taking  the  axis  of  z  in  the  general  direction  of  the  flow,  if  w 
denote  the  mean  velocity  (with  respect  to  the  time)  at  any  point 
of  space,  we  have,  at  the  surface, 

dw 


if  w0  denote  the  general  velocity  of  the  stream,  and  Bn  an  element 
of  the  normal.  If  we  take  a  linear  magnitude  I  such 

w0/l  =  dw/dn, 

then  I  measures  the  distance  between  two  planes  moving  with  a 
relative  velocity  WQ  in  the  regular  '  laminar'  flow  which  would  give 
the  same  tangential  stress.  We  find 

(3). 


*  See  Kankine,  Applied  Mechanics,  Art.  638;  Unwin,  Encyc.  Britann.,  Art. 
"  Hydromechanics." 

t  Recherches  experimentales  relatives  au  mouvement  de  Veau  dans  les  tuyaux, 
Paris,  1855.  The  formula  is  quoted  by  Kankine  and  Unwin. 

J  Lord  Bayleigh,  "  On  the  Question  of  the  Stability  of  the  Flow  of  Fluids," 
Phil.  Mag.,  July  1892. 
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For  example,  putting  */  =  '018,  w0  =  300  [o.  s.],  /='005,  we  obtain 
/  =  '024cm.*  The  smallness  of  this  result  suggests  that  in  the 
turbulent  flow  of  a  fluid  through  a  pipe  of  not  too  small  diameter 
the  value  of  w  is  nearly  uniform  over  the  section,  falling  rapidly 
to  zero  within  a  very  minute  distance  of  the  walls  ~K 

Applied  to  pipes  of  sufficient  width,  the  formula  (2)  gives 

—  Tra2  f  —  %7raR  =  Trfpawf, 
(Lz 

-!&=/*' (4). 

p  dz         a 

The  form  of  the  relation  which  was  found  to  hold  by  Reynolds,  in 
his  experiments,  was 

1  d/p      v*-mw0m 

pdz*     as~m    ' 
where  m  =  1723. 

The  increased  resistance,  for  velocities  above  a  certain  limit, 
represented  by  the  formula  (2)  or  (4),  is  no  doubt  due  to  the  action 
of  the  eddies  in  continually  bringing  fresh  fluid,  moving  with  a 
considerable  relative  velocity,  close  up  to  the  boundary,  and  so 
increasing  the  distortion -rate  (dw/dn)  greatly  beyond  that  which 
would  obtain  in  regular  '  laminar '  motion  J. 

The  frictional  or  '  skin-resistance  '§  experienced  by  a  solid  of 
'  easy '  shape  moving  through  a  liquid  is  to  be  accounted  for  on  the 
same  principles.  The  circumstances  are  however  more  complicated 
than  in  the  case  of  a  pipe.  The  friction  appears  to  vary  roughly 
as  the  square  of  the  velocity ;  but  it  is  different  in  different  parts 
of  the  wetted  area,  for  a  reason  given  by  W.  Froude,  to  whom  the 
most  exact  observations  ||  on  the  subject  are  due. 

*  Cf.  Sir  W.  Thomson,  Phil.  Mag.,  Sept.  1887. 

t  This  was  in  fact  found  experimentally  by  Darcy,  I.  c.  The  author  is  indebted 
for  this  reference  to  Prof.  Eeynolds. 

J  Stokes,  Math,  and  Phys.  Papers,  t.  i.,  p.  99. 

§  So  called  by  writers  on  naval  architecture,  to  distinguish  it  from  the  « wave- 
resistance'  referred  to  in  Arts.  221,  228. 

||  "Experiments  on  the  Surface-friction  experienced  by  a  Plane  moving  through 
Water,"  Brit.  Ass.  Rep.,  1872,  p.  118. 

"  The  portion  of  the  surface  that  goes  first  in  the  line  of  motion,  in  experiencing 
resistance  from  the  water,  must  in  turn  communicate  to  the  water  motion,  in  the 
direction  in  which  it  is  itself  travelling.  Consequently  the  portion  of  the  water 
which  succeeds  the  first  will  be  rubbing,  not  against  stationary  water,  but  against 
water  partially  moving  in  its  own  direction,  and  cannot  therefore  experience  as 
much  resistance  from  it." 
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312.  The  theoretical  explanation  of  the  instability  of  lineal- 
flow,  under  the  conditions  stated,  and  of  the  manner  in  which 
eddies  are  maintained  against  viscosity,  is  at  present  obscure.  We 
may  refer,  however,  to  one  or  two  attempts  which  have  been  .made 
to  elucidate  the  question. 

Lord  Rayleigh,  in  several  papers*,  has  set  himself  to  examine 
the  stability  of  various  arrangements  of  vortices,  such  as  might  be 
produced  by  viscosity.  The  fact  that,  in  the  disturbed  motion, 
viscosity  is  ignored  does  not  seriously  affect  the  physical  value 
of  the  results  except  perhaps  in  cases  where  these  would  imply 
slipping  at  a  rigid  boundary. 

As  the  method  is  simple,  we  may  briefly  notice  the  two-dimensional  form 
of  the  problem. 

Let  us  suppose  that  in  a  slight  disturbance  of  the  steady  laminar  motion 


where  U  is  a  function  of  y  only,  we  have 

u=U 
The  equation  of  continuity  is 


+       =  0  ....................................  (ii). 

dx     ay 

The  dynamical  equations  reduce,  by  Art.  143,  to  the  condition  of  constant 
angular  velocity  Z)£/Zte  =  0,  or 


dU 


Hence,  neglecting  terms  of  the  second  order  in  u',  v't 


I 

( 


d     TTd\(dv'     du'  , 

dt+  UTx     te-~         V  =° 


Contemplating  now  a  disturbance  which  is  periodic  in  respect  to  x,  we 
assume  that  u't  v'  vary  as  e**a:+?<r^     Hence,  from  (ii)  and  (v), 


and 


*  "  On  the  Stability  or  Instability  of  certain  Fluid  Motions,"  Proc.  Lond.  Math. 
Soc.,  t.  xi.,  p.  57  (1880),  and  t.  xix.,  p.  67  (1887)  ;  "  On  the  Question  of  the  Stability 
of  the  Flow  of  Fluids,"  Phil.  Mag.,  July  1892. 
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Eliminating  u'9  we  find 


which  is  the  fundamental  equation. 

If,  for  any  value  of  y,  dUfdy  is  discontinuous,  the  equation  (viii)  must  be 
replaced  by 


where  A  denotes  the  difference  of  the  values  of  the  respective  quantities  on 
the  two  sides  of  the  plane  of  discontinuity.  This  is  obtained  from  (viii)  by 
integration  with  respect  to  y,  the  discontinuity  being  regarded  as  the  limit  of 
an  infinitely  rapid  variation.  The  formula  (ix)  may  also  be  obtained  as  the 
condition  of  continuity  of  pressure,  or  as  the  condition  that  there  should  be  no 
tangential  slipping  at  the  (displaced)  boundary. 

At  a  fixed  boundary,  we  must  have  v'=0. 

1°.  Suppose  that  a  layer  of  fluid  of  uniform  vorticity  bounded  by  the 
planes  y=  +  A,  is  interposed  between  two  masses  of  fluid  moving  irrotationally, 
the  velocity  being  everywhere  continuous.  This  is  a  variation  of  a  problem 
discussed  in  Art.  225. 

Assuming,  then,  £7=u  for  y>h,  U=\\ylh  for  li>y>  -h,  and  U=  —  u  for 
y<  -h,  we  notice  that  d2Uldy2  —  0,  everywhere,  so  that  (viii)  reduces  to 


The  appropriate  solutions  of  this  are  : 


t  for  y>h  ;  j 

-       I 


v,  for  h>y>-h;    .....................  (xi). 

v'=Dekv,  for  y<-h  } 

The  continuity  of  v'  requires 

**  (  ... 


With  the  help  of  these  relations,  the  condition  (ix)  gives 


2  (cr  -  £u)  BJ*  +    (B<*h  +  Ce~*h)  =  0 
Eliminating  the  ratio  B  :  C,  we  obtain 

<r2  =  ^{(2M-l)*-e-^}  ........................  (xiv). 

L.  37 
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For  small  values  of  kh  this  makes  o-2=  -/'^u2,  as  in  the  case  of  absolute 
discontinuity  (Art.  225).  For  large  values  of  M,  on  the  other  hand,  <r=  ± £u, 
indicating  stability.  Hence  the  question  as  to  the  stability  for  disturbances 
of  wave-length  X  depends  on  the  ratio  X/2A.  The  values  of  the  function  in 
{  }  on  the  right-hand  of  (xiv)  have  been  tabulated  by  Lord  Rayleigh.  It 
appears  that  there  is  instability  if  X/2A>5,  about ;  and  that  the  instability  is 
a  maximum  for  X/2A  =  8. 

2°.  In  the  papers  referred  to,  Lord  Rayleigh  has  further  investigated 
various  cases  of  flow  between  parallel  walls,  with  the  view  of  throwing  light 
on  the  conditions  of  stability  of  linear  motion  in  a  pipe.  The  main  result  is 
that  if  d2  U/dy2  does  not  change  sign,  in  other  words,  if  the  curve  with  y  as 
abscissa  and  U  as  ordinate  is  of  one  curvature  throughout,  the  motion  is 
stable.  Since,  however,  the  disturbed  motion  involves  slipping  at  the  walls, 
it  remains  doubtful  how  far  the  conclusions  apply  to  the  question  at  present 
under  consideration,  in  which  the  condition  of  no  slipping  appears  to  be 
fundamental. 

3°.  The  substitution  of  (x)  for  (viii),  when  d2U/dy2=Q,  is  equivalent  to 
assuming  that  the  rotation  £  is  the  same  as  in  the  undisturbed  motion  ;  since 
on  this  hypothesis  we  have 

du'     dv'     ..  , 

-j-  =-J-  =  lyh?' (XV), 

dy      da; 
which,  with  (vi),  leads  to  the  equation  in  question. 

It  is  to  be  observed,  however,  that  when  d2U/dy2=Q,  the  equation  (viii) 
may  be  satisfied,  for  a  particular  value  of  y,  by  <r+kU=Q.  For  example,  we 
may  suppose  that  at  the  plane  y  =  0  a  thin  layer  of  (infinitely  small)  additional 
vorticity  is  introduced.  We  then  have,  on  the  hypothesis  that  the  fluid  is 
unlimited, 

*=A***» (xvi), 

the  upper  or  the  lower  sign  being  taken  according  as  y  is  positive  or  negative. 
The  condition  (ix)  is  then  satisfied  by 

0 (xvii), 


( 


) 


where  U0  denotes  the  value  of  U  for  y=0.  Since  the  superposition  of  a 
uniform  velocity  in  the  direction  of  x  does  not  alter  the  problem,  we  may 
suppose  £70  =  0,  and  therefore  o-  =  0.  The  disturbed  motion  is  steady  ;  in 
other  words,  the  original  state  of  flow  is  (to  the  first  order  of  small  quantities) 
neutral  for  a  disturbance  of  this  kind*. 

Lord  Kelvin  has  attacked  directly  the  very  difficult  problem  of 
determining  the  stability  of  laminar  motion  when  viscosity  is  taken 

*  Cf.  Sir  W.  Thomson,  "  On  a  Disturbing  Infinity  in  Lord  Rayleigh's  solution 
for  Waves  in  a  plane  Vortex  Stratum,"  Brit.  Ass.  Rep.,  1880. 
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into  account*.  He  concludes  that  the  linear  flow  of  a  fluid  through 
a  pipe,  or  of  a  stream  over  a  plane  bed,  is  stable  for  infinitely 
small  disturbances,  but  that  for  disturbances  of  more  than  a  certain 
amplitude  the  motion  becomes  unstable,  the  limits  of  stability 
being  narrower  the  smaller  the  viscosity.  A  portion  of  the 
investigation  has  been  criticised  by  Lord  Rayleighf;  and  there 
can  be  no  question  that  the  whole  matter  calls  for  further 
elucidation^. 

*  "Rectilinear  Motion  of  Viscous  Fluid  between  two  Parallel  Planes,"  Phil. 
Mag.,  Aug.  1887 ;  "  Broad  River  flowing  down  an  Inclined  Plane  Bed,"  Phil.  Mag. , 
Sept.  1887. 

t  I.  c.  ante  p.  574. 

J  The  most  recent  contribution  to  the  subject  is  a  paper  by  Reynolds,  "  On  the 
Dynamical  Theory  of  Incompressible  Viscous  Fluids  and  the  Determination  of 
the  Criterion,"  the  full  text  of  which  has  not  yet  been  published.  Proc.  Roy.  Soc., 
May  24,  1894. 
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CHAPTER  XII. 

EQUILIBRIUM   OF  ROTATING   MASSES   OF   LIQUID. 

313.  THIS  subject  had  its  origin  in  the  investigations  on  the 
theory  of  the  Earth's  Figure  which  so  powerfully  engaged  the 
attention  of  mathematicians  near  the  end  of  the  last  and  the 
beginning  of  the  present  century. 

Considerations  of  space  forbid  our  attempting  more  than  a 
rapid  sketch,  with  references  to  the  original  memoirs,  of  the  case 
where  the  fluid  is  of  uniform  density,  and  the  external  boundary  is 
ellipsoidal.  With  this  is  incorporated  a  slight  account  of  some 
cognate  investigations  by  Dirichlet  and  others,  which  claim  notice 
not  only  on  grounds  of  physical  interest,  but  also  by  reason  of  the 
elegance  of  the  analytical  methods  employed. 

We  write  down,  in  the  first  place,  some  formulae  relating  to 
the  attraction  of  ellipsoids. 

If  the  density  p  be  expressed  in  '  astronomical  '  measure,  the 
gravitation-potential  (at  internal  points)  of  a  uniform  mass  en- 
closed by  the  surface 


s 


where  A  =  {(a2+  X)  (fc2  +  X)  (c2  +  \)}*  ...............  (3). 

This  may  be  written 

ft  =  7r/>(ac^  +  /3o2/2  +  7o*2-%o)  ...............  (4), 

where 


(5), 


*  For  references  see  p.  534.     The  sign  of  1)  has  been  changed  from  the  usual 
reckoning. 
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(6). 

The  potential  energy  of  the  mass  is  given  by 

.....................  (7), 


where  the   integrations  extend  over  the   volume.     Substituting 
from  (4)  we  find 

V=  f 


(8). 


This  expression  is  negative  because  the  zero  of  reckoning 
corresponds  to  a  state  of  infinite  diffusion  of  the  mass.  If  we 
adopt  as  zero  of  potential  energy  that  of  the  mass  when  collected 
into  a  sphere  of  radius  a,  =  (abc)3,  we  must  prefix  to  the  right- 
hand  of  (8)  the  term 

(9). 


If  the  ellipsoid  be  of  revolution,  the  integrals  reduce.     If  it 
be  of  the  planetary  form  we  may  put 


w   v  —  f^ 

and  obtain*         «0  =  /30  =  (f2  +  1)  f  cot"1  f  —  f 2, 


(10), 

-%} (11)' 


-'? (12), 

provided  the  zero  of  V  correspond  to  the  spherical  form. 
For  an  ovary  ellipsoid  we  put 

^5-»(£zl?o (13), 

*  Most  simply  by  writing  c2  +  X  =  (ti2-c2)  u\ 
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which  leads  to 


......  (15). 


The  case  of  an  infinitely  long  elliptic  cylinder  may  also  be 
noticed.     Putting  c  =  oo  in  (5),  we  find 

26  2a 


The  energy  per  unit  length  of  the  cylinder  is 

F1  =  ^yaMog^)!  ...............  (17), 

if  a2  =  ab. 

314.  If  the  ellipsoid  rotate  in  relative  equilibrium  about  the 
axis  of  zt  with  angular  velocity  nt  the  component  accelerations 
of  the  particle  (a?,  y,  z)  are  —  n2x,  -  n*y,  0,  so  that  the  dynamical 
equations  reduce  to 

1  dp     cm  I  dp     dO,  1  dp     dn 

—  nzx  =  --  -f-  —  ~j—  ,     —n*y  =  --  -f  —  -j-  ,     0  =  —  f  —  ~j- 

p  dx      dx  p  dy      dy  p  dz      dz 

...............  (1). 

Hence  ^  =  J  n*  (x2  +  f)  -  O  +  const  ................  (2). 

The  surfaces  of  equal  pressure  are  therefore  given  by 

=  const  ........  - 


In    order    that   one   of  these   may   coincide   with   the   external 
surface 


we  must  have 


In  the  case  of  an  ellipsoid  of  revolution  (a  =  b),  these  con- 
ditions reduce  to  one  : 
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Since  a*/(a2  +  ^)  is  greater  or  less  than  c*/(c*  +  X),  according  as 
a  is  greater  or  less  than  c,  it  follows  from  the  forms  of  «0,  7,,  given 
in  Art.  313  (5)  that  the  above  condition  can  be  fulfilled  by  a 
suitable  value  of  n  for  any  assigned  planetary  ellipsoid,  but  not 
for  the  ovary  form.  This  important  result  is  due  to  Maclaurin*. 

If  we  substitute  from  Art.  313  (11),  the  condition  (6)  takes  the 
form 

=  (8g»  +  l)  foot-'  r-3?"  ...............  (7). 


The    quantity    f  is   connected   with   the   excentricity   e   of  the 
meridian  section  by  the  relations 


The  equation  (7)  was  discussed,  under  slightly  different  forms, 
by  Simpson,  d'Alembert-(-,  and  (more  fully)  by  Laplace*.  As 
f  decreases  from  oo  to  0,  and  e  therefore  increases  from  0  to  1,  the 
right-hand  side  increases  continually  from  zero  to  a  certain  maxi- 
mum (-224)7),  corresponding  to  e  =  '9299,  a/c  =  2-7198,  and  then 
decreases  asymptotically  to  zero.  Hence  for  any  assigned  value  of 
n,  such  that  n2/27r/>  <  -2247,  there  are  two  ellipsoids  of  revolution 
satisfying  the  conditions  of  relative  equilibrium,  the  excentricity 
being  in  one  case  less  and  in  the  other  greater  than  '9299. 
If  n*/2irp  >  '2247,  no  ellipsoidal  form  is  possible. 

When  £  is  great,  the  right-hand  side  of  (7)  reduces  to  T45£-2  approximately. 
Hence  in  the  case  of  a  planetary  ellipsoid  differing  infinitely  little  from  a 
sphere  we  have,  for  the 


If  g  denote  the  value  of  gravity  at  the  surface  of  a  sphere  of  radius  a,  of  the 
same  density,  we  have  g  =  ^  IT  pa,  whence 


Putting  n*a/g  =  •%&$,  we  find  that  a  homogeneous  liquid  globe  of  the  same 
size  and  mass  as  the  earth,  rotating  in  the  same  period,  would  have  an 
ellipticity  of  5JT. 

*  I.  c.  ante  pp.  322,  367. 

t  See  Todhunter,  Hist,  of  the  Theories  of  Attraction,  etc.,  cc.  x.,  xvi. 

$  Mecanique  Celeste,  Livre  3me,  chap.  iii. 
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The  fastest  rotation  which  admits  of  an  ellipsoidal  form  of  revolution, 
for  such  a  mass,  has  a  period  of  2  h.  25  m. 

If  m  be  the  total  mass,  h  its  angular  momentum,  we  have 

m  =  ±7rpa?c,    h  =  |ma2w  ..................  (8), 

whence  we  find 


This  gives  the  angular  momentum  of  a  given  volume  of  given 
fluid  in  terms  of  £,  and  thence  in  terms  of  the  excentricity  e. 
It  appears  from  the  discussion  of  an  equivalent  formula  by 
Laplace,  or  from  the  table  given  below,  that  the  right-hand 
side  increases  continually  as  f  decreases  from  oo  to  0.  Hence 
for  a  given  volume  of  given  fluid  there  is  one,  and  only  one, 
form  of  Maclaurin's  ellipsoid  having  any  prescribed  angular  mo- 
mentum. 

The  following  table,  giving  numerical  details  of  a  series  of  Maclaurin's 
ellipsoids,  is  derived  from  Thomson  and  Tait*,  with  some  modifications  intro- 
duced for  the  purpose  of  a  more  ready  comparison  with  the  corresponding 
results  for  Jacobi's  ellipsoids,  obtained  by  Darwin  (see  Art.  315).  The  unit  of 
angular  momentum  is  m^  a*. 


e 

a/a 

c/a 

7l2/27T/9 

Angular 
momentum 

0 

1-0000 

1-0000 

0 

0 

•1 

1-0016 

•9967 

•0027 

•0255 

•2 

1-0068 

•9865 

•0107 

•0514 

•3 

1-0159 

•9691 

•0243 

•0787 

•4 

1-0295 

•9435 

•0436 

•1085 

•5 

1-0491 

•9086 

•0690 

•1417 

•6 

1-0772 

•8618 

•1007 

•1804 

*  4 

1-1188 

•7990 

•1387 

•2283 

•8 

1-1856 

•7114 

•1816 

•2934 

•9 

•3189 

•5749 

•2203 

•4000 

•91 

•341 

•5560 

•2225 

•4156 

•92 

•367 

•5355 

•2241 

•4330 

•93 

•396 

•5131 

•2247 

•4525 

•94 

•431 

•4883 

•2239 

•4748 

•95 

•474 

•4603 

•2213 

•5008 

•96 

•529 

•4280 

•2160 

•5319 

•97 

1-602 

•3895 

•2063 

•5692 

•98 

1-713 

•3409 

•1890 

•6249 

•99 

1-921 

•2710 

•1551 

•7121 

1-00 

co 

0 

0 

GO 

*  Natural  Philosophy,  Art.  772. 


314-315]  JACOBl'S  ELLIPSOID.  585 

315.  To  ascertain  whether  an  ellipsoid  with  three  unequal 
axes  is  a  possible  form  of  relative  equilibrium,  we  return  to  the 
conditions  (5).  These  are  equivalent  to 

-&2)  =  0  ............  (10), 


If  we  substitute  from  Art.  313,  the  condition  (10)  may  be 
written 


The  first   factor,  equated   to   zero,  gives   Maclaurin's   ellipsoids, 
discussed  in  the  preceding  Art.     The  second  factor  gives 


-«r        ° (13>> 

which  may  be  regarded  as  an  equation  determining  c  in  terms  of 
a,  6.  When  c2  =  0,  every  element  of  the  integral  is  positive,  and 
when  c2  =  a262/(a2  4-  62)  every  element  is  negative.  Hence  there  is 
some  value  of  c,  less  than  the  smaller  of  the  two  semiaxes  a,  b, 
for  which  the  integral  vanishes. 

The  corresponding  value  of  n  is  given  by  (11),  which  takes  the 
form 

,  r        \d\ 

=abc     T^rrrwiJTvnr (14)> 


so  that  n  is  real.  It  will  be  observed  that  as  before  the  ratio 
n^/^Trp  depends  only  on  the  shape  of  the  ellipsoid,  and  not  on  its 
absolute  size. 

The  possibility  of  an  ellipsoidal  form  with  three  unequal  axes 
was  first  asserted  by  Jacobi  in  1834*.  The  equations  (13)  and 
(14)  were  carefully  discussed  by  C.  O.  Meyerf,  who  shewed  that 
when  a,  b  are  given  there  is  only  one  value  of  c  satisfying  (13), 
and  that,  further,  n*/27rp  has  its  greatest  value  (1871),  when 
a  =  6  =  l'7!61c.  The  Jacobian  ellipsoid  then  coincides  with  one 
of  Maclaurin's  forms. 


*  "Ueber  die  Figur  des  Gleichgewichts,"  Pogg.  Ann.,  t.  xxxiii.  (1834);  see  also 
Liouville,  "  Sur  la  figure  d'une  masse  fluide  homogene,  en  e*quilibre,  et  dou^e  d'un 
mouvement  de  rotation,"  Journ.  de  VEcole  Polytechn.,  t.  xiv.,  p.  290  (1834). 

t  "  De  aequilibrii  formis  ellipsoidicis,"  Crelle,  t.  xxiv.  (1842). 
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If  in  the  second  factor  of  (12)  we  put  a  =  6,  and  write 


we  find 
whence 


i- 


W2J    1-fW2 


(iv), 


It  may  readily  be  verified  that  this  has  only  one  finite  root,  viz.  £='7171, 
which  makes  e='8127. 


As  tf/Zirp  diminishes  from  the  above  limit,  the  ratio  of  one 
equatorial  axis  of  Jacobi's  ellipsoid  to  the  polar  axis  increases, 
whilst  that  of  the  other  diminishes,  the  asymptotic  form  being 
an  infinitely  long  circular  cylinder  (a  =  oo  ,  6  =  c). 


Thomson  and  Tait,  Art.  778'.     The  /  of  these  writers  is  equal  to  our  f1 
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The  following  table  of  numerical  data  for  a  series  of  Jacobi's  ellipsoids 
has  been  computed  by  Darwin.  The  subject  is  further  illustrated  by  the 
annexed  figures.  The  first  of  these  gives  the  meridian  section  of  the  ellipsoid 
of  revolution  which  is  the  starting  point  of  the  series.  The  remainder, 
adopted  from  Darwin's  paper  *,  give  the  principal  sections  of  two  other  forms. 


Axes 

n* 

Angular 

2wp 

momentum 

a/a 

6/a 

c/a 

"  r 

1-197 

1-197 

•698 

•1871 

•304 

1-216 

1-179 

•698 

•187 

•304 

1-279 

1-123 

•696 

•186 

•306 

1-383 

1-045 

•692 

•181 

•313 

1-601 

•924 

•677 

•166 

•341 

1-899 

•811 

•649 

•141 

•392 

2-346 

•702 

•607 

•107 

•481 

3-136 

•586 

•545 

•067 

•644 

5-04 

•45 

•44 

•026 

1-016 

oo 

0 

0 

0 

•  oo 

•702 


a  =  2-346 


607 


a  =  2. 3  46 


*  "  On  Jacobi's  Figure  of  Equilibrium  for  a  Rotating  Mass  of  Fluid,"  Proc.  Roy. 
Soc.,  Nov.  25,  1886. 
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There  is  a  similar  solution  for  the  case  of  an  elliptic  cylinder  rotating 
about  its  axis*.     The  result,  which  may  be  easily  verified,  is 


27rp 


316.  The  problem  of  relative  equilibrium,  of  which  Maclaurin's 
and  Jacobi's  ellipsoids  are  particular  cases,  has  in  recent  times 
engaged  the  attention  of  many  able  writers,  to  whose  investi- 
gations we  can  here  only  refer.  These  are  devoted  either 
to  the  determination,  in  detail,  of  special  forms,  such  as  the 
annulus"|-,  and  that  of  two  detached  masses  at  a  greater  or  less 
distance  apart  J,  or,  as  in  the  case  of  Poincare's  celebrated  paper  §, 
to  the  more  general  study  of  the  problem,  and  in  particular  to  the 
inquiry,  what  forms  of  relative  equilibrium,  if  any,  can  be  obtained 
by  infinitesimal  modification  of  known  forms  such  as  those  of 
Maclaurin  and  Jacobi. 

The  leading  idea  of  Poincare's  research  may  be  stated  as 
follows.  With  a  given  mass  of  liquid,  and  a  given  angular 
velocity  n  of  rotation,  there  may  be  one  or  more  forms  of  relative 
equilibrium,  determined  by  the  property  that  the  value  of  V—  T0 
is  stationary,  the  symbols  V,  T0  having  the  same  meanings  as  in 
Art.  195.  By  varying  n  we  get  one  or  more  'linear  series'  of 
equilibrium  forms.  Now  consider  the  coefficients  of  stability  of 
the  system  (Art.  196).  These  may,  for  the  present  purpose,  be 
chosen  in  an  infinite  number  of  ways,  the  only  essential  being 
that  V  —  T0  should  reduce  to  a  sum  of  squares  ;  but,  whatever 
mode  of  reduction  be  adopted,  the  number  of  positive  as  well  as  of 
negative  coefficients  is,  by  a  theorem  due  to  Sylvester,  invariable. 
Poincare  proves  that  if,  as  we  follow  any  linear  series,  one  of  the 
coefficients  of  stability  changes  sign,  the  form  in  question  is  as  it 

*  Matthiessen,  "Neue  Untersuchungen  iiber  frei  rotirende  Fliissigkeiten," 
Schriften  der  Univ.  zu  Kiel,  t.  vi.  (1859).  This  paper  contains  a  very  complete  list 
of  previous  writings  on  the  subject. 

t  First  treated  by  Laplace,  "  Meraoire  sur  la  theorie  de  1'anneau  de  Saturne," 
Mem.  de  VAcad.  des  Sciences,  1787  [1789];  Mecanique  Celeste,  Livre  3me,  c.  vi. 
For  later  investigations,  with  or  without  a  central  attracting  body,  see  Matthiessen, 
I.  c.  ;  Mine.  Sophie  Kowalewsky,  Astron.  Nachrichten,  t.  cxi.,  p.  37  (1885)  ;  Poincar£, 
1.  c.  infra;  Basset,  Amer.  Journ.  Math.,  t.  xi.  (1888);  Dyson,  I.  c.  ante  p.  166. 

J  Darwin,  "On  Figures  of  Equilibrium  of  Rotating  Masses  of  Fluid,"  Phil. 
Trans.,  1887  ;  a  full  account  of  this  paper  is  given  by  Basset,  Hydrodynamics, 
c.  xvi. 

§  "Sur  1'equilibre  d'une  masse  fluide  anime'e  d'un  mouvement  de  rotation," 
Acta  Math.,  t.  vii.  (1885). 
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were  the  crossing-point  with  another  linear  series.  For  this 
reason  it  is  called  a  'form  of  bifurcation.'  A  great  part  of 
Poincare's  investigation  consists  in  ascertaining  what  members  of 
Maclaurin's  and  Jacobi's  series  are  forms  of  bifurcation. 

Poincare  also  discusses  very  fully  the  question  of  stability,  to 
which  we  shall  briefly  revert  in  conclusion. 

317.  The  motion  of  a  liquid  mass  under  its  own  gravitation, 
with  a  varying  ellipsoidal  surface,  was  first  studied  by  Dirichlet*. 
Adopting  the  Lagrangian  method  of  Art.  13,  he  proposes  as  the 
subject  of  investigation  the  whole  class  of  motions  in  which  the 
displacements  are  linear  functions  of  the  velocities.  This  has 
been  carried  further,  on  the  same  lines,  by  Dedekindf  and 
RiemannJ.  More  recently,  it  has  been  shewn  by  Greenhill§  and 
others  that  the  problem  can  be  treated  with  some  advantage  by 
the  Eulerian  method. 

We  will  take  first  the  case  where  the  ellipsoid  does  not  change 
the  directions  of  its  axes,  and  the  internal  motion  is  irrotational. 
This  is  interesting  as  an  example  of  finite  oscillation  of  a  liquid 
mass  about  the  spherical  form. 

The  expression  for  the  velocity-potential  has  been  given  in 
Art.  107  ;  viz.  we  have 


with  the  condition  of  constant  volume 


The  pressure  is  then  given  by 

(3), 


*  "  Untersuchungen  iiber  ein  Problem  der  Hydrodynamik,"  GStt.  Abh.,  t.  viii. 
(1860)  ;  Crelle,  t.  Iviii.  The  paper  was  posthumous,  and  was  edited  and  amplified 
by  Dedekind. 

+  Crelle,  t.  Iviii. 

J  "  Beitrag  zu  den  Untersuchungen  iiber  die  Bewegung  eines  fliissigen  gleicharti- 
gen  Ellipsoides,"  Gott.  Abh.,  t.  ix.  (1861);  Math.  Werke,  p.  168. 

§  "On  the  Rotation  of  a  liquid  Ellipsoid  about  its  Mean  Axis,"  Proc.  Camb. 
Phil.  Soc.,  t.  iii.  (1879);  "On  the  general  Motion  of  a  liquid  Ellipsoid  under  the 
Gravitation  of  its  own  parts,"  Proc.  Camb.  Phil.  Soc.,  t,  iv.  (1880). 
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by  Art.  21  (4);  and  substituting  the  value  of  II  from  Art.  313 
we  find 

p  fti         b         c 

p          2  \d         b         c 

W- 

The  conditions  that  the  pressure  may  be  uniform  over  the 
external  surface 


are  therefore 

.  c2  ....  (6). 


These  equations,  with  (2),  determine  the  variations  of  a,  b,  c. 
If  we  multiply  the  three  terms  of  (2)  by  the  three  equal  magni- 
tudes in  (6),  we  obtain 

ad  +  bb  -f  cc  +  2?r/o  (a0aa  +  @0bb  +  y0cc)  =  0  .........  (7). 

If  we  substitute  the  values  of  Oo,  /30,  70  from  Art.  313,  this  has  the 
integral 

d2  +  62  +  c2  -  fapabc  (    ~  =  const  .............  (8). 

It  has  been  already  proved  that  the  potential  energy  is 

f30  d\. 
F=  const.  -7857rya262c2       ^-  ...............  (9), 

J  o    A 

and  it  easily  follows  from  (1)  that  the  kinetic  energy  is 


(10). 

Hence  (8)  is  recognized  as  the  equation  of  energy 

T+F=const (11). 

When  the  ellipsoid  is  of  revolution  (a  =  b),  the  equation  (8), 
with  a2c  =  a3,  is  sufficient  to  determine  the  motion.     We  find 

-5-V+  F=  const (12). 

2c3/ 

The  character  of  the  motion  depends  on  the  total  energy.     If 
this  be  less  than  the  potential  energy  in  the  state  of  infinite 
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diffusion,  the  ellipsoid  will  oscillate  regularly  between  the  prolate 
and  oblate  forms,  with  a  period  depending  on  the  amplitude; 
whilst  if  the  energy  exceed  this  limit  it  will  not  oscillate,  but  will 
tend  to  one  or  other  of  two  extreme  forms,  viz.  an  infinite  line  of 
matter  coinciding  with  the  axis  of  zt  or  an  infinite  film  coincident 
with  the  plane  xy*. 

If,  in  the  case  of  an  ellipsoid  of  revolution,  we  superpose  on  the 
irrotational  motion  given  by  (1)  a  uniform  rotation  o>  about  the  axis  of  0,  the 
component  angular  velocities  (relative  to  fixed  axes)  are 


ci                       a 

-a>X      r( 

c 

~  aX  '**'       ~  a? 
iions  then  reduce  to 

2<i           2  
a 

\dp 
p  da; 

da  . 

~  dx>\ 

a  1  dp     dQ, 

-  <ax  —  ory= v j- . 

a  p  dy      dy 

_l<ty_<to   I 

p  dz      dz    ' 

The  first  two  equations  give,  by  cross-differentiation, 


(iv), 

which  is  simply  the  expression  of  von  Helmholtz'  theorem  that  the  '  strength  ' 
of  a  vortex  is  constant  (Art.  142).  In  virtue  of  (iii),  the  equations  (ii)  have 
the  integral 


Introducing  the  value  of  O  from  Art.  313  (4),  we  find  that  the  pressure  will 
be  constant  over  the  surface 


provided  +27r/>a0-a>     a2=      +  27rpy02  ..................  (vii). 

In  virtue  of  the  relation  (iii),  and  of  the  condition  of  constancy  of  volume 

2  =  0  .................................  (viii), 


*  Dirichlet,  I.  c.  When  the  amplitude  of  oscillation  is  small,  the  period 
must  coincide  with  that  obtained  by  putting  w  =  2  in  the  formula  (10)  of  Art.  241. 
This  has  been  verified  by  Hicks,  Proc.  Camb.  Phil.  Soc.,  t.  iv.,  p.  309  (1883). 
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this  may  be  put  in  the  form 

2da  +  cc  +  2  (o>2ad  +  o>o>a2)  +  4irpaQaa  +  2irpyQcc  =  0  ............  (ix), 


rd\ 
-  r  =  const  .....  (x). 
.(«S+X)(<*+A)* 


This,  again,  may  be  identified  as  the  equation  of  energy. 
In  terms  of  c  as  dependent  variable,  (x)  may  be  written 


If  the  initial  circumstances  be  favourable,  the  surface  will  oscillate  regularly 
between  two  extreme  forms.  Since,  for  a  prolate  ellipsoid,  V  increases  with 
c,  it  is  evident  that,  whatever  the  initial  conditions,  there  is  a  limit  to  the 
elongation  in  the  direction  of  the  axis  which  the  rotating  ellipsoid  can  attain. 
On  the  other  hand,  we  may  have  an  indefinite  spreading  out  in  the  equatorial 
plane  *. 

318.  For  the  further  study  of  the  motion  of  a  fluid  mass 
bounded  by  a  varying  ellipsoidal  surface  we  must  refer  to  the 
paper  by  Riemann  already  cited,  and  to  the  investigations  of 
Brioschif",  LipschitzJ,  Greenhill§  and  Basset  ||.  We  shall  here 
only  pursue  the  case  where  the  ellipsoidal  boundary  is  invariable 
in  form,  but  rotates  about  a  principal  axis  (z)*\\. 

If  u,  v,  w  denote  the  velocities  relative  to  axes  x,  y  rotating  in  their  own 
plane  with  constant  angular  velocity  n,  the  equations  of  motion  are,  by 
Art.  199, 

Du     _          9          I  dp     do. 

-  2nv  -nzx=---f--j- 

Dt  p  dx     dx 

Dv  1  dp     do. 

7r  +  2mi  -  n2y  =  -  -  J-  -  -=- 
Dt  p  dy      dy 

Dw  _\dp     do, 

~Di  ~~p~dz~~dz 

If  the  fluid  have  an  angular  velocity  &>  about  lines  parallel  to  z,  the  actual 
velocities  parallel  to  the  instantaneous  positions  of  the  axes  will  be 


*  Dirichlet,  7.  c.  f  Crelle,  t.  lix.  (1861). 

I  Crelle,  t.  Ixxviii.  (1874).  §  I.e.  ante  p.  589. 

||  "On  the  Motion  of  a  Liquid  Ellipsoid  under  the  Influence  of  its  own 
Attraction,"  Proc.  Lond.  Math.  Soc.,  t.  xvii.,  p.  255  (1886)  ;  Hydrodynamics,  c.  xv. 

IT  Greenhill,  "On  the  Rotation  of  a  Liquid  Ellipsoid  about  its  Mean  Axis," 
Proc.  Camb.  Phil.  Soc.,  t.  iii.  (1879). 
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since  the  conditions  are  evidently  satisfied  by  the  superposition  of  the  irrota- 
tional  motion  which  would  be  produced  by  the  revolution  of  a  rigid  ellipsoidal 
envelope  with  angular  velocity  n  -  o>  on  the  uniform  rotation  o>  (cf.  Art.  107). 
Hence 

2a2    ,  2&2W 


Substituting  in  (i),  and  integrating,  we  find 


-G  +  const 
Hence  the  conditions  for  a  free  surface  are 


(v). 

This  includes  a  number  of  interesting  cases. 
1°.     If  we  put  ?i  =  o>,  we  get  the  conditions  of  Jacobi's  ellipsoid  (Art.  315). 

2°.     If  we  put  7i  =  0,  so  that  the  external  boundary  is  stationary  in  space, 
we  get 


(vii), 


These  are  equivalent  to 


and  =.|-0  ................. 

2?rp         4a262          a2  -  o2 

It  is  evident,  on  comparison  with  Art.  315,  that  c  must  be  the  least  axis 
of  the  ellipsoid,  and  that  the  value  (viii)  of  <n>2/27rp  is  positive. 

The  paths  of  the  particles  are  determined  by 

262 


- 


whence  x  =  ka  cos  (<rt  +  f),    y  =  ^6sin(o-^-ff),     z=0  ...............  (x), 


lf  * 

and  ^,  e  are  arbitrary  constants. 

These  results  are  due  to  Dedekind*. 

*  1.  c.  ante  p.  589.      See  also  Love,  "On  Dedekind's  Theorem,...,"  Phil.  Mag., 
Jan.  1888. 

L.  38 


594       EQUILIBRIUM   OF  ROTATING  MASSES   OF  LIQUID.       [CHAP.  XII 

3°.     Let  G>=0,  so  that  the  motion  is  irrotational.     The  conditions  (v) 
reduce  to 


n*  }          f         (62-a2)(3a2  +  62)  n>  \ 
iBST      "  r°        ~ltf  +  &*?"""  M 


These  may  be  replaced  by 

0  ......  (xiii), 


_  pp 

4         22      4'       22 


The  equation  (xiii)  determines  c  in  terms  of  a,  b.  Let  us  suppose  that 
a>b.  Then  the  left-hand  side  is  easily  seen  to  be  positive  for  c  =  a,  and  nega- 
tive for  c  =  6.  Hence  there  is  some  real  value  of  c,  between  a  and  6,  for  which 
the  condition  is  satisfied  ;  and  the  value  of  n,  given  by  (xiv)  is  then  real,  for 
the  same  reason  as  in  Art.  315. 

4°.     In  the  case  of  an  elliptic  cylinder  rotating  about  its  axis,  the  condition 

(v)  takes  the  form 

„       4a262  4irab  .     ... 

(xv) 


If  we  put  n  =  a>,  we  get  the  case  of  Art.  315  (i). 

If  n  =  0,  so  that  the  external  boundary  is  stationary,  we  have 


If  o,  =  o,  i.  e.  the  motion  is  irrotational,  we  have 


319.  The  small  disturbances  of  a  rotating  ellipsoidal  mass 
have  been  discussed  by  various  writers. 

The  simplest  types  of  disturbance  which  we  can  consider  are 
those  in  which  the  surface  remains  ellipsoidal,  with  the  axis  of 
revolution  as  a  principal  axis.  In  the  case  of  Maclaurin's  ellipsoid, 
there  are  two  distinct  types  of  this  character  ;  in  one  of  these  the 
surface  remains  an  ellipsoid  of  revolution,  whilst  in  the  other 
the  equatorial  axes  become  unequal,  one  increasing  and  the  other 
decreasing,  whilst  the  polar  axis  is  unchanged.  It  was  shewn  by 
Riemannf  that  the  latter  type  is  unstable  when  the  eccentricity 
(e)  of  the  meridian  section  is  greater  than  '9529.  The  periods  of 

*  Greenhill,  I.  c.  ante  p.  589. 

t  I.  c.  ante  p.  589.     See  also  Basset,  Hydrodynamics,  Art.  367.     Eiemann  has 
further  shewn  that  Jacobi's  ellipsoid  is  always  stable  for  ellipsoidal  disturbances. 
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oscillation  in  the  two  types  (when  e  <  '9529)  have  been  calculated 
by  Love*. 

The  theory  of  the  stability  and  the  small  oscillations  of 
Maclaurin's  ellipsoid,  when  the  disturbance  is  unrestricted,  has 
been  very  fully  worked  out  by  Bryanf,  by  a  method  due  to 
Poincare'.  It  appears  that  when  e<'9529  the  equilibrium  is 
thoroughly  stable.  For  sufficiently  great  values  of  e  there  is 
of  course  instability  for  other  types,  in  addition  to  the  one  above 
referred  to. 

320.  In  the  investigations  here  cited  dissipative  forces  are 
ignored,  and  the  results  leave  undetermined  the  more  important 
question  of  'secular'  stability.  This  is  discussed,  with  great 
command  of  mathematical  resources,  by  Poincare. 

If  we  consider,  for  a  moment,  the  case  of  a  fluid  covering  a 
rigid  nucleus,  and  subject  to  dissipative  forces  affecting  all  relative 
motions,  there  are  two  forms  of  the  problem.  It  was  shewn  in 
Art.  197  that  if  the  nucleus  be  constrained  to  rotate  with  constant 
angular  velocity  (n)  about  a  fixed  axis,  or  (what  comes  to  the  same 
thing)  if  it  be  of  preponderant  inertia,  the  condition  of  secular 
stability  is  that  the  equilibrium  value  of  V  —  T0  should  be  station- 
ary, V  denoting  the  potential  energy,  and  T0  the  kinetic  energy  of 
the  system  when  rotating  as  a  whole,  with  the  prescribed  angular 
velocity,  in  any  given  configuration.  If,  on  the  other  hand,  the 
nucleus  be  free,  the  case  comes  under  the  general  theory  of 
'gyrostatic'  systems,  the  ignored  coordinates  being  the  six  co- 
ordinates which  determine  the  position  of  the  nucleus  in  space. 
The  condition  then  is  (Art.  235)  that  the  equilibrium  value  of 
V+K  should  be  a  minimum,  where  K  is  the  kinetic  energy  of 
the  system  moving,  as  rigid,  in  any  given  configuration,  with  the 

*  "  On  the  Oscillations  of  a  Rotating  Liquid  Spheroid,  and  the  Genesis  of  the 
Moon,"  Phil  Mag.,  March,  1889. 

t  "  The  Waves  on  a  Rotating  Liquid  Spheroid  of  Finite  Ellipticity,"  Phil.  Trans., 
1889  ;  "  On  the  Stability  of  a  Rotating  Spheroid  of  Perfect  Liquid,"  Proc.  Roy.  Soc., 
March  27,  1890.  The  case  of  a  rotating  elliptic  cylinder  has  been  discussed  by 
Love,  Quart.  Journ.  Math.,  t.  xxiii.  (1888). 

The  stability  of  a  rotating  liquid  annulus,  of  relatively  small  cross-section, 
has  been  examined  by  Dyson,  I.e.  ante  p.  166.  The  equilibrium  is  shewn  to 
be  unstable  for  disturbances  of  a  "beaded"  character  (in  which  there  is  a  periodic 
variation  of  the  cross-section  as  we  travel  along  the  ring)  whose  wave-length  exceeds 
a  certain  limit. 
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component  momenta  corresponding  to  the  ignored  coordinates 
unaltered.  The  two  criteria  become  equivalent  when  the  disturb- 
ance considered  does  not  alter  the  moment  of  inertia  of  the 
system  with  respect  to  the  axis  of  rotation. 

The  second  form  of  the  problem  is  from  the  present  point  of 
view  the  more  important.  It  includes  such  cases  as  Maclaurin's 
and  Jacobi's  ellipsoids,  provided  we  suppose  the  nucleus  to  be 
infinitely  small.  As  a  simple  application  of  the  criterion  we  may 
examine  the  secular  stability  of  Maclaurin's  ellipsoid  for  the 
types  of  ellipsoidal  disturbance  described  in  Art.  319*. 

Let  n  be  the  angular  velocity  in  the  state  of  equilibrium,  and  h  the 
angular  momentum.  If  7  denote  the  moment  of  inertia  of  the  disturbed 
system,  the  angular  velocity,  if  this  were  to  rotate,  as  rigid,  would  be  h//. 
Hence 


and  the  condition  of  secular  stability  is  that  this  expression  should  be  a 
minimum.  We  will  suppose  for  definiteness  that  the  zero  of  reckoning  of  V 
corresponds  to  the  state  of  infinite  diffusion.  Then  in  any  other  configuration 
V  will  be  negative. 

In  our  previous  notation  we  have 


c  being  the  axis  of  rotation.     Since  «6c=a3,  we  may  write 


where  /(a,  6)  is  a  symmetric  function  of  the  two  independent  variables  a,  b. 
If  we  consider  the  surface  whose  ordinate  is  /  (a,  b),  where  a,  b  are  regarded 
as  rectangular  coordinates  of  a  point  in  a  horizontal  plane,  the  configurations 
of  relative  equilibrium  will  correspond  to  points  whose  altitude  is  a  maximum, 
or  a  minimum,  or  a  *  minimax,'  whilst  for  secular  stability  the  altitude  must 
be  a  minimum. 

For  a=oo,  or  6=00,  we  have  f  (a,  6)  =  0.  For  a  =  0,  we  have  F=0,  and 
/(a,  b)  oc  1/62,  and  similarly  for  6=0.  For  a  =0,  6=0,  simultaneously,  we  have 
/  (a,  6)  =  oo  .  It  is  known  that,  whatever  the  value  of  h,  there  is  always  one 
and  only  one  possible  form  of  Maclaurin's  ellipsoid.  Hence  as  we  follow  the 
section  of  the  above-mentioned  surface  by  the  plane  of  symmetry  (a  =  6),  the 
ordinate  varies  from  oo  to  0,  having  one  and  only  one  stationary  value  in  the 

*  Poincare,  I.  c.  For  a  more  analytical  investigation  see  Basset,  "On  the 
Stability  of  Maclaurin's  Liquid  Spheroid,"  Proc.  Camb.  Phil.  Soc.,  t.  viii.,  p.  23 
(1892). 
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interval.  It  is  easily  seen  from  considerations  of  continuity  that  this  value 
must  be  always  negative,  and  a  minimum*.  Hence  the  altitude  at  this  point 
of  the  surface  is  either  a  minimum,  or  a  minimax.  Moreover,  since  there 
is  a  limit  to  the  negative  value  of  V,  viz.  when  the  ellipsoid  becomes  a 
sphere,  there  is  always  at  least  one  finite  point  of  minimum  (and  negative) 
altitude  on  the  surface. 

Now  it  appears,  on  reference  to  the  tables  on  pp.  584,  586,  that  when 
h  < '304  m  a*>  there  is  one  and  only  one  ellipsoidal  form  of  equilibrium, 
viz.  one  of  revolution.  The  preceding  considerations  shew  that  this  corre- 
sponds to  a  point  of  minimum  altitude,  and  is  therefore  secularly  stable  (for 
symmetrical  ellipsoidal  disturbances). 

When  h>  "304  m^a^,  there  are  three  points  of  stationary  altitude,  viz.  one 
in  the  plane  of  symmetry,  corresponding  to  a  Maclaurin's  ellipsoid,  and  two 
others  symmetrically  situated  on  opposite  sides  of  this  plane,  corresponding  to 
the  Jacobian  form.  It  is  evident  from  topographical  considerations  that  the 
altitude  must  be  a  minimum  at  the  two  last-named  points,  and  a  minimax  at 
the  former.  Any  other  arrangement  would  involve  the  existence  of  additional 
points  of  stationary  altitude. 

The  result  of  the  investigation  is  that  Maclaurin's  ellipsoid  is 
secularly  stable  or  unstable,  for  ellipsoidal  disturbances,  according 
as  e  is  less  or  greater  than  "8127,  the  eccentricity  of  the  ellipsoid 
of  revolution  which  is  the  starting  point  of  Jacobi's  series *(•. 

The  further  discussion  of  the  stability  of  Maclaurin's  ellipsoid, 
though  full  of  interest,  would  carry  us  too  far.  It  appears  that  the 
equilibrium  is  secularly  stable  for  deformations  of  any  type  so  long 
as  e  falls  below  the  above-mentioned  limit.  This  is  established  by 
shewing  that  there  is  no  form  of  bifurcation  (Art.  316)  for  any 
Maclaurin's  ellipsoid  of  smaller  eccentricity. 

Poincare  has  also  examined  the  stability  of  Jacobi's  ellipsoids. 
He  finds  that  these  are  secularly  stable  provided  the  ratio  a  :  b 
(where  a  is  the  greater  of  the  two  equatorial  axes)  does  not 
exceed  a  certain  limit. 

The  secular  stability  of  a  rotating  elliptic  cylinder  has  been  in- 
vestigated directly  from  the  equations  of  motion  of  a  viscous  fluid 
by  BryanJ. 

*  It  follows  that  Maclaurin's  ellipsoid  is  always  stable  for  a  deformation  such 
that  the  surface  remains  an  ellipsoid  of  revolution.  Thomson  and  Tait,  Natural 
Philosophy  (2nd  ed.),  Art.  778". 

t  This  result  was  stated,  without  proof,  by  Thomson  and  Tait,  L  c. 

£  Proc.  Camb.  Phil.  Soc.,  t.  vi.  (1888). 
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Air- waves,  464 

effect  of  viscosity  on,  570 
Aperture, 

flow  through  rectilinear,  82 
circular,  152 
elliptic,  160 
Atmospheric  oscillations,  491,  494 

Basin,  tidal  oscillations  in  a  circular, 
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tides  in  a  rotating,  335,  341 
Bessel's  functions,  305,  306,  310 

connexion  with  spherical  harmonics, 

321 
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Canal,  'long'  waves  in  uniform,  271 
Canal  of  variable  section,  291,  294 
Canal-theory  of  the  tides,  286 
Canal   of  triangular    section,    standing 

waves  in,  426,  429,  432 
Canals,  general  theory  of  waves  in,  429 
Capillarity,  442 
Capillary  waves,  443 
Circular  sheet  of  water,  waves  on,  304, 

312,  426 

'Circulation'  defined,  35 
Circulation -theorem,  38,  57 
Coaxal  circles,  80 
Complex  variable,  74 
Confocal  conies,  82 

quadrics,  158 
Conjugate  functions,   73 
Curved    stratum  of    fluid,   motion    of, 

114,  253 

Curvilinear  coordinates,  156,  158 
Cylinder, 

motion  of  a  circular,  85 

with  cyclosis,  88 


Cylinder,  elliptic,  translation,  92 
rotation,  95,  98 
rotating,  in  viscous  fluid,  523 
Cylindrical  obstacle,  flow  past  a,  87 

Discontinuity, 

instability  of  surfaces  of,  390,  391 
impossible  in  a  viscous  fluid,  541 
Discontinuous  motions,  100 
Disk,  motion  of  a  circular,  152 
Dissipation-function,  504,  518 
Dissipation  of  energy  by  viscosity,  517, 536 
Dissipative   forces,    general   theory   of, 
496,  503 

Eddies,  573 
Efflux  of  gases,  28 
Efflux  of  liquids,  26, 

through  capillary  tubes, 

520,  522 

'Elasticity  of  volume,'  461 
Electro -magnetic    analogy    (vortex-mo- 
tion), 231 

Ellipsoid,  Jacobi's,  585 
Maclaurin's,  583 
translation  of  an,  147,  149,  152,  154, 

162 

in  viscous  fluid,  534 
rotation  of  an,  149,  154,  164 
Ellipsoidal  Harmonics,  145,  155 
Ellipsoidal   mass    of    liquid,    rotation, 

of,  582,  585 

Ellipsoidal  shell,  motion  of  fluid  in,  155 
Elliptic  aperture,  flow  through,  160 
Energy,  dissipation  of,  517,  536 
equation  of,  10 
of  air-waves,  469 

of  irrotationally  moving  liquid,  50, 
52,  62,  73,  134 
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Energy,  of  'long'  waves,  278 

of    solid    moving    through    liquid, 

130,  172 

of  surface  waves,  378 
of  vortex-systems,  239,  242 
superficial,  442 

Equation  of  continuity,  5,  6,  15 

Equations  of  motion, 

of  frictionless  fluid,  3,  14 
of  a  solid  in  a  liquid,  171,  176,  192 
of  a  viscous  fluid,  514,  516 
relation  to  moving  axes,  322 

Equilibrium    of    rotating    masses    of 
liquid,  580,  588 

Expansion,  waves  of,  464 

Fish-line  problem,  455 

Flapping  of  sails  and  flags,  392 

'Flow'  defined,  35,  39 

Flow    of    a    viscous    fluid    through    a 

crevice,  519 
Flow  of  a  viscous  fluid  through  a  pipe, 

520,  522 

'Flux'  defined,  41 
Forced  oscillations,  269,  329 
Fourier's  theorem,  380,  395 

Generalized  coordinates,  197 

Gerstner's  waves,  412,  416 

Globe,  oscillations  of  a  liquid,  436 

tides  on  a  rotating,  343 
Globule,  vibrations  of  a,  461 
Green's  theorem,  50, 

Lord  Kelvin's  extension  of,  60 
Group-velocity   (of   waves),    381,    401, 

445,  448 
Gyrostatic  system,  211,  503 

Harmonics,  spherical,  117,  316 

conjugate  property 
of,  127 

ellipsoidal,  145,  155 

zonal,  121,  122 

sectorial,  126 

tesseral,  125 

Helicoid,  motion  of  a,  191 
Hydrokinetic  symmetry,  181 
Hypergeometric  series,  121 

Ignoration  of  coordinates,  214 
Image  of  a  double-source,  138,  262 


'Impulse'  defined,  169 
theory  of,  169,  173,  194 
in  vortex-motion,  237,  248 

Impulsive  motion,  12 

Inertia  of  a  solid,  effect  of  fluid  in 
modifying,  130,  172,  192 

Instability  of  linear  flow  in  a  pipe,  573 

'  Irrotational  motion'  defined,  38 

Jets,    theory   of,    in    two    dimensions, 

103,  105 
capillary  phenomena  of,  457,  459 

1  Kinematic'  coefficient  of  viscosity,  513 
Kinetic  energy  of  a  solid  in  a  liquid,  173 
Kinetic  stability,  327 

Lagrange's  equations,  201,  207 
Lagrange's  (velocity-potential)  theorem, 

18,  38 
Lamina,  impact   of  a   stream   on,  94, 

107,  109,  112 
'  Laminar '  motion  defined,  34 

in  viscous  fluid,  538, 

541,  545 

Laplace's  tidal  problem,  345 
Limiting  velocity,  24 
Lines  of  motion,  see  stream-lines. 

Minimum  energy,  51,  63 
4  Modulus  of  decay,'  497 

of  water-waves,  545 

of  sound-waves,  572 
Multiple-connectivity,  53,  57 

'Normal  modes'  of  oscillation,  268 

Oil,  effect  of  a  film  of,  on  water- 
waves,  552 

Orbits  of  particles  (in  wave-motion), 
373,  376 

'Ordinary'  stability,  327 

Orthogonal  coordinates,  156 

Oscillations,  see  Small  oscillations,  and 
Waves. 

Oscillating  plane,  in  viscous  fluid,  538, 541 

Pendulum,  oscillating  in  air,  490 

oscillating  in  viscous  fluid,  568 
Periodic    motion    of    a    viscous    fluid, 
538,  555,  559 
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'  Peripbractic '  regions,  43,  70 

Pipe,  flow  of  viscous  fluid  in,  520,  522 

Poiseuille's  experiments,  521 

Pressure- equation,  21 

Pressure,  resultant,  177 

Pressures  on  solids  in  moving  fluid,  218 

Progressive  waves,  374 

Eeflection  of  waves,  280 

Resistance  of  a  lamina,  107,  109,  112 

(viscous)  to  moving  sphere,  533 
Eetardation   and   acceleration   of  tides 

(frictional),  501,  502 
Revolution,    motion   of   a   solid   of,  in 

frictionless  fluid,  184,  189,  196 
Ripples  and  waves,  447 
Rotating  liquid,  29 

Rotating  sheet  of  water,  tides  on,  322 
'  Rotational '  motion,  222 
Rotation,  electromagnetic,  32 
Rotation  of  a  liquid  mass  under  its  own 
attraction,  580 

Sector,  rotation  of  a  circular,  97 

'  Secular  stability,'  327,  595 

Ship-waves,  403 

4  Simple-source'  of  sound,  484 

'  Simply-connected'  regions,  40 

Skin-resistance,  575 

Slipping,  resistance  to,  at  the  surface 

of  a  solid,  514,  521 
Small  oscillations,  general  theory,  266 

relative  to  rotating  solid,  324 
Smoke-rings,  261 

Solid,  motion  of,  through  a  liquid,  167 
4  Solitary '  wave,  418 
Sound,  velocity  of,  466 
Sound-waves,  plane,  464,  468 
energy  of,  469 
general  equation  of,  480 
of  finite  amplitude,  470,  471,  473,  475 
spherical,  477,  479 
'Sources'   and   'sinks,'   63,    118,    128, 

129,  135 

Source,  Simple-,  of  sound,  484 
'Speed'  defined,  268 
Sphere,  motion  of,  in  infinite  mass  of 

liquid,  130 
in  liquid  bounded  by 
concentric  spheri- 
cal envelope,  132 


Sphere,  motion  of,  in  cyclic  region,  143, 

217 
in  viscous  fluid,  524, 

530,  533 
Spheres,    motion  of  two,   in  a  liquid, 

139,  205,  206 

Spherical  harmonics,  see  Harmonics. 
Spherical  vortex,  264 
Spherical  mass  of  liquid,  gravitational 

oscillations,  436 
Spherical  sheet    of  water,  waves    and 

tides  on,  314,  440 
of  air,  vibrations  of,  489 
Stability  of  a  cylindrical  vortex,  250 
of  a  jet,  457,  459 
of  rotating  masses  of  liquid,  326, 

594 
of  a  water- surf  ace,  with  wind,  389, 

392,  449 
of  steady  motion  of  a   solid  in   a 

liquid,  178,  188,  189 
of  the  ocean,  362 
'  ordinary '  and  '  secular, '  327 
Standing  waves,  372,  424 
Stationary  waves  on  the   surface  of  a 

current,  421 

4  Steady  motion,'  defined,  22 
general  conditions  for,  262 
of  a  solid  in  a  liquid,  178 
of  a  solid  of  revolution,  190,  196 
of  a  viscous  fluid,  519,  528,  536 
Stokes'  theorem,  37 
Stream-function,  Lagrange's,  70 

Stokes',  133,  255 
Stream-lines,  20 

of  a  circular  disk,  153 
of  a  circular  vortex,  258 
of  a  cylinder,  86 

with  circulation,  88 
of  a  liquid  flowing  past  an  oblique 

lamina,  94 

of  an  eUiptic  cylinder,  93,  99 
of  a  sphere,  137 
Stream-lines,   of    a    sphere   in   viscous 

fluid,  532 

Stream-lines,  of  a  vortex-pair,  80,  246 
Stresses  in  a  viscous  fluid,  512 
Superficial  energy,  442 
Surface-conditions,  8,  9,  371,  514 
Surface -distributions    of    sources    and 
sinks,  65,  66,  235 
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Surface  disturbance  of  a  stream,  393, 

395,  401,  404,  450,  451,  455 
Surfaces  of  discontinuity,  100 

instability  of,  389,  391 
Surface-tension,  442 
Surface-waves,  370 
Symmetry,  hydrokinetic,  181 

Tangential  stress,  1,  509 

Tension,  surface-,  442 

Terminal  velocity  of  sphere  in  viscous 
fluid,  533 

Tidal  waves,  266 
friction,  499 

Tide-generating  forces,  364 

Tides,  canal  theory  of,  286,  287,  289,  290 
change  of  phase  by  friction,  501 
equilibrium  theory  of,  365 
of  second  order,  300 
on  open  sheets  of  water,   301,  303, 

304,  312,  314,  320 
on  rotating  sheet  of  water,  331,  341 
on  rotating  globe,  343,  348,  355,  356 
retardation  of  spring-,  502 

Torsional  oscillations  of  a  sphere,  effect 
of  viscosity  on,  563,  567 

Trochoidal  waves,  411,  414 

Tube,   flow  of  viscous    liquid    through 
a,  520 

Turbulent  flow  of  a  liquid,  573 

Velocity-potential,  18,  40,  56 

due  to  a  vortex,  233 
Vena  contracta,  27,  106 
Vibrations  of  a  cylindrical  jet,  457,  459 
of  a  spherical  globule,  461 
of  gas  in   spherical   envelope,   483, 

487,  488 
Viscosity,  508 

coefficients  of,  512,  513 
effect  of,  on  sound-waves,  570 

on  vibrations  of  a  liquid 

globe,  564 

on  water-waves,  544,  545 
Viscous  fluid,  problems  of  steady  mo- 
tion, 519 

problems  of  oscillatory  motion,  538, 
559 


Viscous  fluid,  motion  of,  when  inertia 

can  be  neglected,  526,  528 
Vortex,  elliptic,  251 

spherical,  264 
Vortex-filament,  223 
Vortex-line,  222 
Vortex-pair,  246 
Vortex-ring,  257 
Vortex-sheet,  234 
Vortices,  in  curved  stratum  of  fluid,  253 

persistence   of  in  frictionless   fluid, 
224 

rectilinear,  243 

circular,  254 

Wave-resistance,  383 

Waves,  effect  of  oil  on,  552 

Waves  due   to    gravity    and    cohesion, 

combined,  445 
Waves  due  to  inequalities  in  the  bed 

of  a  stream,  407 
Waves,  capillary,  443 
Waves  in  uniform  canal,  general  theory 

of,  429 

(triangular  section),  426,  429,  432 
Waves,  effect  of  viscosity  on,  544,  545 
Waves,  'long,'  271,  277,  282 

in  canal  of  variable  section,  291,  294 
of  finite  amplitude,  297 
of  expansion,  464 

Waves  of  permanent  type,  409,  418,  421 
Waves   on  open   sheets  of  water,  301, 

304,  311,  312 

on  a  spherical  sheet,  314,  319 
on  the  common  surface  of  two  fluids, 

385,  446 

on  the  common  surface  of  two  cur- 
rents, 388,  391,  448 
Waves,  Gerstner's,  412,  416 
Waves  produced  by  surface-disturbance 
of  a   stream,  393,  395,  401,  404, 
450,  451,  455 
Waves,  Ship-,  403 
Wave,  'solitary,'  418 
Wind,  effect  of,  on  stability  of  a  water- 
surface,  389,  449 
operation  of,  in  generating  waves,  551 
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